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(57) ABSTRACT

A method for estimating aggregates over a stream of axis-
aligned rectangles, includes: decomposing the stream along
one-dimensional intervals, wherein vertices for the rectangle
are located 1n a predetermined grid; assigning each grid row
to buckets, wherein the one-dimensional 1ntervals are placed
into buckets according to the corresponding rows in which the
one-dimensional intervals are positioned; and estimating a
sum of a number of grid points touched by at least one of the
rectangles 1n each row of the grid to approximate a volume of
the axis-aligned rectangles by: using pairwise-independent
hash functions 1n a multi-dimensional algorithm to determine
buckets that include a first interval corresponding to a given
rectangle, wherein the interval has hash function results that
meet a predetermined threshold; and inserting a second inter-

val for the rectangle corresponding to the first interval into a
one-dimensional algorithm for the corresponding bucket
meeting the predetermined threshold.

20 Claims, 4 Drawing Sheets
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SUMMARIZING A STREAM OF
MULTIDIMENSIONAL, AXIS-ALIGNED
RECTANGLES

STAITEMENT OF FEDERALLY SPONSORED
RESEARCH

This invention was made with Government support under
Grant No. 0831903 awarded by The National Science Foun-
dation and Grant No. 0834743 awarded by The National
Science Foundation. The Government has certain rights to
this invention.

BACKGROUND

The management of spatial and geometric data rises in
various settings, including geographic database systems,
astronomy, and very large scale integration (VLSI) design,
among others. A spatial database system supports storing,
indexing and fast querying of geometric objects. Spatial data-
bases may deal with large collections of relatively simple
geometric objects, such as lines, curves, and polygons 1n
space. An important class of objects 1n spatial databases 1s
rectangles 1n two or more dimensions.

In the data stream model of computation, an algorithm
generally processes data in a single pass and with limited
additional workspace. Some advantages of one-pass process-
ing include: maintaining an aggregate 1 an online manner
from an update stream with small space overhead; and even 1f
data 1s not arriving as a stream, but 1s stored on locally, a
streaming algorithm implicitly yields a small space summary
of a large set of objects that can be used to quickly answer a
query, along with an approximation error guarantee.

SUMMARY

Embodiments of a system are described. In one embodi-
ment, the apparatus 1s an aggregate approximation system.
The system includes: a recerver configured to receive a stream
of data represented by a plurality of axis-aligned rectangles
along one-dimensional intervals; a volume estimator config-
ured to: decompose the stream of data, wherein all vertices for
cach rectangle are located 1n a grid having a predetermined
area; assign each row in the grid to one of a plurality of
buckets, wherein the one-dimensional intervals for each rect-
angle are placed into the buckets according to the correspond-
ing rows in which the one-dimensional intervals are posi-
tioned; maintain an instance of a one-dimensional algorithm
in each bucket; and estimate a sum of a number of grid points
touched by at least one of the rectangles 1n each row of the
orid to approximate a volume of the axis-aligned rectangles
by: using pairwise-independent hash functions 1 a multi-
dimensional algorithm to determine buckets that include an
interval corresponding to a given rectangle, wherein the inter-
val has hash function results that meet a predetermined
threshold; and inserting the interval for the rectangle into the
one-dimensional algorithm for the corresponding bucket hav-
ing hash function results that meet the predetermined thresh-
old. Other embodiments of the apparatus are also described.

Embodiments of a method are also described. In one
embodiment, the method 1s a method for estimating aggre-
gates over a stream ol axis-aligned rectangles. The method
includes: decomposing a stream of data represented by a
plurality of axis-aligned rectangles along one-dimensional
intervals, wherein all vertices for each rectangle are located 1n
a grid having a predetermined area; assigning each row in the
orid to one of a plurality of buckets, wherein the one-dimen-
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sional 1ntervals for each rectangle are placed into the buckets
according to the corresponding rows in which the one-dimen-
sional intervals are positioned; maintaining an istance of a
one-dimensional algorithm 1n each bucket; and estimating a
sum of a number of grid points touched by at least one of the
rectangles 1n each row of the grid to approximate a volume of
the axis-aligned rectangles by: using pairwise-independent
hash functions 1n a multi-dimensional algorithm to determine
buckets that include an interval corresponding to a given
rectangle, wherein the interval has hash function results that
meet a predetermined threshold; and inserting the interval for
the rectangle into the one-dimensional algorithm for the cor-
responding bucket having hash function results that meet the
predetermined threshold. Other embodiments of the method
are also described.

