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FAST COMPUTATION OF GENERAL
FOURIER TRANSFORMS ON GRAPHICS
PROCESSING UNITS

BACKGROUND

Commodity graphics processing units (GPUs) tradition-
ally have been used for real-time, three-dimensional render-
ing 1n visualization applications and video games. Recently,
however, the substantial computational power and relatively
low cost of commodity graphics processors has made them
increasingly attractive for more general purpose, data-paral-
lel computations. The performance of GPUs comes from their
large number of cores and high memory bandwidth, e.g., on

the order of 128 scalar processors and 86 GB/s peak memory
bandwidth.

As aresult of these capabilities, GPUs are well-suited for a
number of multimedia applications including signal process-
ing for audio, images, and video. One component of such
applications 1s the Fast Fourier Transform (FFT), comprising
various, elficient algorithms to compute a discrete Fourier
transform (DFT) and 1ts inverse. However, while a number of
FFT implementations for the GPU already exist, such imple-
mentations are limited to specific hardware, or are limited in
functionality.

By way of example, one general FFT implementation for
GPUs available today 1s the CUFFT library, which handles
FFTs of varying sizes on both real and complex data. How-
ever, CUFFT 1s written 1n CUDA, a programming interface
that1s specific to only the most recent NVIDIA Corporation’s
GPUs, which are well known, but not necessarily that preva-
lent. To support multiple generations of GPUs from different
vendors, some FFT libraries are written in the high-level
shading languages found 1n standard graphics APIs such as
OpenGL or DirectX®. However, these implementations
share one sigmificant limitation, namely that they are
restricted to processing sizes that are a power of two.

SUMMARY

This Summary 1s provided to introduce a selection of rep-
resentative concepts 1 a simplified form that are further
described below 1n the Detailed Description. This Summary
1s not intended to 1dentily key features or essential features of
the claimed subject matter, nor 1s i1t intended to be used 1n any
way that would limuit the scope of the claimed subject matter.

Brietly, various aspects of the subject matter described
herein are directed towards a technology by which a general
Fourier transform library performs fast Fourier transforms via
a programmable GPU on one-dimensional and two-dimen-
sional data of arbitrary size. The library may be accessed by a
standard (GPU hardware-independent) graphics API, e.g.,
DirectX®.

In one aspect, the library evaluates the received input data
to determine how to run the fast Fourier transforms on the
graphics processing unit. For example, 1f the user specifies
that the data 1s a real sequence, the library packs elements of
the data 1nto a complex sequence of about half the size. For
data sizes that are not a power of two, the library performs the
tast Fourier transform via a linear convolution.

Other advantages may become apparent from the follow-
ing detailed description when taken 1n conjunction with the
drawings.

BRIEF DESCRIPTION OF THE DRAWINGS

The present invention 1s illustrated by way of example and
not limited 1n the accompanying figures 1n which like refer-
ence numerals indicate similar elements and in which:
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2

FIG. 1 1s a block diagram showing an example implemen-
tation of a fast Fourier transform (FFT) library configured to
perform GPU-based computations 1n a computing environ-
ment.

FIG. 2 1s a representation of datatlow for a radix-2 Stock-
ham algorithm.

FIG. 3 15 a representation of transposes that may be per-
formed for processing large FFTs on a GPU.

FIG. 4 1s a representation of computing indices for local
transposes corresponding to the transposes FIG. 3.

FIGS. 5A and 5B are representations of packing of real
data for two-dimensional FFTs having odd lengths in both
dimensions.

FIG. 6 1s a flow diagram representing example steps for
evaluating input data to determine how to pertform fast Fou-
rier transforms on a GPU to provide an output result.

FIG. 7 shows an 1llustrative example of a computing envi-
ronment 1nto which various aspects of the present invention
may be incorporated.

DETAILED DESCRIPTION

Various aspects of the technology described herein are
generally directed towards using a programmable graphics
processing unit (GPU) for high performance computation of
general Discrete Founer Transforms (DFTs) based on Fast
Fourier Transforms (FFTs). While some of the examples
described herein are directed towards a standard library, e.g.,
based on DirectX® APIs, it 1s understood that these are only
examples. Indeed, other graphics processing APIs may ben-
efit from the technology described herein. As such, the
present invention 1s not limited to any particular embodi-
ments, aspects, concepts, structures, Iunctionalities or
examples described herein. Rather, any of the embodiments,
aspects, concepts, structures, functionalities or examples
described herein are non-limiting, and the present invention
may be used various ways that provide benefits and advan-
tages 1n computing and graphics processor computations in
general.

Turning to FIG. 1, 1n one example, an FFT library 102 1s
provided, and as will be understood, 1s general 1in terms of the
programmable GPUs 1t supports, and general 1n i1ts function-
ality. In other words, the GPU 1s a programmable GPU (e.g.,
a contemporary GPU that supports DirectX® 9 or later) that
1s independent of any particular graphics hardware architec-
ture. One example FFT library 102 described herein 1s written
based upon standard APIs such as DirectX®, yet handles
one-dimensional and two-dimensional FF1T's for power-oi-
two and non-power-of-two sizes on both real and complex
data, using API logic 104 that chooses an appropriate algo-
rithm 106,-106, based upon input from an application pro-
gram 108 or the like. The library 102 then works with the CPU
112 and GPU 114 to perform the computations, similar to
other graphics processing mechanisms.

