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METHODS AND APPARATUS FOR
PERFORMING ANGULAR MEASUREMENTS

CROSS-REFERENCES TO RELATED
APPLICATIONS

This application 1s a continuation of U.S. Nonprovisional
application Ser. No. 12/616,673, filed Nov. 11, 2009, which
claiams the benefit of U.S. Provisional Application No.
61/143,375, filed Jan. 8, 2009, the entire contents of which are

incorporated herein by reference 1n their entirety for all pur-
poses.

BACKGROUND OF THE INVENTION

The present mvention relates generally to methods and
apparatus for performing angular measurements. Merely by
way ol example, embodiments of the present mnvention pro-
vide methods for acquiring high resolution angular measure-
ments using 1mages. Such measurements may be used, for
example, 1n surveying applications. However, the scope of
embodiments of the present invention 1s broader than this
particular application and can be applied to other applications
utilizing angular measurements.

The art of surveying involves the determination of
unknown positions using measurements of angles and dis-
tances. For example, 1n some surveying operations horizontal
and vertical angles and distance are measured between refer-
ence and target points. In other surveying operations, hori-
zontal and vertical angles are measured between more than
one reference point and a target point. In either case, the
measured data may be used to calculate the position of the
target point.

A theodolite 1s a surveying instrument that 1s commonly
used to measure horizontal and vertical angles. A theodolite
typically includes a telescope mounted so that i1t can be
rotated about horizontal and vertical axes. A theodolite may
include circular scales that are used 1n measuring the angular
position of the telescope. The horizontal angle (e.g. yaw) and
the vertical angle (e.g. pitch) are read from the circular scales
to determine the yaw and pitch of the target with respect to a
reference point. Some modern electronic theodolites utilize
angle encoders instead of scales to automate angular mea-
surements.

Despite the utility of theodolites, improved methods and
apparatus for acquiring angular measurements are desired.

SUMMARY OF THE INVENTION

The present mvention provides improved methods and
apparatus for performing angular measurements by using
images. Such measurements may be used, for example, 1n
surveying applications. However, the scope of embodiments
of the present invention 1s broader than this particular appli-
cation and can be applied to other applications utilizing angu-
lar measurements.

In accordance with an embodiment of the present inven-
tion, a method of determining an azimuth and an elevation of
a point 1n a first image 1s provided. The method comprises
positioning an 1maging device at a first position and acquiring,
the first image at the first position. The method also imncludes
performing a first rotation of the imaging device and acquir-
ing a second image at the first position. The {first image
includes the point, and a portion of the first image overlaps a
portion of the second image. The method also includes deter-
mimng correspondences between features i overlapping
portions of the first image and the second image, determining,
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2

a first transformation between coordinates of the first image
and coordinates of the second image based on the correspon-

dences, and determining a second transformation between the
coordinates of the second image and a local coordinate frame.
The method also includes computing the azimuth and the
clevation of the point based on the first transformation and the
second transformation.

In accordance with yet another embodiment of the present
invention, a method of determining a horizontal angle and a
vertical angle between a first point 1n a first image and a
second point 1n a second 1mage 1s provided. The method
comprises obtaiming a series of 1mages including the first
image and the second 1image. A portion of each 1image in the
series overlaps a portion of another image 1n the series and
cach 1mage 1n the series 1s obtained from a first position. The
method also comprises determining correspondences
between features 1n overlapping portions of images in the
series of 1mages, determining first transformations between
coordinates of overlapping 1images 1n the series of 1images,
and computing the horizontal angle and the vertical angle
between the first point and the second point based on the first
transformations.

In accordance with yet another embodiment of the inven-
tion, a surveying apparatus 1s provided. The apparatus com-
prises a support structure, a rotatable member mechanically
coupled to the support structure, and an 1maging device
mechanically coupled to the rotatable member. The rotatable
member may be configured to rotate the imaging device with-
out substantially changing a position of an optical center of
the 1imaging device. The apparatus also comprises an 1image
sensor disposed 1n the imaging device, a memory 1n electrical
communication with the image sensor, and a processor 1n
clectrical communication with the image sensor and the
memory. The processor may be configured to determine cor-
respondences between features 1n overlapping portions of the
images, determine first transformations between coordinates
of overlapping 1mages based on the correspondences, deter-
mine a second transformation between coordinates of one of
the 1mages and a local coordinate frame, and compute an
azimuth and an elevation of each of a plurality of points 1n the
images based on the first transformations and the second
transformation.