Embodiments of a computer program product are also
described. In one embodiment, the computer program prod-
uct includes a computer readable storage medium to store a
computer readable program, wherein the computer readable
program, when executed by a processor within a computer,
causes the computer to perform operations for estimating
aggregates over a stream ol axis-aligned rectangles. The
operations include: decomposing a stream of data represented
by a plurality of axis-aligned rectangles along one-dimen-
sional 1ntervals, wherein all vertices for each rectangle are
located 1n a grid having a predetermined area; assigning each
row 1n the grid to one of a plurality of buckets, wherein the
one-dimensional 1ntervals for each rectangle are placed into
the buckets according to the corresponding rows 1n which the
one-dimensional intervals are positioned; maintaining an
instance of a one-dimensional algorithm 1n each bucket; and
estimating a sum of a number of grid points touched by at
least one of the rectangles 1n each row of the grid to approxi-
mate a volume of the axis-aligned rectangles by: using pair-
wise-independent hash functions i a multi-dimensional
algorithm to determine buckets that include an interval cor-
responding to a given rectangle, wherein the interval has hash
function results that meet a predetermined threshold; and
inserting the interval for the rectangle into the one-dimen-
sional algorithm for the corresponding bucket having hash
function results that meet the predetermined threshold. Other
embodiments of the computer program product are
described.

Other aspects and advantages of embodiments of the
present mvention will become apparent from the following
detailed description, taken in conjunction with the accompa-
nying drawings, illustrated by way of example of the prin-
ciples of the invention.

BRIEF DESCRIPTION OF THE DRAWINGS

FIG. 1 depicts a schematic diagram of one embodiment of
an aggregate approximation system.

FIG. 2 depicts a tlowchart diagram of one embodiment of
a method for estimating aggregates over a stream of axis-
aligned rectangles.

FIG. 3 depicts a schematic diagram of one embodiment of
a rectangle 1n a stream of data.

FIG. 4 depicts flowchart diagram of one embodiment of a
method for estimating aggregates over a stream of axis-
aligned rectangles.

Throughout the description, similar reference numbers
may be used to 1dentity similar elements.

DETAILED DESCRIPTION

It will be readily understood that the components of the
embodiments as generally described herein and illustrated 1n
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the appended figures could be arranged and designed n a
wide variety of different configurations. Thus, the following,
more detailed description of various embodiments, as repre-
sented 1n the figures, 1s not intended to limit the scope of the
present disclosure, but 1s merely representative of various
embodiments. While the various aspects of the embodiments
are presented 1n drawings, the drawings are not necessarily
drawn to scale unless specifically indicated.

The present invention may be embodied 1n other specific

forms without departing from its spirit or essential character-

istics. The described embodiments are to be considered 1n all
respects only as illustrative and not restrictive. The scope of
the invention 1s, therefore, indicated by the appended claims
rather than by this detailed description. All changes which
come within the meaning and range of equivalency of the
claims are to be embraced within their scope.

Reference throughout this specification to features, advan-
tages, or similar language does not imply that all of the
features and advantages that may be realized with the present
invention should be or are 1n any single embodiment of the
invention. Rather, language referring to the features and
advantages 1s understood to mean that a specific feature,
advantage, or characteristic described 1n connection with an
embodiment 1s included 1n at least one embodiment of the
present invention. Thus, discussions of the features and
advantages, and similar language, throughout this specifica-
tion may, but do not necessarily, refer to the same embodi-
ment.

Furthermore, the described features, advantages, and char-
acteristics of the invention may be combined 1n any suitable
manner in one or more embodiments. One skilled i1n the
relevant art will recognize, 1n light of the description herein,
that the invention can be practiced without one or more of the
specific features or advantages of a particular embodiment. In
other instances, additional features and advantages may be
recognized in certain embodiments that may not be present in
all embodiments of the invention.

Reference throughout this specification to “one embodi-
ment,” “an embodiment,” or similar language means that a
particular feature, structure, or characteristic described in
connection with the indicated embodiment 1s 1ncluded 1n at
least one embodiment of the present mvention. Thus, the
phrases “in one embodiment,” “1n an embodiment,” and simi-
lar language throughout this specification may, but do not
necessarily, all refer to the same embodiment.

While many embodiments are described herein, at least
some of the described embodiments present a system and
method for estimating aggregates over a stream of data rep-
resented by axis-aligned rectangles. Specifically, the system
includes an algorithm for Klee’s measure problem in the
streaming model to estimate the area or volume of the union
of a stream of rectangles. More specifically, the system
decomposes the data stream into one-dimensional intervals
and places the intervals into a group of buckets corresponding
to rows 1n a grid. The system then estimates the number of
heavy buckets—buckets that contain at least one interval
having hash function results that meet a predetermined
threshold—and inserting the interval into an instance of a
one-dimensional algorithm maintained 1n the corresponding
bucket. Estimating the number of heavy buckets allows the
system to determine an approximation of the volume of the
rectangles in the data stream.

The approximation of a volume of the union of a stream of
rectangles may be known as Klee’s measure problem. In one
embodiment, the system provides a (1+€)-approximation
with high probability 1n an efficient manner, and with
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improved space usage and update time. In one embodiment, €
in (0,1) 1s arbitrary, and the system may process any constant
number of dimensions.

Estimating the number of distinct elements 1n a stream 1s a
special case of Klee’s measure problem, for which every
rectangle 1s a single point. Some conventional methods insert
cach point 1into existing data structures, which can lead to a
large update time per element because each rectangle can
contain a very large number of points. Some conventional
methods are able to do one-pass processing of a stream of data
to estimate a number of distinct values. However, the methods
are generally time prohibitive and may have a processing time
proportionate to the volume of the rectangles in the data
stream or longer. Implementing a non-trivial approximation
method to estimate the volume of the union of rectangles
without sampling all intervals or points 1n the rectangles
improves processing speed while using a small amount of
memory storage.