However, unlike known FFT libranies, the library
described herein 1s general 1n the sense that 1t works on a wide
range of GPUs and/or 1n that 1t supports inputs of both real
and complex data of any size. Note that FF'T libraries may
perform the same computations on a CPU. While a general
library typically 1s directed more towards providing function-
ality over a wide range of GPUs than towards attaining maxi-
mum performance for any specific GPU, even a general
implementation (at least on newer) GPUs typically outper-
forms the same computations on a CPU, while achieving
comparable performance to vendor-specific implementations

(such as CUFFT).
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By way of background, in a standard GPU programming,
model, standard graphics APIs use a programming model that
1s essentially stream processing. Kernels are run indepen-
dently on the data elements of mput streams to produce an
output stream. Two main types of kernels are used on the
GPU, namely vertex programs and fragment programs. Ver-
tex programs transform an input stream of vertex records
comprising vertex positions and other vertex attributes (such
as color). The vertices of the transformed output stream are
grouped together to form geometric primitives (e.g. every
four vertices form a quadrilateral). The primitive 1s rendered
to a two-dimensional buffer, that 1s, the framebufier or a
texture map. A fragment 1s generated for each butler element
covered by the primitive. A fragment program is run on the
fragment stream; to generate an output value for each frag-
ment, the fragment program uses data from a butifer of con-
stants, then bilinearly interpolated vertex attribute values, and
texture maps with random read access. The interpolated
attribute values are commonly used to compute an address
from which to read the texture. The output value 1s then stored

at a fragment’s position in the butfer.
An N point Discrete Fourier Transform (DFT), #~ of a
sequence 1(n), 1s computed using the following equation:

(1)
Fk)=Fnik, fi = > flme N,

where ne[0, N-1] and ke[0, N-1]. The sequence 1(n) 1s
referred to as the time domain and F(k) as the frequency
domain. The Fast Fourier Transform (FFT) 1s a family of
algornithms for efficiently computing the DFT.

The “Decimation in Time” (DIT) algorithm recursively
splits the time domain 1nto a DFT of even and odd elements:

Fuik, fY=Fnppll, fol + Tntk)Fniedk’, fo)
k' =kmodN /2

Je(n) = f(2n)

Jo() = f(Zn+1)

TN (k) — E—ZWERfN.

The T,, values are referred to as twiddle factors; this FFT
algorithm 1s often called the Cooley-Tukey algorithm.
The “Decimation in Frequency™ (DIF) algorithm 1s similar

to DIT, except that it recursively splits the frequency domain
into DFT's for even and odd k:

for k even

E“\";‘E {k/Q, ﬁf}

Fnik, f}=
Vv I {Ewg{(k+l)/2,ﬁ?} for £ odd

fen')=fn')+ f(n' + N /2)
fo') =Ty )(f(0) = f(n' + N/2))

TN (H!) — E—ME:HIKN

where n'e[0, N/2-1]

Both of these algorithms require that N be a power of two.
The algorithms may be performed in-place by concatenating
the subtransforms 1n a single array. However, this requires a
reordering of the elements. For the DIT, the input needs to be
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in bit-reversed order, that 1s, the value corresponding to index
n 1s actually found at the index formed by reversing the bits of
n. The DIF starts with the input 1n natural order, but produces
bit-reversed output. The mverse DFT can be computed by
conjugating the twiddle factors and dividing the final values
by N.

The dataflow for the Cooley-Tukey algorithm can be
expensive because of the 1initial bit-reversal permutation, due
to the memory accesses being incoherent. Thus, for one
implementation of the FFT library 102, the known radix-2
Stockham FF'T algorithm 1s used, which reorders the datatlow
in order to eliminate the need for the bit-reversal, as generally
represented 1n FIG. 2. This algorithm does not perform the
FFT 1n-place. Because textures cannot have simultaneous
read and write access, the FFT needs to be performed out-oi-
place 1n any event.

One mmplementation of the Stockham FFT uses 32-bit
floating point textures with two channels to store the real and
imaginary components of complex data. The described
implementation stores a one-dimensional array in each row of
the texture and performs multiple one-dimensional FFT's of
the same length simultaneously. A single quadrlateral 1s ren-
dered into an output texture that 1s the same size as the input
texture, using the fragment program exemplified in the fol-
lowing pseudo-code, where x and vy are the positions of the
fragment 1n the buffer, N 1s the size of the entire FF'T, and Ns
1s the size of the subtransform for the current iteration;
“mput” 1s an input texture:

FEFT__Rows (X, v, N, Ns, mmput)

{

base = floor(x/ Ns) * (Ns/ 2);

offset = x mod (Ns/2);

X0 = base + offset;

x1 =x0 + N/2;

(Re0, ImO) — mput[x0][y];

(Rel, Im1) — mput[x1][v];

angle = —-2*PI* (x/Ns);

(ReT, ImT) = (cos(angle), sin(angle) );

return (Re0 + ReT * Rel — ImT * Im1,
ImO +ImT * Rel + ImT * Iml );

The process then swaps the mput and output textures and
repeats for log 2(N) iterations.