Numerous benefits are achieved using the present imnven-
tion over conventional techniques. For example, an embodi-
ment according to the present invention provides an mexpen-
stve instrument for measuring angles with high accuracy. The
istrument does not utilize expensive scales or encoders and
tolerances on mechanical components are reduced. Measure-
ment cost may also be reduced, as some embodiments allow
measurements between points to be made from a series of
images. The measurements can be performed 1n the field at
the time the images are acquired, or at a later time using
images stored in memory. Furthermore, because the points
are 1dentified 1n the image, the 1mage can be used as a visual
audit trail of points that have been measured.

Depending upon the embodiment, one or more of these
benelits may exist. These and other benefits are described
throughout the specification and more particularly below.

BRIEF DESCRIPTION OF THE DRAWINGS

FIG. 1 1s a simplified perspective view ol a surveying
apparatus that may be used to acquire overlapping images 1n
accordance with an embodiment of the present invention;

FIG. 2 1s a simplified diagram 1llustrating an image sensor
with a plurality of 1image sensor elements according to an
embodiment of the present invention;
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FIG. 3 1s a simplified cross-sectional view showing a unit
sphere centered at an optical center of an 1maging device

according to an embodiment of the present invention;

FIG. 4 1s a simplified diagram, illustrating overlapping
images obtained using a surveying apparatus according to
embodiments of the present invention;

FIG. 5 1s a simplified cross-sectional view of a sphere and
two 1mages planes according to an embodiment of the present
imnvention;

FIG. 6 1s a simplified diagrams showing an area surround-
ing a point on a sphere with a radial sampling pattern defined
according to an embodiment of the present invention;

FIG. 7 1s a simplified diagram showing an example of a
reflection according to an embodiment of the present mven-
tion;

FIG. 8 1s a simplified diagram showing a Euler angle con-
vention according to an embodiment of the present invention;

FIG. 9 1s a simplified flowchart illustrating a method of
determining an azimuth and an elevation of a point 1n a first
image according to an embodiment of the present invention;
and

FIG. 10 1s a simplified flowchart illustrating a method of
determining a horizontal angle and a vertical angle between a
first point 1n a first image and a second point 1n a second 1mage
according to an embodiment of the present invention.

DETAILED DESCRIPTION OF THE INVENTION

Embodiments of the present invention provide methods
and apparatus for acquiring high resolution angular measure-
ments using images. The measurements can be made without
the use of scales or encoders as required with conventional
theodolites, thus providing a virtual or encoderless theodo-
lite. As explained more fully below, some embodiments
include acquiring a series of overlapping images from a par-
ticular position. Coordinate transformations can be deter-
mined between the images, and constraints can be applied
that allow angles between points 1n the 1images to be deter-
mined using the coordinate transformations. As with a con-
ventional theodolite, a coordinate transformation between the
image coordinate frame and a real world coordinate system
(e.g., the local coordinate frame) can also be determined
allowing azimuth and elevation to be measured.

FIG. 1 1s a simplified perspective view of a surveying
apparatus 100 that may be used to acquire overlapping images
in accordance with an embodiment of the present invention.
The surveying apparatus 100 includes an 1imaging device 102,
which may be a digital camera or other suitable device
capable of acquiring image data using image sensors. The
image sensors typically includes a predetermined number of
photosensitive elements arranged in an array. For example,
the 1mage sensors may be a two-dimensional array of ele-
ments capable of generating image information from optical
signals impinging on the elements. The number of pixels 1n
the image generally corresponds to the number of elements 1n
the array. The array may be a charge-coupled device (CCD) or
a complimentary metal-oxide-semiconductor (CMOS)
image sensor array. Other suitable arrays containing photo-
sensitive elements are also included within the scope of the
present invention.