FIG. 1 depicts a schematic diagram of one embodiment of
an aggregate approximation system 100. The depicted aggre-
gate approximation system 100 includes various compo-
nents, described 1n more detail below, that are capable of
performing the functions and operations described herein. In
one embodiment, at least some of the components of the
aggregate approximation system 100 are implemented 1n a
computer system. For example, the functionality of one or
more components of the aggregate approximation system 100
may be implemented by computer program instructions
stored on a computer memory device 102 and executed by a
processing device 104 such as a CPU. The aggregate approxi-
mation system 100 may include other components, such as a
disk storage drive 108, input/output devices 106, a recerver
110, and a volume estimator 112. Some or all of the compo-
nents of the aggregate approximation system 100 may be
stored on a single computing device or on a network of
computing devices, including a wireless communication net-
work. The aggregate approximation system 100 may include
more or fewer components or subsystems than those depicted
herein. In some embodiments, the aggregate approximation
system 100 may be used to implement the methods described
herein as depicted in FIG. 4.

In one embodiment, the aggregate approximation system
100 1ncludes a recerver 110 to receive a data stream 114. In
some embodiments, the data stream 114 1s represented by
multiple, axis-aligned rectangles 116. The data stream 114
may be associated with a spatial database that includes geo-
metric objects or other shapes that can be represented, at least
approximately, by a union of rectangles 116. The spatial
database may be any spatial database system, service or prod-
uct.

In one embodiment, the aggregate approximation system
100 1ncludes a volume estimator 112. The volume estimator
112 may estimate a volume of the union of the axis-aligned
rectangles 116 from the data stream 114. In one embodiment,
the system 100 1s configured to receive the data stream 114 as
an update stream, allowing the system 100 to perform a
streaming algorithm to estimate the volume and maintain an
aggregate over the data stream 114 1n an online manner. In
one embodiment, the aggregate approximation system 100
receives the data stream 114 and modifies the data stream 114
to represent the data as a stream of axis-aligned rectangles
116. The rectangles 116 may be any size and any number to
approximate the data 1n the data stream 114.

The volume estimator 112 may process the received data
stream 114 by decomposing the rectangles 116 1n the data
stream 114 into one-dimensional intervals 118. In some
embodiments, the one-dimensional intervals 118 include
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rows of the axis-aligned rectangles 116. In other embodi-
ments, the one-dimensional intervals 118 may include other
dimensions based on the alignment of the rectangles 116 1n
the data stream 114. The volume estimator 112 may deter-
mine how do decompose the rectangles 116 into one-dimen-
sional intervals 118 based on a grid 120 1n which the rect-
angles 116 are positioned. The grid 120 may include a
predetermined area with a predetermined number of points
that determine potential intervals 118 1n horizontal and ver-
tical dimensions within the grid 120.

After decomposing the rectangles 116 into intervals 118,
the intervals 118 may be sub-sampled into levels based on the
number of rows 122 or other intervals in the grid 120. The
sub-sampled intervals 118 may then be randomly hashed into
buckets 124 using hash functions 128. In one embodiment,
the volume estimator 112 uses pairwise-independent hash
functions 128 for x and y dimensions in the grid 120 to hash
the intervals 118 into buckets 124. The rows 122 in the grid
120 may be assigned randomly to buckets 124 before the
receiver 100 receives the data stream 114. When the volume
estimator 112 begins hashing the intervals 118 1nto the buck-
cts 124, the intervals 118 may be placed into buckets 124
based on the assignment of the grid rows 122 to the buckets
124 and the location of the intervals 118 with respect to the
orid rows 122. In one embodiment, the number of buckets 124
in each level 1s approximately log A, where A 1s the number of
rows 122 1n the grid 120. In each bucket 124, in each level, the
volume estimator 112 may maintain an instance of a one-
dimensional algorithm 126, which may be a known data
structure for processing one-dimensional intervals 118 to
determine an area of a union of the one-dimensional intervals
118.

In one embodiment, the volume estimator 112 determines
which buckets 124 contain at least one interval 118 for a given
rectangle 116, for with the bucket 124 has hash function
results that meet a predetermined threshold. The predeter-
mined threshold may be chosen such that system noise may
be 1gnored or otherwise accounted for. The volume estimator
112 may find all heavy buckets 124 1n each level that meet the
predetermined threshold. For each heavy bucket 124 found,
the volume estimator 112 may then insert the corresponding,
interval 118 into the one-dimensional algorithm 126 main-
tained 1n the heavy bucket 124.

In some embodiments, the aggregate approximation sys-
tem 100 may include alternative or additional components to
those described herein. In some embodiments, the aggregate
approximation system 100 may perform alternative or addi-
tional operations to those described herein.