The two-dimensional FF'T can be computed by computing
one-dimensional FFTs along the rows followed by one-di-
mensional FFT's along the columns. Because traversing col-
umns ol arow-major two-dimensional array stored linearly in
memory has low spatial locality, the FF'T along columns 1s
usually implemented (on a CPU) by transposing the array,
performing the transform on the rows, and transposing back.
On a GPU, however, textures are swizzled in memory so as to
preserve two-dimensional locality. Thus, no such transposes
are necessary.

In one aspect, algorithms are known for handling DFT's of
lengths that are not a power of two. Mixed radix algorithms
recursively split a DFT of length N=N_N_ into smaller DF'I's
of lengths N_and N,. This generally works best for lengths
that are highly composite numbers. Other algorithms exist for
lengths that are prime numbers.

Rather than implement a large number of special cases,
what 1s commonly called the Bluestein z-chirp FFT algorithm
1s used herein for non-power-oi-two sizes. The algorithm
substitutes kn=(k*+n*-(k-n)?)/2 into the complex exponen-
tial of Equation 1 and rearranges the terms to get:
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-1

F(k) — [ ﬂﬂkzﬁN ] [f‘ (H)E—?TEHZKN ] [E+ﬂﬁ(k—H)ZHN ]

H

|l
—

N_
= b (k)Z a(m)bk — n)
n=0

= f(m)b™(n)

2/N

a(rn)

b(ﬂ) — E—ﬂin

where a and b correspond to sequences of length N
(n=0, , N-1), and where b* 1s the conjugate of b. The
summation 1s a linear convolution c=a*b. When a and b are

large, the convolution can be performed more efficiently as a
dot product 1n the frequency domain due to the following
property:

Fla*b\=F{a\-F{b.

Betore performing the FFT, a and b are zero padded to a size
N' that 1s at least the size of the convolved signal 1n order to
avold aliasing. The lengths of a and b are N and 2N-1,
respectively, so the length of a*b 1s N+(2ZN-1)-1=3N-2.
However, only values for ke[O;N—-1] are of interest; aliasing
beyond this range does not ail

ect the solution, which means
that 1t 1s sufficient that N'=2N-1.

The range of valid indices for the b value1s [-(N-1);N-1].
After zero padding, the indices lie in [-(N-1);N'-(N-1)].
Negative indices are inconvenient, so relying on the fact that
the FFT treats the input signal as 111t were periodic, the values
in the negative range are moved to the other end of the array
so that the indices run from O to N'-1. The convolution 1s then
computed as follows:

c(l)y=Fy K\ Fydk\a}-FyAk'\b}},

where k'e[O;N'-1]. An advantage of this algorithm 1s that N'

can be chosen to be a power of two, which 1s already known
how to be efficiently handled.

For one implementation of the algorithm, N' 1s chosen to be
the next power of two greater than or equal to 2ZN-1. Process-
ing computes the b vector and 1ts Fourier transform B(k')=
F.{k'.b} on the CPU and stores them in a texture. These can
be reused for multiple transforms of the same size. Processing
then renders to a texture of width N' and compute a(n') from
the mput textures containing b and 1, and zero pad elements
n">N-1. Also computed is A(k')=F,4k', a} using the power-
of-two FF'T routine described above. (B(K') may also be com-
puted on the GPU the same way.

Another pass performs the dot product A(k') B(k'). The
inverse FET of the result 1s computed to get c(k'). A final pass
computes b*(k)-c(k). To compute two-dimensional FFTs, this
algorithm 1s performed on both rows and columns. Because
this algorithm requires both a forward and inverse FF'T of size
N', which 1s about 2N 1n the best case and nearly 4N 1in the
worst case, the algorithm 1s roughly four to eight times slower
than 1s the Stockham algorithm on similar power-of-two
s1zes. Note that a reason to compute b on the CPU 1s that for
large values of n, the n® term in b(n) cannot be computed
directly with enough precision (e.g., with double precision)
with the single precision available on most GPUs, however
this may be alternatively done on GPUs that support double
precision.

The total number of elements 1n an FFT 1n one current
implementation 1s limited to the number of elements 1n the
largest allocatable texture on the GPU. However, the number
of rows or columns 1n a batch of one-dimensional FFT's or a
two-dimensional FFT can exceed the maximum texture
dimensions, yet still have fewer than the maximum number of
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clements (e.g., a single large one-dimensional FFT). This
situation 1s handled by concatenating the rows and wrapping
them 1n the rows of the texture.

The FFTs on this “wrapped” representation may be com-
puted 1n two ways. One way introduces a level of indirection
in the indexing, computing a logical index for each fragment
from 1ts physical address 1n the texture. By way of example,
suppose that (X, y) represents the physical address of the
current fragment 1n the destination texture of width W. The
logical address (X, y;) in an N xN, array 1s computed as:

U=y Wax
x;/=umod N,

yr=[u/N, |

The logical index can be used in the same fragment programs
as described above. When reading from the input texture, the
logical input index 1s converted back to a physical address:

u=v;N_+x;
x=u mod W

y=|u/W|.

An advantage of this method 1s 1ts flexibility. However, 1t
requires extra computation and can destroy two-dimensional
locality 1n its access patterns for some combinations of N_and
W.

A second approach 1s to compute a single, large one-di-
mensional FFT by computing FF'T's along the rows and col-
umns of 1ts wrapped representation using what 1s sometimes
referred to as the “four-step” framework.