In the embodiment shown in FIG. 1, the imaging device
102 1s mounted 1n a two axis gimbal that allows rotation about
a horizontal axis 106 and a vertical axis 104. The horizontal
and vertical axes 106, 104 intersect at the optical center 110
(or center of the entrance pupil) of the imaging device 102.
The optical axis 108 of the imaging device 102 1s perpendicu-
lar to the horizontal axis 106. In this example, the horizontal
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and vertical axes 106, 104 are defined relative to the base 112.
The base 112 may be supported by a pole, tripod, or other
suitable structure. In some embodiments the base 112 may be
aligned relative to the local gravity vector. The iner bracket
116 1s mounted to the outer bracket 114 and allows the imag-
ing device 102 to rotate about the horizontal axis 106. The
outer bracket 114 1s mounted to the base 112 and allows the
imaging device 102 to rotate about the vertical axis 104. The
two axis gimbal allows independent rotation of the 1maging
device 102 about the horizontal and vertical axes 106, 104.
Rotation of the imaging device 102 can be achieved by any
suitable means, such as by manual adjustment or servo
motors under computer control.

The imaging device 102 can be rotated to adjust the pitch
(1.e., rotation about the horizontal axis 106) and the yaw (1.e.,
rotation about the vertical axis 104) without substantially
changing the position of the optical center 110. However, as
would be apparent to one of ordinary skill in the art, the
position of the optical center 110 may change as a result of the
tolerances on the mechanical components or the alignment of
the imaging device 102. Such changes are allowed up to
certain tolerances. The tolerances may depend, for example,
on the particular application for which the surveying appara-
tus 100 1s used and/or the distinctness of features in the
1mages.

The surveying apparatus 100 shown in FIG. 1 1s provided
merely as an example, and embodiments of the present inven-
tion are not limited to this particular apparatus. Rather, other
suitable apparatus are contemplated and are to be included
within the scope of the present mmvention. For example,
embodiments of the present invention may include any suit-
able apparatus capable of supporting an 1maging device and
providing rotation about horizontal and vertical axes without
substantially changing a position of an optical center of the
imaging device. Furthermore, some embodiments may pro-
vide rotation about only a horizontal axis or a vertical axis,
rather than both. Additionally, the apparatus may include a
separate mounting arrangement, rather than the two axis gim-
bal illustrated 1n FIG. 1, or the apparatus may be coupled
directly to a support structure.

FIG. 2 1s a simplified diagram 1llustrating an 1mage sensor
with a plurality of image sensor elements according to an
embodiment of the present invention. The image sensor 202
may be disposed 1n an 1imaging device, such as the imaging
device 102 shown in FIG. 1. As illustrated in FIG. 2, the image
sensor 202 includes a plurality of 1mage sensor elements 204
arranged 1n an array. The image sensor elements generally
correspond to the pixels of images produced by the image
sensor. In some embodiments, the 1mage sensor 202 1s 1n
communication with a memory 206. The memory 206 may be
local or remote. The memory 206 may be configured to store
the 1mage data. Some embodiments also include a processor
208 1n commumnication with the memory 206. As explained
more fully below, the processor 208 may be configured to
determine coordinate transformations between overlapping
images and/or between a local coordinate frame and an 1mage
coordinate frame. The processor 208 may also be configured
to determine angles between points 1n the 1mages using the
coordinate transformations. The processor 208 may commu-
nicate with the memory 206 via a wired or wireless connec-
tion. Although FIG. 2 shows the memory 206 and the proces-
sor 208 as separate clements, these eclements may be
integrated as a single component. Alternatively, in some
embodiments the processor 208 may be part of a computing
device that 1s separate from the surveying apparatus. One of
ordinary skill 1n the art would recognize many variations,
modifications, and alternatives.
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In accordance with an embodiment, the 1maging device
102 of FIG. 1 may be calibrated to establish a mapping
between a camera coordinate frame and an 1mage coordinate
frame. As would be understood by one of ordinary skill in the
art, calibration 1s generally an inirequent procedure carried
out at the time of manufacture or when 1t 1s suspected the
optics have gone out of calibration (e.g., rough handling).
Calibration of the imaging device 102 may be performed 1n
accordance with known techniques. As an example, mapping
of an 1deal lens may be defined by the following equations:

X |
xp_xﬂsz (1)

Y (2)
yp_yi]:fz

where X, y, 1s a position in an image plane; X, Y, Z 1s the
corresponding three-dimensional position with respect to the
camera coordinate frame; X, v, 1s the principal point of the
plane (explained below); and 1 1s the focal length of the
imaging device 102. Accordingly, normalized image coordi-
nates X, v for an 1deal (undistorted) lens may be defined as:

(3)

(4)

Conventional calibration models generally depart from the
1ideal state to account for distortion. For example, a first order
radial distortion may be modeled as:

(3)

x=xX4(1+k (xd2+yd2 )

Y=yl +k(xd’2+yd2)) (6)

where X , v ;1s a position 1n a distorted image plane, and k 1s
the coellicient of radial distortion. Other models may be used
in accordance with known techniques.