FI1G. 2 depicts a flowchart diagram of one embodiment of
a method 200 for estimating aggregates over a stream of
axis-aligned rectangles 116. Although the method 200 1is
described 1n conjunction with the aggregate approximation
system 100 of FIG. 1, embodiments of the method 200 may be
implemented with other types of aggregate approximation
systems 100.

In one embodiment of the method, the aggregate approxi-
mation system 100 recetves a data stream 114 represented by
a plurality of axis-aligned rectangles 116. The axis-aligned
rectangles 116 may be used to represent geometric data in the
data stream 114. The system 100 may process the data stream
114 to obtain an estimate of the volume of the rectangles 116
in the data stream 114. To process the data stream 114, the
system 100 first assumes that the coordinates of each rect-
angle 116 are located in a grid 120 of predetermined area. The
system 100 processes the data stream 114 using a multi-
dimensional algorithm 202. In one embodiment, the multi-
dimensional algorithm 202 includes assigning intervals 118
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in the rectangles 116 to buckets 124 in multiple levels based
on the position of the rectangles 116 in the grid 120. In one
embodiment, the number of levels 1s at mostlog A, where A 1s
the number of rows/columns 1n the grid 120. The multi-
dimensional algorithm 202 also includes using pairwise-in-
dependent hash functions 128 to find buckets 124 having

intervals 118 that meet a predetermined threshold. The inter-
vals 118 that meet the threshold are then inserted 1nto one-
dimensional algorithms 126 maintained in the corresponding
buckets 124, and the system 100 may calculate the volume of
the rectangles 116 using the data from the buckets 124.

FIG. 3 depicts a schematic diagram of one embodiment of
a rectangle 116 1n a stream 114 of data. In one embodiment,
all vertices 300 of the rectangle 116 are included 1n the grnid
120 of predetermined area as described herein. The grid 120
may be any size required to fit the rectangles 116 1n the data
stream 114 within the boundaries of the grid 120. The coor-
dinates for the vertices 1n each rectangle 116 may be used 1n
the multi-dimensional algorithm 202 to determine the heavy
intervals 118 and buckets 124. Each rectangle 116 may be any
s1ze to approximate the data 1n the data stream 114. In one
embodiment, the x coordinates for each rectangle 116 are
represented by (a,, a,), and the y coordinates are represented
by (by, b,).

FIG. 4 depicts flowchart diagram of one embodiment of a
method 400 for estimating aggregates over a stream of axis-
aligned rectangles 116. Although the method 400 1s described
in conjunction with the aggregate approximation system 100
of FIG. 1, embodiments of the method 400 may be 1mple-
mented with other types ol aggregate approximation systems
100.

In one embodiment, the method includes decomposing 410
a stream 114 of data represented by a plurality of axis-aligned
rectangles 116 along one-dimensional intervals 118. The data
stream 114 may be received 403 1n an online manner, 1n some
embodiments, such that the system 100 processes the data
stream 114 1n one pass. The vertices for each rectangle 116
may be located 1n a grid 120 having a predetermined area. In
one embodiment, decomposing the stream 114 of data
includes imposing the grid 120 on the axis-aligned rectangles
116 and shifting the rectangles 116 to {it to the grid points.

In one embodiment, the system 100 assigns 4135 each row
122 1n the grid 120 to one of a plurality of buckets 124 prior
to receiving the data stream 114, or prior to estimating the
volume of the union of rectangles 116 that represent the data
stream 114. In one embodiment, assigning the grid rows 122
to buckets 124 includes sub-sampling each row 122 to a
plurality of levels and then randomly hashing the sub-
sampled rows 122 into the plurality of buckets 124. The
number of levels into which the rows 122 are sub-sampled
may be based on the number of grid rows 122. In one embodi-
ment, the number of buckets 124 1s based on the number of
rows 122 1n the grid 120, and may be approximately log A 1n
cach level, where A 1s the number of rows 122 in the grid 120,
such that the number of buckets 124 1s constant for the gnd
120.

The one-dimensional intervals 118 for each rectangle 116
are placed 420 into the buckets 124 according to the corre-
sponding grid rows 122 in which the one-dimensional inter-
vals 118 are positioned. The system 100 may maintain an
instance of a one-dimensional algorithm 126 1n each bucket
124. The one-dimensional algorithm 126 may be used to
process one-dimensional intervals 118 to determine an area of
a union of one-dimensional intervals 118. The one-dimen-
sional algorithm 126 may be a known data structure for pro-
cessing one-dimensional intervals 118.




US 9,152,688 B2

7

In one embodiment, the system 100 determines 425 1if an
interval 118 for a given bucket 124 meets a predetermined
threshold. The threshold may be determined based on results
from pairwise-independent hash functions 128 for the inter-
val 118. The hash functions 128 may be part of a multi-
dimensional algorithm 202 to determine the number of heavy
buckets 124. Intervals 118 having hash function results that
meet the predetermined threshold are then inserted 435 1nto
the one-dimensional algorithm 126 maintained for the corre-
sponding bucket 124. In one embodiment, rows 122 in the
orid 120 that have hash function results below the predeter-
mined threshold may be rejected or otherwise 1ignored 430 by
the system 100. The multi-dimensional algorithm 202 and the
one-dimensional algorithm 126 for each bucket 124 allows
the system 100 to estimate 440 the sum of the number of grid
points touched by at least one of the rectangles 116 1n each
row 122 of the grid 120 to approximate the volume of the
axis-aligned rectangles 116. In one embodiment, inserting the
interval 118 into the one-dimensional algorithm 126 includes
updating a sketch for a zeroth frequency moment for the
corresponding bucket 124.