As generally represented 1n FIG. 3, which shows local
transposes 1n the four-step method for large FFT's, four long
rows 330 are wrapped at the maximum texture width 1nto
multiple rows to form a sub-block 332 of the texture. The
four-step method transposes each of these sub-blocks inde-
pendently, and thus exceeds the maximum texture dimen-
sions. The results are re-wrapped back into the texture.

More particularly, FFT's are computed along the columns,
then each element 1s multiplied by a twiddle factor:

T y)=e 2™

where (X, v)e[0,W-1]x[0,H-1] are the physical coordinates
of the element, and H=N/W. The FFT 1s computed along the
rows and the result transposed. An advantage of this method
1s that 1t preserves two-dimensional locality. In one 1mple-
mentation, this method 1s used only for large power-of-two
FFTs; for large non-power-of-two DFT's computed with the
z-chirp algorithm, logical indexing 1s used for the steps,
except for the two FFT's used to compute the convolution, for
which the above four-step method 1s utilized.

With batches of large one-dimensional FFT's, a single row
1s wrapped 1nto a sub-block of the texture. The transpose step
ol the four-step method 1s computed for each sub-block inde-
pendently. Such transposes are referred to herein as local
transposes.

As shown in FIG. 4, physically transposing the sub-blocks
can cause the texture dimensions to be exceeded. Instead, the
logical equivalent of performing a local transpose and
rewrapping to the maximum texture width 1s computed.

FIGS. 5A and 5B represent how computing indices for the
local transposes in the four-step FFT may be accomplished.
The linear index of an element 1n a batch of large one-dimen-
sional FFTs 1s composed by concatenating the bits of the
logical address (x;, y;) 444, where the length of the FFTs 1s a

power ol two. The address in the physical index in the
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wrapped representation (X, y,) 442 1s computed by reinter-
preting the appropriate bits of the linear index; y_ 1s the y
coordinate within a sub-block corresponding to one logical
row. A local transpose 444 exchanges y, and x,,. The final
physical coordinates are computed by reinterpreting this last
linear index. The process 1s analogous for non-power-oi-two
s1zes. Note that the DX9 API does not support scatters, so on
implementation of the process gathers to the physical desti-
nation by mverting this process to compute the corresponding,
logical index.

Note that one implementation does not directly support
large two-dimensional FFTs that can not fit within a single
texture. However, the library can be used to handle large
two-dimensional FFTs by performing the FFTs on several
rows at a time, as many as can fit into one texture. After the
rows have been transformed, the same thing 1s done for the
columns. Large FFTs along columns are supported by {first
performing a global transpose on the wrapped representation,
then proceeding as with batches of large row FFTs, and per-
forming a global transpose at the end.

Many applications require the Fourier Transtorm of real-
valued sequences. The DFT of real-valued sequence has a
symmetry that can be used to compute the FFT more efli-
ciently:

F(k)=F(N-k)* (2)

F 1s periodic so F(N)=F(0). Two real-valued sequences x
and y are packed into single a complex sequence z, thus
reducing the size of the transtorm by a factor of two:

z(n)=x(n)+iv(n):

The process can be mverted:

x(rn)=(zn)+z*(n))/2

yin)=—i(z(n)-z%(n))/2

Because the DFT is a linear operator, F{x} and F{y} can be
recovered from F{z}:

X()=(Z(o)+Z* (7))/2

Y =—i( Z(k) = 2% (]))/2
7*(k) can be computed using another symmetry relation:
7% (k) =Z(N=k)*.

For a one-dimensional FFT with N even, even and odd
elements are packed together, x=f, and y=tf_. After perform-
ing the FF'T on the packed data, X=F_ and Y=F_ are then
unpacked and the final iteration of the FFT 1s performed 1n the
same pass. IT N 1s odd, this packing scheme cannot be used.
For batches of odd length FFTs, however, adjacent rows can
be packed together. If there are an odd number of FFT's 1n the
batch, an extra row of zeros can be added.

For two-dimensional FFT's, the symmetry relationships are
similar to those used 1n one-dimensional computing:

F(kﬂnkl):F(ND_kD:Nl_kl)$

L (ko ke )=ZNy=KoN =k )*. (3)

If the length 1s even along one of the dimensions d, even
and odd elements along d, {_ and f_, are packed together, the
two-dimensional FFT 1s performed, F_ and F_ are unpacked,
and the last FFT 1teration along d 1s computed. When the
lengths are odd in both dimensions, each dimension is treated
as a batch of real one-dimensional FFTs. This requires an
unpack after transforming the rows, followed by another pack
betfore transforming the columns.
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It 1s possible, however, to eliminate one of these extra
intermediate passes as illustrated in FIGS. 5A and SB. More
particularly, F1G. 5A shows packing real data for two-dimen-
sional FFTs with odd lengths in both dimensions. In the
forward transform, consecutive rows are packed together to
form z. After performing the FFT along the rows of z, only
half of the data 1s unpacked. The FFT 1s performed on the

columns of this half.

As shown 1n FIG. 5B, the other half is then obtained by
reflecting and conjugating the result. For the inverse trans-
form, the inverse FFT 1s first performed on half of the col-
umns; (the rest of the steps are similar to the forward trans-
form).

Another way to implement FFTs of real-valued data 1s to
do the computation on only the first half of each sub-trans-
form 1n the algorithm. This approach can save the packing
step. However, 1t cannot be used with the z-chirp algorithm
used for evaluating non-power-of-two length FFTss.