In accordance with an embodiment, a series of overlapping
images may be acquired from a particular position using, for
example, the surveying apparatus 100 1llustrated in FIG. 1.
Coordinate transformations between the i1mages may be
determined using any one of a number of techniques. Merely
by way of example, the process of determining the coordinate
transformations can be conceptualized using a unit sphere
centered at the optical center 110 of the imaging device 102.
FIG. 3 1s a simplified cross-sectional view showing a unit
sphere 302 centered at an optical center 310 of an 1maging
device according to an embodiment of the present invention.
With the sphere 302 centered, each ray entering the imaging
device passes through the optical center 310 of the sphere
302. Other shapes may also be used (e.g., cube, plane, etc.),
but spheres simplify manipulation because they do not have
any discontinuities. The images can be thought of as being on
planes that are described by the normalized 1image coordi-
nates of equations (3) and (4). With an effective focal length
of unity, the image planes 304, 306 are tangent to the sphere
302 with the contact points 316, 318 being the principal
points of the planes. The image planes 304, 306 have two-
dimensional coordinates, but they exists in three-dimensional
space. Each image can be defined in the camera reference
frame with the origin of all images being the optical center
310 of the sphere 302. Accordingly, the coordinates of points
on the image plane can be defined as [x, v, 1]. By defining the
system 1n this manner, transformations between 1mages are
pure rotations.
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FIG. 4 1s a simplified diagram illustrating overlapping
images 402, 404 obtained using a surveying apparatus
according to embodiments of the present invention. The first
image 402 and the second image 404 may be obtained using
the imaging device 102 1llustrated FIG. 1. As can be seen in
FIG. 4, a portion of the first image 402 overlaps a portion of
the second 1image 404. Thus, the images include features that
are common to both images, such as the boxes 406. The
images also include features that are unique to each 1mage,
such as the large table 408 shown in the first image 402 and
the small table 410 shown 1n the second image 404. In one
embodiment, the images overlap by approximately 25-75%
of their field of view. Of course, the 1images may overlap by
more or less than this amount 1n accordance with embodi-
ments of the present invention. Factors that may impact the
amount of overlap include the distinctness of the features that
are common to both images and the accuracy required when
determining transformations between overlapping images as
discussed more fully below.

According to an embodiment of the present invention, the
first image 402 and the second 1mage 404 are Obtained with
the optical center of the 1imaging device at substantially the
same position. For example, the first image 402 and the sec-
ond 1mage 404 may be obtained from substantially the same
position of the optical center but at a different angle of rota-
tion of the imaging device. Using the surveying apparatus 100
illustrated 1n FIG. 1 as an example, both 1mages may be
obtained with the optical center 110 of the 1imaging device
102 at substantially the same position but at a difierent angle
of rotation about the vertical axis 104. Although not 1llus-
trated 1n the example of FIG. 4, the rotation of the imaging

device may be about either the horizontal and/or vertical axes
in accordance with embodiments of the invention.

In an embodiment, determining the coordinate transforma-
tions between the overlapping images imncludes determining
correspondences between points in the 1images. Determining
correspondences may include identifying features (e.g., dis-
tinctive 1mage gradients) in the overlapping portions of the
images that can be reliably 1dentified and accurately located.
Such features may be identified using well known corner
detection techmiques, such as the Harris corner detection
algorithm. The Harris corner detection algorithm essentially
determines the local maxima of the minimum eigenvector of
the second moment matrix of the image gradients. The image
gradients can be determined by convolution of the image with
a derivative of a sampling function.

In one embodiment a variant of the Harris corner detection
algorithm 1s utilized. In this embodiment, a grayscale image
1s assumed, and gradients I, and I, can be derived by convo-
lution of the image with Gaussian differential filters accord-
ing to the following equations:

[, =1xG, (7)
I, =1xG, (3)
where

—(x*+y?) (9)

G, = —xe 202

~(xF+5%)

G,=-ye 20?