One embodiment of the systems and methods described
herein 1s presented below. The systems and methods
described herein vield streaming algorithms for estimating
the frequency moments—F,, k>0—on a stream of axis-
aligned rectangles 116 or other constant-dimensional axis-
aligned box with space and time optimal up to small factors.

In one embodiment, the system 100 first transforms the
problem so that input rectangles 116 are assumed to have
vertices 1n a delta by delta (AxA) grid 120. The system 100
then estimates the sum of the number of points touched by at
least one rectangle 116 1n each row 122 of the grid 120. The
system 100 estimates the cascaded norm 1, (X) of A, where A
1s a AxA binary matrix indicating which points occur 1n at
least one input rectangle 116 in the stream. The cascaded
norm 1s defined as

A
21’=1

Az’”x

where A1 denotes the 1-th row 122 of A, and X 1s an arbitrary
norm. This estimation i1s possible in the general turnstile

model, where entries of A are updated an arbitrary number of

times.

This estimation may be done up to a constant factor in
space that 1s proportional to the space s(X) of sketching the
X-norm up to a constant factor. The cascaded norm may be
estimated up to a 1+e factor with space O*(1). By sub-sam-
pling rows 122 of A into log A levels, where roughly A/2* rows
122 are sub-sampled at the 1-th level. The sub-sampled rows
122 may be randomly hashed into O*(1) buckets 124, main-
taining a sketch of the X-norm of the vector sum 1n a bucket
124 of rows 122 hashed to the bucket 124. The estimator may
proceed by finding buckets 124 with large X-norm, using
these to obtain an estimate gj on the size of each group

Gy={ 4, |4 e[ (1+€Y (14€) ]},

and outputting

2 g {l+e).

The rows 122 of matrix A correspond to the lines parallel to
the x-axis in the AxA grid 120. The system 100 may then
compute the cascaded norm for the zeroth frequency moment,

F.,, where each row 122 may be updated multiple times 1f

some ol its coordinates occur 1n multiple rectangles 116.
Because F, obeys the triangle inequality in insertion-only
streams, existing data structures may be used with minor
modifications to estimate 1,(F ) of A up to 1+€. Because F|,
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may also be sketched using O(e *+log A) bits of space, an
overall algorithm using O*(1) bits of space may be obtained.

This approach may be adapted to achieve O*(1) worst-case
update time per mput rectangle 116. Instead of seeing one
rectangle 116 at a time, the system 100 sees rows of input
rectangles 116, 1.e., one-dimensional intervals 118, one at a
time 1n the data stream 114. Then for the row 122 1n the AxA
orid 120 to which the interval 118 belongs, the at-most log A
levels 1t 1s sub-sampled to may be found. In each such level,
the 1dentity of the bucket 124 to which the interval 118 hashes
may also be computed. The system 100 1s then able to exploit
a Tast algorithm for range-efficient F,, which, given an inter-
val [a,b] =[A] of x-coordinates, can update a sketch for F,
using only O*(1) space and time. This leads to an algorithm
with update time proportional to the height of the mput rect-
angle 116 (up to a O*(1) factor), since an interval 118 may be
ted for each of the rows 1t intersects. This update time may be
still be as large as A.

If the hashing of rows 122 of into buckets 124 in a given
level 1 of sub-sampling 1s suiliciently random, then any fixed
set S of w log A sub-sampled rows 122 will, with very high
probability, have the property that every bucket 124 in the 1-th
level contains a row 122 1n S that hashes to that bucket 124,
since there are only w=0*(1) buckets 124. Consequently, for
ISI>w log A, the system 100 may update the F,-sketches of all
buckets 124 1n the 1-th level by the same interval [a,b] of
x-coordinates corresponding to the iput rectangle 116. The
system 100 may quickly determine if |S|>w log A by using a
range efficient F, algorithm on the interval [c,d] of y-coordi-
nates corresponding to the input rectangle 116. This 1s
because sub-sampling may be implemented by a pairwise-
independent hash function. If, on the other hand, IS|<w log A,
an algorithm for determining the set S by extending tech-
niques for range-efficient F, may be used. The system 100
may then update the buckets 124 1n the i1-th level, for each
level 1, to which an element of S hashes, as described herein.
This gives an overall O*(1) space and update time.