Note that numerical precision issues may be addressed. For
example, DirectX® does not currently support integer data
types so 1ndices are computed with floating point, which can
lead to precision errors. Precision errors may occur because
the coordinate interpolation may not be exact; on some GPUss,
the interpolated iteger coordinates have a fractional compo-
nent. For GPUs that support Shader Model 3.0, the VPOS
semantic returns the integer pixel location of a fragment,
thereby eliminating interpolation errors. Interpolating linear
addresses may save some instructions in the fragment pro-
gram, but some GPUs do not interpolate with enough preci-
s10on for this to work properly on large data.

Further, imprecision can result from mod operations. This

1s due to the way that mod 1s implemented, namely based on
the frac( ) mstruction, which returns the fractional part of a
floating point number:

float mod(x,v){return frac(x/y)*y,}

This code assumes that x and y are non-negative. Even
when they are exact integers, this code can produce non-
integer results when y 1s not a power of two. The result of the
division, implemented as x multiplied by the reciprocal of v,
cannot always be represented exactly 1n floating point, lead-
ing to a loss of precision.

It 1s possible to remove 1imprecision by using floor opera-
tions together with a small ofiset following any every opera-
tion that can potentially introduce imprecision. However,
floor operations are relatively expensive, and thus floors are
used sparingly. The offsets are necessary to prevent a number
from falling onto the wrong side of an integer boundary.
Offsets and nearest neighbor sampling also may be used when
fetching a value from a texture to avoid errors introduced by
bilinear filtering.

Floating point precision also limits the size of the Fourier
transforms that are supported. The logical indexing used
when the data exceeds the texture size limits requires the
computation of linear addresses. The maximum size of the
linear address 1s limited to the precision of a tloating point
number, which for some GPUs 1s less than the maximum
number of elements 1n a texture.

The API for the library 1s straightforward, comprising two
main functions. A first function 1s a configuration function
that tells the library what format to expect for the data:

Configure ( bool Real,
int DataSize|
int RectSize|
int DimMask )
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“Real” indicates whether data 1n the spatial domain 1s real-
valued or not. “DataSize” 1s the dimensions of the actual data.
For one-dimensional FFTs, one of the dimensions indicates
the number of batches and the other indicates the length.
“RectSize” 1s the size of the rectangle 1n the texture in which
the data 1s laid out. If DataSi1ze[0] 1s not the same as RectSize
[0], then the data 1s assumed to be wrapped. DimMask 1s a bit
mask with a bit set for each dimension to which the FFT 1s to
be applied. Thus for a two-dimensional transform, the bats for
both dimensions are set. Once the library 1s configured, the
user passes mput and output textures to the Compute( ) func-
tion:

Compute ( bool Inverse,
IDirect3DTexture9™* plnputTexture,
[Direct3DTexture9* pOutputTexture )

The direction of the transform 1s determined by the Inverse
flag. Helper functions are provided for loading textures with
values from arrays on the CPU. An intended usage model for
the API 1s that after calling Configure( ), a user calls Com-
pute( ) for both the forward 1n mverse directions multiple
times for FFTs of the same size and type.

The library allocates two additional temporary butlers for
computing intermediate results; a more advanced API allows
the user to provide the temporary butlers. This 1s useful when
computing large FFTs because the mput and output can be
used as the temporary builers 1n order to conserve memory.
The advanced API also provides other conveniences such as
specilying which channel to read from or write to for real
data, and specifying an origin for the texture sub-rectangle
that contains the data.

The FFT library makes it straightforward to use a wide
variety ol GPUs for FFT's of various sizes and types, while
still delivering good performance.

FIG. 6 summarizes example steps for a one-dimensional
FFT computation, which as described above may be extended
for two-dimensions. Upon recerving input, step 602 evaluates
whether the data 1s real. If so, the data 1s packed at step 604,
as described above.

If the size of the FFT 1s a power of two, the FFT 1s per-
formed at step 616, and the results returned as output, unpack-
ing real data at step 622 if needed (as determined via step
620). If the size 1s a non-power of two, the convolution 1s
performed as described above.

More particularly, for a non-power of two the DFT 1s
performed with a convolution. The convolution 1s performed
in frequency space by first computing the FFT ofa and b (step
610), taking their dot product (step 612), and computing the

inverse FEF'T on the result (step 616). Note that the convolution
may be performed directly via summation. This may be faster
when A and B are small. The result of the convolution 1s
multiplied by the conjugate of b, (b*), as generally repre-
sented via step 616. The result 1s returned as the output,
unpacking real data at step 622 1f needed (as determined via
step 620).
Exemplary Operating Environment

FI1G. 7 1llustrates an example of a suitable computing and
networking environment 700 on which the examples of FIGS.
1-4 may be implemented. The computing system environ-
ment 700 1s only one example of a suitable computing envi-
ronment and 1s not intended to suggest any limitation as to the
scope of use or functionality of the invention. Neither should
the computing environment 700 be interpreted as having any
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dependency or requirement relating to any one or combina-
tion of components illustrated 1n the exemplary operating
environment 700.