(10)

The 1image and the convolution kernel are discrete. The ker-
nels G, and G,, can be calculated for values ot x and y within
a specified range. As an example, the kernels G, and G, can be
calculated for values of x and y within a range of 30, which
means the convolution 1s not valid within 30 of the edges of
the 1mage. For this reason, 1n some embodiments a small
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value of o (e.g., 1.4) 1s chosen. The convolution may be done
in the Fourier domain for efficiency.
The second-moment matrix may be defined as:

1L, (11)

S =

2
_III}’ I}’ |

A smoothed version of S, 2(S), can be obtained by convolving
cach of the components with a Gaussian kernel according to

the following equations:

() XU | E«G LI «G (12)
E(S)= _

Z(L 1) ZU) | | KIyxG ExG
where

(x2+32) (13)
G=e 202

The corner response 1s a measure of how well a point (or
feature) 1n an 1mage can he localized. The corner response
may be determined by the minimum eigenvalue of X(S)

according to the following equation:

hmmzi(ff)+Z(Iy2)=\/42(ng)2+(2(IHE)—Z(IFE))E (14)

In an embodiment, the pixels that can be best localized are
determined by disregarding all pixels with a valueof A _ . less
than their surrounding pixels. Of the remaining pixels, those
with lugh values of A, . are selected.

The 1image gradients identified above are determined at
discrete pixel locations and are subject to perspective distor-
tion depending on their location on the 1image plane relative to
the principal point. This 1s because the 1mage on the plane 1s
cifectively a magnified version of the image on the sphere,
where the magnification factor changes according to the posi-
tion on the 1image plane. In an embodiment, refinement steps
are performed to determine sub-pixel coordinates of the
image gradients and/or to account for the perspective distor-
tion.

In an embodiment, a convolution shift theorem 1s used to
cvaluate gradients at points other than discrete pixel loca-
tions. If the following convolution 1s performed:

h(x)=1(x)*g(x)
then

(15)

h{x+Ax)=[(x)* g(x+AXx) (16)

The variable x 1s a vector that can be image coordinates [X, V]
or the column and row indices of the array corresponding to
their discrete representation. Although I 1s sampled for inte-
ger values of X, gradients can be calculated at any point x+Ax.
This allows sub-pixel image gradients to be determined.

In an embodiment, convolutions can be determined on a
small area of the image, for example about a point x _, using
the following equation:

h(x+x )=l(x+|x,])*gx+{x.}) (17)
|

\/M§+l

UcVe
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where |x_| is the floor of x_, and {x_} is a sub-pixel part. If
I(x+|x_]) is determined using a portion of image centered
about x_, then the value of h corresponding to x=[0,0] will
correspond to the convolution being applied at x .

In some embodiments, the cross-correlation that 1s equiva-
lent to the convolution can be used, which can be defined as:

h(x)=I(x)*g(x)=I(x)*g(x) (18)
where

g(x)=g(-x) (19)

This provides:

h(x+Ax)=I(x)* g(x—Ax) (20)

The perspective distortion can be corrected using any one
of anumber of methods. FIG. 5 1s a simplified cross-sectional
view ol a sphere 502 and two 1mages planes 504, 506 accord-
ing to an embodiment of the present invention. In this
example, a feature 1s projected onto the sphere 502 at point
520. The same feature 1s projected onto 1image plane 504 at
point 514 and 1mage plane 506 at point 512. In an embodi-
ment, convolutions are pertormed to calculate gradients in the
area around point 514 on 1image plane 504 and point 512 on
image plane 506. A convolution on a normalized image plane

with coordinates [X, y] can be shown by:
hx, Y)=I(x, y)*g, y) (21)

A convolution on an un-normalized 1mage plane with coor-
dinates [u, v] can be shown by:

I'{u, v)=I'(fix, y))=Ix, y)

Combining equations (21) and (22) provides:

(22)

g(f " u, v) (23)

|J([Ha V]a [X, y])(_f_l (Ha V))l

W, v) = h(f (6, y) = ' (u, v) »

where |J([u, v], [X, yD(-f " (u, v))| is the determinant of the
Jacobian of [u, v] with respect to [x, y] at the point -~ (u, v).