The system 100 may extend these principles to d>2 dimen-
sions by replacing the sketch maintained 1n the buckets 124
with the space and time eflicient sketch for (d-1)-dimen-
sional rectangles 116 that have been computed. To extend this
to estimating F,, k>0, a range-elficient F, may beused in each
of the buckets 124. By determining i a row 1n an input
rectangle 116 lands in a bucket 124 in a certain level of
sub-sampling, as well as how many rows land in each bucket
124, the sketch maintained 1n the bucket 124 may be updated
by the appropriate multiplicity. If the rectangle 116 has a
sutficient number of rows, the number of rows that land 1n
cach bucket 124 for a given level of sub-sampling is tightly
concentrated. Thus, rather than computing the number, the
system 100 may replace the number by 1ts expectation. Addi-
tionally, by setting the parameters of the data structure appro-
priately, the noise incurred by these operations does not sig-
nificantly affect the estimate.

The system 100 may also be used for streams of other
objects that can be approximated by a union of O*(1) axis-
aligned rectangles 116. Such objects include the important
class of rectilinear polygons with O*(1) vertices, which are
polygons whose sides are parallel to the axes. These polygons
are 1mportant for the representation of shapes in 1ntegrated
circuit mask layouts, for example. 2-dimensional shapes such
as circles, axis-aligned ellipses, and regular polygons with
O*(1) vertices admit a decomposition into O*(1 ) axis-aligned
rectangles 116, such that the volume of the union of the
rectangles 116 1s within a 1+e factor of the volume of the
union of the original shapes.
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of the system 100 are described below.

MultiSketch Pseudocode

. Initialize an s x A’ sketching matrix S for (A4,1/A%)-F,-estimation.

Let ® be the corresponding estimation procedure given a sketch
Sy for a vector v.

2. t:=2logA.

3.

For each x € [t] and each j € {0,1,2,....lJog A — 1},
a. Let B, ; be the output of ALG on input A restricted to rows in
L -
b. Independently assign a pairwise-independent function f, ; :

[A] = [A] |
Letl,,=1{ie[A] | £ (i) =AY}

c. Create t hash tables, denoted H*/* for u € [t], each with w
cells, and independently assign to them 6 log A-wise
independent functions g, ., : [A] = [W].

d. Foreachu € [t] and v € [W],

H,90 = 3y i € L] - X[gey, ()= V]S - A,

Reconstruct Pseudocode

1. Choose C € [0, v] uniformly at random.
2. Foreachx € [t],eachj€{0,1,2,...,log A - 1}, and each

1 € [A]
LEﬁt Fkxaf (Al) - mﬂdiﬂﬂHE[r](I)(ngj H(I-)(IJ?H)).
3. 3 ’
- 4B, ; -
If F/ (A < & then set F;/ = 0.

1800-¥-(z+ 1)-12-log®A”

4. Let TOP be the set of indices I for which F.*°(A,) > 0. Let LTOP

be the set of | for which there 1s an I in TOP for
which F,"0(A,) € [5(1 + ), &1+
5. Z:=log, (M/Q).
6. Foreachx € [tJandeachl€{1,2,...,7),
a. Ifthere exists j for which there are at least 20e 2t log A
indices i with F7(A) € |[T(1 +v), T + v)"* ],
1.  Letj(x,]) be the largest such .
i1.  Let ¢(x, 1) be the number of 1 with
F (A) € [T+ T+,
1. Else,s, ;:=0.
7. s;=medlan, cr48, /-

Output Z Fi’D(A5)+ Z SJ'§'(1+}’)£.

ieTOP g LTOF

Range-Minimum Algorithm

Input: a, d, n, M are non-negative integers; Start Value O = a < M;
Common Difference O < d < M; Number of elements n > 0;
Sequence S={(a+(i-1)-dymodM |1=<i<n}

Output: The K minimum elements 1 S

1if n < 2k then
Compute S explicitly; Return K smallest elements 1n S.

end

Compute f,, the first element in S; and k, the number of times the
sequence S crosses the origin.

if (M mod d) =0 then
Return K copies of 1;.

end

if k <k then
Select j such that U,_4 T has at least k elements, and U,_s ! I has

less than k elements. Return the k smallest elements in S, U(U._¢ F7).

end

d
1f (d—(M mod d)) < - then

if (a < d) then
Return Range-Minimum(f,, (d - M mod d), k+ 1, d, )
else
Return Range-Minimum(f,, (d - M mod d), k, d, )
end
else
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-continued

Range-Minimum Algorithm

d
[+(M mod d) < —

Z
If (a <d) then
Return Range-Minimum({;, (d - M modd), k + 1, d, k)
else
Return Range-Minimum({;, (d - M mod d), k, d, k)
end
end

2-Dimensional Klee Pseudocode

1. Imitialize data structures for MULTISKETCH and RECONSTRUCT
with the sketching matrix S for range-efficient estimation of L.

2. Forxe[t],je{0,1,2,...,logA-1}andue|t],letg, ; , : [A] = [W]
be the associated 6 log A-wise hash functions, and let f_; : [A] — [A]
be the associated pairwise-independent hash functions, which can be
viewed as f, (y) =a;y + B, mod A.