The invention 1s operational with numerous other general
purpose or special purpose computing system environments
or configurations. Examples of well known computing sys-
tems, environments, and/or configurations that may be suit-
able for use with the invention include, but are not limited to:
personal computers, server computers, hand-held or laptop
devices, tablet devices, multiprocessor systems, micropro-
cessor-based systems, set top boxes, programmable con-
sumer electronics, network PCs, minicomputers, mainirame
computers, distributed computing environments that include
any of the above systems or devices, and the like.

The imnvention may be described 1n the general context of
computer-executable instructions, such as program modules,
being executed by a computer. Generally, program modules
include routines, programs, objects, components, data struc-
tures, and so forth, which perform particular tasks or imple-
ment particular abstract data types. The invention may also be
practiced 1n distributed computing environments where tasks
are performed by remote processing devices that are linked
through a communications network. In a distributed comput-
ing environment, program modules may be located 1n local
and/or remote computer storage media including memory
storage devices.

With reference to FIG. 7, an exemplary system for imple-
menting various aspects of the imnvention may include a gen-
eral purpose computing device 1n the form of a computer 710.
Components of the computer 710 may include, but are not
limited to, a processing unit 720, a system memory 730, and
a system bus 721 that couples various system components
including the system memory to the processing unit 720. The
system bus 721 may be any of several types of bus structures
including a memory bus or memory controller, a peripheral
bus, and a local bus using any of a variety of bus architectures.
By way of example, and not limitation, such architectures
include Industry Standard Architecture (ISA) bus, Micro
Channel Architecture (MCA ) bus, Enhanced ISA (EISA) bus,
Video Electronics Standards Association (VESA) local bus,
and Peripheral Component Interconnect (PCI) bus also
known as Mezzanine bus.

The computer 710 typically includes a variety of computer-
readable media. Computer-readable media can be any avail-
able media that can be accessed by the computer 710 and
includes both volatile and nonvolatile media, and removable
and non-removable media. By way of example, and not limi-
tation, computer-readable media may comprise computer
storage media and communication media. Computer storage
media includes volatile and nonvolatile, removable and non-
removable media implemented in any method or technology
for storage of information such as computer-readable mstruc-
tions, data structures, program modules or other data. Com-
puter storage media includes, but 1s not limited to, RAM,
ROM, EEPROM, flash memory or other memory technology,
CD-ROM, digital versatile disks (DVD) or other optical disk
storage, magnetic cassettes, magnetic tape, magnetic disk
storage or other magnetic storage devices, or any other
medium which can be used to store the desired information
and which can accessed by the computer 710. Communica-
tion media typically embodies computer-readable instruc-
tions, data structures, program modules or other data 1n a
modulated data signal such as a carrier wave or other transport
mechanism and includes any information delivery media. The
term “modulated data signal” means a signal that has one or
more of 1ts characteristics set or changed 1n such a manner as
to encode information in the signal. By way of example, and
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not limitation, communication media includes wired media
such as a wired network or direct-wired connection, and
wireless media such as acoustic, RF, infrared and other wire-
less media. Combinations of the any of the above may also be
included within the scope of computer-readable media.

The system memory 730 includes computer storage media
in the form of volatile and/or nonvolatile memory such as read
only memory (ROM) 731 and random access memory
(RAM) 732. A basic input/output system 733 (BIOS), con-
taining the basic routines that help to transfer information
between elements within computer 710, such as during start-
up, 1s typically stored in ROM 731. RAM 732 typically con-
tains data and/or program modules that are immediately
accessible to and/or presently being operated on by process-
ing unit 720. By way of example, and not limitation, FIG. 7
illustrates operating system 734, application programs 735,
other program modules 736 and program data 737.

The computer 710 may also include other removable/non-
removable, volatile/nonvolatile computer storage media. By
way of example only, FIG. 7 1llustrates a hard disk drive 741
that reads from or writes to non-removable, nonvolatile mag-
netic media, a magnetic disk drive 7351 that reads from or
writes to a removable, nonvolatile magnetic disk 752, and an
optical disk drive 7535 that reads from or writes to a remov-
able, nonvolatile optical disk 756 such as a CD ROM or other
optical media. Other removable/non-removable, volatile/
nonvolatile computer storage media that can be used 1n the
exemplary operating environment include, but are not limited
to, magnetic tape cassettes, flash memory cards, digital ver-
satile disks, digital video tape, solid state RAM, solid state
ROM, and the like. The hard disk drive 741 i1s typically
connected to the system bus 721 through a non-removable
memory interface such as iterface 740, and magnetic disk
drive 751 and optical disk drive 755 are typically connected to
the system bus 721 by a removable memory interface, such as
interface 750.