3. Given an input rectangle r = [a;,b,] x [a5,b5],

a. Foreachx e [t] and eachj € {0,1,2...., log A - 1},
1. Run RANGE-MINIMUM on the sequence

(B+aa)+(i-1)-aymodAll=i=sb —a +1},
with parameter K ;= 72w log A + 1

i1. Let S be the set of K smallest elements, as returned by
RANGE-MINIMUM.

ul. It IS M I ;| = K, then feed the update [a,,bs] to each of the
w buckets for each u € [t]

1v. Else, for each u € [t] and s € S, feed the update [a,,b-]
to the bucket g, ;. (s) in HO ),

4. At the end of the stream, output the estimator given by
RECONSTRUCT.

An embodiment of an aggregate approximation system
100 1ncludes at least one processor coupled directly or 1indi-
rectly to memory elements through a system bus such as a
data, address, and/or control bus. The memory elements can
include local memory employed during actual execution of
the program code, bulk storage, and cache memories which
provide temporary storage of at least some program code in
order to reduce the number of times code must be retrieved
from bulk storage during execution.

It should also be noted that at least some of the operations
for the methods may be implemented using software instruc-
tions stored on a computer usable storage medium for execu-
tion by a computer. As an example, an embodiment of a
computer program product includes a computer usable stor-
age medium to store a computer readable program that, when
executed on a computer, causes the computer to perform
operations, 1ncluding an operation to estimate aggregates
over a stream of axis-aligned rectangles 116.

Although the operations of the method(s) herein are shown
and described 1n a particular order, the order of the operations
of each method may be altered so that certain operations may
be performed 1n an 1nverse order or so that certain operations
may be performed, at least 1n part, concurrently with other
operations. In another embodiment, instructions or sub-op-
erations of distinct operations may be implemented 1n an
intermittent and/or alternating manner.

Embodiments of the invention can take the form of an
entirely hardware embodiment, an entirely software embodi-
ment, or an embodiment containing both hardware and soft-
ware elements. In one embodiment, the mvention 1s 1mple-
mented 1n software, which includes but 1s not limited to
firmware, resident software, microcode, etc.

Furthermore, embodiments of the invention can take the
form of a computer program product accessible from a com-
puter-usable or computer-readable medium providing pro-
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gram code for use by or 1n connection with a computer or any
instruction execution system. For the purposes of this
description, a computer-usable or computer readable medium
can be any apparatus that can contain, store, communicate,
propagate, or transport the program for use by or 1n connec-
tion with the instruction execution system, apparatus, or
device.

The computer-usable or computer-readable medium can
be an electronic, magnetic, optical, electromagnetic, infrared,
or semiconductor system (or apparatus or device), or a propa-
gation medium. Examples of a computer-readable storage
medium include a semiconductor or solid state memory, mag-
netic tape, a removable computer diskette, a random access
memory (RAM), a read-only memory (ROM), a rigid mag-
netic disk, and an optical disk. Current examples of optical
disks include a compact disk with read only memory (CD-
ROM), a compact disk with read/write (CD-R/W), and a
digital video disk (DVD).

Input/output or I/O devices (including but not limited to
keyboards, displays, pointing devices, etc.) can be coupled to
the system either directly or through intervening 1I/0 control-
lers. Additionally, network adapters also may be coupled to
the system to enable the data processing system to become
coupled to other data processing systems or remote printers or
storage devices through intervening private or public net-
works. Modems, cable modems, and Ethernet cards are just a
tew of the currently available types of network adapters.

In the above description, specific details of various
embodiments are provided. However, some embodiments
may be practiced with less than all of these specific details. In
other instances, certain methods, procedures, components,
structures, and/or functions are described 1n no more detail
than to enable the various embodiments of the invention, for
the sake of brevity and clanty.

Although specific embodiments of the invention have been
described and 1illustrated, the invention 1s not to be limited to
the specific forms or arrangements of parts so described and
illustrated. The scope of the invention 1s to be defined by the
claims appended hereto and their equivalents.

What 1s claimed 1s:

1. A computer program product, comprising:

a non-transitory computer readable storage medium to
store a computer readable program, wherein the com-
puter readable program, when executed by a processor
within a computer, causes the computer to perform
operations for estimating aggregates over a stream of
axis-aligned rectangles, the operations comprising:
decomposing a stream of data represented by a plurality

of axis-aligned rectangles along one-dimensional
intervals, wherein all vertices for each rectangle are
located 1n a grid having a predetermined area;
assigning each row in the grid to one of a plurality of
buckets, wherein the one-dimensional intervals for
cach rectangle are placed into the buckets according
to the corresponding rows in which the one-dimen-
sional intervals are positioned;
maintaining an instance of a one-dimensional algorithm
1n each bucket; and
estimating a sum of a number of grid points touched by
at least one of the rectangles 1n each row of the grid to
approximate a volume of the axis-aligned rectangles
by:
using pairwise-independent hash functions 1n a multi-
dimensional algorithm to determine buckets that
include an interval corresponding to a given rect-
angle, wherein the interval has hash function
results that meet a predetermined threshold; and
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inserting the interval for the rectangle ito the one-
dimensional algorithm for the corresponding
bucket having hash function results that meet the
predetermined threshold.