The drives and their associated computer storage media,
described above and 1llustrated 1n FIG. 7, provide storage of
computer-readable instructions, data structures, program
modules and other data for the computer 710. In FIG. 7, for
example, hard disk drive 741 1s 1llustrated as storing operating
system 744, application programs 745, other program mod-
ules 746 and program data 747. Note that these components
can either be the same as or different from operating system
734, application programs 735, other program modules 736,
and program data 737. Operating system 744, application
programs 745, other program modules 746, and program data
747 are given different numbers herein to illustrate that, at a
mimmum, they are different copies. A user may enter com-
mands and imnformation into the computer 710 through input
devices such as a tablet, or electronic digitizer, 764, a micro-
phone 763, a keyboard 762 and pointing device 761, com-
monly referred to as mouse, trackball or touch pad. Other
input devices not shown m FIG. 7 may include a joystick,
game pad, satellite dish, scanner, or the like. These and other
input devices are olten connected to the processing unit 720
through a user input interface 760 that 1s coupled to the
system bus, but may be connected by other interface and bus
structures, such as a parallel port, game port or a universal
serial bus (USB). A monitor 791 or other type of display
device 1s also connected to the system bus 721 via an inter-
face, such as a video interface 790. The monitor 791 may also
be integrated with a touch-screen panel or the like. Note that
the monitor and/or touch screen panel can be physically
coupled to a housing in which the computing device 710 1s
incorporated, such as in a tablet-type personal computer. In
addition, computers such as the computing device 710 may
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also include other peripheral output devices such as speakers
795 and printer 796, which may be connected through an
output peripheral interface 794 or the like.

The computer 710 may operate in a networked environ-
ment using logical connections to one or more remote com-
puters, such as a remote computer 780. The remote computer
780 may be a personal computer, a server, a router, a network
PC, a peer device or other common network node, and typi-
cally includes many or all of the elements described above
relative to the computer 710, although only a memory storage
device 781 has been 1llustrated 1n FI1G. 7. The logical connec-
tions depicted i FIG. 7 include one or more local area net-
works (LAN) 771 and one or more wide area networks
(WAN) 773, but may also include other networks. Such net-
working environments are commonplace 1n offices, enter-
prise-wide computer networks, intranets and the Internet.

When used 1n a LAN networking environment, the com-
puter 710 1s connected to the LAN 771 through a network
interface or adapter 770. When used in a WAN networking
environment, the computer 710 typically includes a modem
772 or other means for establishing communications over the
WAN 773, such as the Internet. The modem 772, which may
be internal or external, may be connected to the system bus
721 via the user mput interface 760 or other appropriate
mechanism. A wireless networking component 774 such as
comprising an interface and antenna may be coupled through
a suitable device such as an access point or peer computer to
a WAN or LAN. In a networked environment, program mod-
ules depicted relative to the computer 710, or portions
thereof, may be stored 1n the remote memory storage device.
By way of example, and not limitation, FIG. 7 illustrates
remote application programs 785 as residing on memory
device 781. It may be appreciated that the network connec-
tions shown are exemplary and other means of establishing a
communications link between the computers may be used.

An auxiliary subsystem 799 (e.g., for auxiliary display of
content) may be connected via the user interface 760 to allow
data such as program content, system status and event notifi-
cations to be provided to the user, even if the main portions of
the computer system are 1n a low power state. The auxiliary
subsystem 799 may be connected to the modem 772 and/or
network interface 770 to allow communication between these
systems while the main processing unit 720 1s 1n a low power
state.

CONCLUSION

While the invention 1s susceptible to various modifications
and alternative constructions, certain illustrated embodi-
ments thereof are shown in the drawings and have been
described above 1n detail. It should be understood, however,
that there 1s no intention to limit the mvention to the specific
torms disclosed, but on the contrary, the intention 1s to cover
all modifications, alternative constructions, and equivalents
talling within the spirit and scope of the mnvention.

What 1s claimed 1s:
1. In a computing environment that includes a program-
mable graphics processing unit, a method comprising;:

recerving arbitrary-sized data including data comprising a
sequence ol numbers having a length that 1s a non-power
of two and another sequence of numbers;

evaluating how to compute discrete Fourier transforms on
the graphics processing unit based upon a format of the
data;

determining whether the data 1s real-valued; and

11 the data 1s real-valued, packing elements of the sequence
into a complex sequence, running at least some of the
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discrete Fourier transforms 1n parallel, and returning the
computed discrete Fourier transforms,
wherein when the sequence 1s one-dimensional and further
comprising when a one-dimensional length 1s even,
packing together even and odd elements of the sequence
into packed data that comprises components of the com-
plex sequence, performing the fast Fourier transforms
on the packed data, and unpacking the packed data, or

when the one-dimensional length 1s odd, packing together
clements of the sequence and elements of the other
sequence mto a packed sequence that comprises com-
ponents of the complex sequence, including 11 the data
comprises an odd number of sequences, adding an extra
sequence of zeros to make an even number of sequences,
and performing the fast Fourier transforms on the
packed sequence.

2. The method of claim 1 wherein running at least some of
the discrete Fourier transforms in parallel further comprises
using a fast Fournier transform based on a radix-2 Stockham
formulation.

3. The method of claim 1 wherein evaluating how to com-
pute the discrete Fourier transforms comprises determining,
whether to perform a fast Fourier transform on a first set of
clements 1n each sub-transform to save the packing step.

4. The method of claim 1 further comprising, performing a
convolution to compute the discrete Fourier transform.

5. The method of claim 4 wherein performing the convo-
lution comprises performing a fast Fourier transform on two
sets of data elements that comprise the data, performing a dot
product on the two sets of data elements, and performing an
inverse fast Fourier transform on a result of the dot product.

6. The method of claim 5 further comprising, padding a
first set of data elements and a second set of data elements
cach to a size corresponding to a power of two.

7. The method of claim 6 further comprising, moving data
corresponding to negative indices to a position 1n an array 1n
which the indices are non-negative.

8. The method of claim 1 wherein the data 1s two-dimen-
sional, and further comprising, when a length along at least
one of the dimensions 1s even, packing together even and odd
clements, performing two-dimensional fast Fourier trans-
forms on the packed data, and unpacking the packed data.

9. The method of claim 1 wherein the data 1s two-dimen-
sional, and further comprising, when the length along both
dimensions 1s odd, packing consecutive pairs of sequences of
the data 1n one dimension, performing the fast Fourier trans-
forms along the packed consecutive sequences of the data,
unpacking the packed consecutive sequences into a partially
unpacked set, performing the fast Fourier transforms on col-
umns of this set nto a partial result, and retlecting and con-
jugating the partial result.

10. The method of claim 1 wherein the data 1s two-dimen-
sional real data, and further comprising, packing the real data
into a smaller set of complex data.

11. The method of claim 1 wherein the data corresponds to
large Fourier transforms, and further comprising, concatenat-
ing sequences of the data and wrapping the concatenated
sequences 1nto a texture as a wrapped representation, and
computing Fourier transforms on the wrapped representation
by computing logical indexes based on physical addresses in
the texture.

12. One or more computer-readable storage media having
computer-executable instructions, which when executed per-
form steps, comprising:

receiving input data at a discrete Fourier transform library;

processing the input data via a programmable graphics

processing unit (GPU), including determining that the
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input data comprises sequences of which a numerical
sequence corresponds to a length that 1s a non-power of
two; and

determiming whether the input data 1s real-valued, and 1f so,

packing elements of the numerical sequence 1nto a com-
plex sequence and running a discrete fast Fourier trans-
form,

wherein when the numerical sequence 1s one-dimensional

and further comprising when a one-dimensional length
1s even, packing together even and odd elements of the
numerical sequence mto packed data that comprises
components of the complex sequence, computing fast
Fourier transforms on the packed data via the GPU, and
unpacking the packed data, or

when the one-dimensional length 1s odd, packing together

clements of the numerical sequence and elements of
another sequence of the sequences mnto a packed
sequence that comprises components of the complex
sequence, mncluding 11 the input data comprises an odd
number of the sequences adding an extra sequence of
zeros to make an even number of sequences, and com-
puting the fast Fourier transforms on the packed
sequence via the GPU.

13. The one or more computer-readable storage media of
claim 12 wherein processing the input data further comprises
performing a convolution via the GPU, including performing
a fast Fourier transform on two numerical sequences com-
puted from the complex sequence to produce transformed
data, computing a dot product of the transformed data, and
performing an inverse fast Fourier transform on the result of
the dot product computation; and multiplying a result of the
inverse fast Fourier transform with a conjugate of a second
numerical sequence of the two numerical sequences, and
outputting a result corresponding to the conjugate.

14. The one or more computer-readable storage media of
claiam 12 wherein packing eclements of the numerical
sequence 1nto a complex sequence further comprises concat-
enating the sequences of the input data, wrapping the concat-
enated sequences 1nto a texture as a wrapped representation
when at least one of the sequences exceeds a maximum tex-
ture dimension, and computing the fast Fourier transforms on
the wrapped representation by computing logical indexes
based on physical addresses 1n the texture.

15. In a computing environment, a system comprising, a
programmable graphics processing unit and logic for a gen-
eral discrete Fourier transform library that 1s coupled to the
programmable graphics processing unit, wherein the logic 1s
turther configured to process mput data, choose one or more
appropriate Fast Fourier algorithms based upon a format of
the input data, and when the input data comprises a sequence
of numbers that 1s one-dimensional and real-valued and a
length of the sequence 1s even, the mput data further compris-
ing another sequence of numbers, the logic 1s further config-
ured to pack together even and odd elements into packed data
comprising components of at least one complex sequence,
perform Fast Fourier transtorms on the packed data 1n parallel
on the programmable graphics processing unit, and unpack
half of the packed data, or when the length 1s odd, the logic 1s
turther configured to pack together the sequence and the other
sequence mnto a packed sequence comprising components of
the at least one complex sequence, including if a number of
sequences 1s odd, add an extra sequence of zeros to make an
even number of sequences, and perform the Fast Fourier
transforms on the packed sequence in parallel on the pro-
grammable graphics processing unit.
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16. The system of claim 15, wherein the logic 1s further
configured to perform one or more iterations of the one or
more appropriate Fast Fourier transform on the output data.

17. The system of claim 15, wherein the logic 1s further
configured to remove numerical imprecision corresponding
to the input data.

18. The system of claim 15, wherein the logic 1s further
configured to determine that the mput data corresponds to a
length that 1s a non-power of two and perform a convolution
via a Fast Fourier transform, wherein the logic 1s further
configured to run the fast Fourier transform on two sequences
computed from the mput data by computing a dot product of
the transformed data, run an inverse fast Fourier transform on
the result of the dot product computation, multiply a result of
the inverse fast Fourier transform with a conjugate of a second
sequence of the complex sequence, and output a result corre-
sponding to the conjugate.

19. The system of claim 15, wherein a total number of
clements 1n the fast Fourier transform 1s less than or equal to
a number of elements 1n a largest allocatable texture on the
programmable graphics processing unit and wherein the larg-
est allocatable texture 1s swizzled 1n memory coupled to the
GPU.

20. The system of claim 135, wherein the logic 1s further
configured to perform at least one computation on a CPU
where double precision 1s implemented.
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