2. The computer program product of claim 1, wherein
assigning each row 1n the grid further comprises:

subsampling each row in the grid into a plurality of levels;

and

randomly hashing the subsampled rows into the plurality

of buckets.

3. The computer program product of claim 2, wherein
subsampling each row further comprises subsampling the
rows 1nto a number of levels based on a number of rows 1n the
orid.

4. The computer program product of claim 1, wherein a
number of buckets 1s constant based on a number of rows 1n
the grid.

5. The computer program product of claim 1, wherein
iserting the interval for the rectangle corresponding to the
one-dimensional interval into the one-dimensional algorithm
for the corresponding bucket further comprises updating a
sketch for a zeroth frequency moment for the corresponding
bucket.

6. The computer program product of claim 1, wherein
using the pairwise-independent hash functions further com-
prises rejecting rows 1n the grid that comprise hash function
results below the predetermined threshold.

7. The computer program product of claim 1, wherein
decomposing the stream of data further comprises:

imposing the grid on the axis-aligned rectangles; and

shifting the rectangles to {it to the grid points.

8. A method for estimating aggregates over a stream of
axis-aligned rectangles, comprising:

decomposing a stream of data represented by a plurality of

axis-aligned rectangles along one-dimensional inter-
vals, wherein all vertices for each rectangle are located
in a grid having a predetermined area;

assigning each row 1n the grid to one of a plurality of

buckets, wherein the one-dimensional intervals for each
rectangle are placed into the buckets according to the
corresponding rows 1n which the one-dimensional inter-
vals are positioned;

maintaining an instance of a one-dimensional algorithm 1n

each bucket; and

estimating a sum ol a number of grid points touched by at

least one of the rectangles in each row of the grid to

approximate a volume of the axis-aligned rectangles by:

using pairwise-independent hash functions 1 a multi-
dimensional algorithm to determine buckets that
include an interval corresponding to a given rect-
angle, wherein the interval has hash function results
that meet a predetermined threshold; and

iserting the interval for the rectangle into the one-di-
mensional algorithm for the corresponding bucket
having hash function results that meet the predeter-
mined threshold.

9. The method of claim 8, wherein assigning each row 1n
the grid further comprises:

subsampling each row in the grid into a plurality of levels;

and

randomly hashing the subsampled rows into the plurality

ol buckets.

10. The method of claim 9, wherein subsampling each row
turther comprises subsampling the rows mto a number of
levels based on a number of rows 1n the gnid.

11. The method of claim 8, wherein a number of buckets 1s
constant based on a number of rows 1n the grid.
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12. The method of claim 8, wherein inserting the interval
for the rectangle corresponding to the one-dimensional inter-
val 1nto the one-dimensional algorithm for the corresponding,
bucket turther comprises updating a sketch for a zeroth fre-
quency moment for the corresponding bucket.

13. The method of claim 8, wherein using the pairwise-

independent hash functions further comprises rejecting rows
in the grid that comprise hash function results below the

predetermined threshold.

14. The method of claim 8, wherein decomposing the

stream of data further comprises:

imposing the grid on the axis-aligned rectangles; and

shifting the rectangles to fit to the grnid points.
15. An aggregate approximation system, comprising:
a receiver configured to receive a stream of data repre-
sented by a plurality of axis-aligned rectangles along
one-dimensional intervals;
a volume estimator configured to:
decompose the stream of data, wherein all vertices for
cach rectangle are located in a grid having a predeter-
mined area;

assign each row 1n the grnid to one of a plurality of
buckets, wherein the one-dimensional intervals for
cach rectangle are placed into the buckets according
to the corresponding rows in which the one-dimen-
sional intervals are positioned;

maintain an 1stance of a one-dimensional algorithm in
each bucket; and

estimate a sum of a number of grid points touched by at
least one of the rectangles 1n each row of the grid to
approximate a volume of the axis-aligned rectangles
by:
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using pairwise-independent hash functions 1n a multi-
dimensional algorithm to determine buckets that
include an interval corresponding to a given rect-
angle, wherein the interval has hash function
results that meet a predetermined threshold; and

inserting the interval for the rectangle into the one-
dimensional algorithm {for the corresponding
bucket having hash function results that meet the
predetermined threshold.

16. The system of claim 15, wherein assigning each row in
the grid further comprises:

subsampling each row in the grid into a plurality of levels;

and

randomly hashing the subsampled rows into the plurality

of buckets.

17. The system of claim 16, wherein subsampling each row
further comprises subsampling the rows mto a number of
levels based on a number of rows 1n the gnd.

18. The system of claim 15, wherein inserting the interval
for the rectangle corresponding to the one-dimensional inter-
val 1into the one-dimensional algorithm for the corresponding,
bucket further comprises updating a sketch for a zeroth fre-
quency moment for the corresponding bucket.

19. The system of claim 15, wherein using the pairwise-
independent hash functions further comprises rejecting rows
in the grid that comprise hash function results below the
predetermined threshold.

20. The system of claim 15, wherein decomposing the
stream of data further comprises:

imposing the grid on the axis-aligned rectangles; and

shifting the rectangles to {it to the grid points.

G ex x = e
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