In some embodiments, the convolution may be calculated
in terms of an equivalent cross-correlation kernel that 1s sub-
sequently reversed and applied as a convolution. This pro-
vides:

g(—f 1w, v) (24)

Alu, v) = I, v) » [T ([ue, v], [x, yDOF~H e, V)

and since the undistorted convolution kernel 1s symmetric:

g(f u, v) (25)

Alu, v) = '(u, v) %
) = s ) ] e D e )

—

he Jacobian can be determined by transforming [u, v] to [X,
| at a point [u_, v_] follows:

o

; ) 26)

2
\/Hﬂ-l-l Ve

Ly Sxy —

Ue

\/u§+1\/v§+u§+l \/v§+u§+l

where

2 4 42
\/vﬂ+uc+l

\/u§+l\/v§+u§+l

Ve 1

2 442 2 4 2
\/vc+uﬂ+l \/vc+uc+l
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i »
V| = Tuv—}xy VY
| W’ _ 1
and
X u fw
[y} VW

(G1ven this, the determinant of the Jacobian can be calculated
as:

LT[, V] [x DA (w1, )=

This solution can be further elaborated to take into account
camera calibration using any diflerentiable calibration
model. As an example, describing distorted versions of [u, v]
in terms of [u ,, v ,] and using the function ¢ as a shorthand for
equations (5) and (6) provides:

(29)

[, v]=c([tg v 1) =[ttg v 1 (1+k(2e 7 4+v,7)) (30)
Substituting [u , v ] for [u, v] 1n equation (25) provides:
g(f " ellug, val)) (31)
h =/ %
o V) = e Y ST e YD (g vaD))
where I" 1s the distorted image such that
I'(ug, va)=I(c([ug va])) (32)

The determinant of the Jacobian 1I(Ju, v .[X, ¥])I can be
defined 1n terms of 1I(Ju, v],[X, y])I as follows:

Iy, val, T, YD) = I ([, val, [, v])-J([u, V], [x, ¥]) (33)
and
J([Hd,. Vd]a [Ma 1’}]) — J_l([ua V]a [Mda 'l»’d]) (34)
so that
|J([Hda Vd]a [.?C, y])l — J_l(:'ua V:a :Hda Vd:)'J([Ha V]! [.?C, y])l (35)
— J_l(:'ua V:a :Hda Vd:)l ] J(:Ma V:a :X, y)
= |J([et, V], [ty va DI -1 ([, v], [x, YD)

Using the calibration model given by equation (30) provides:

| ([, V], [e4g, v = (kuls + kvE + DGkas + 3kv5 + 1) (36)
Equation (31) can be rewritten as:
hug, vg) = (37)
, g(f Hellug, val)kas + kv + D(3kuz + 3kv5 + 1)
1" (g, vg) *

W‘G

In an embodiment, equations (11)-(14) can be used to
identily points (or features) on the image plane, and known
methods can be used to determine local maxima in the area
around each feature. Equation (37) can be used to calculate
precise feature coordinates on the sphere using coordinates
on the image plane.
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(27)

(28)

These methods were tested with synthetically generated
images with a field of view of 52 degrees. The mean point
correspondence error was on the order of 107> pixels. Adding
(Gaussian noise to give an image signal-to-noiseratio o142 dB
(1 bit RMS 1n an 8 bit image), the mean error was on the order
of 107 pixels. Using image pairs having a pure planar rota-
tion, as would be the limiting case for very long focal lengths,
point correspondence on the order of 107 pixels were
achieved.

Some embodiments use the feature identified using the
above methods to determine correspondences between fea-
tures 1n overlapping 1mages. A set of pairs of points can be
determined where each pair includes a feature in each of two
overlapping images. In an embodiment a descriptor 1s deter-
mined for each feature. A descriptor may be a sequence of
numbers that can be associated with a feature to uniquely
identify it. The descriptor of a feature 1n a first image can be
compared with the descriptor of a feature 1n a second image to
determine how likely 1t 1s that the features correspond to the
same location 1n the scene.

In an embodiment the descriptors are determined by pro-
jecting a small area around each feature onto a unit sphere and
defining a sampling pattern on the sphere. FIG. 6 1s a simpli-
fied diagram showing an area surrounding a point on a sphere
with a radial sampling pattern defined according to an
embodiment of the present invention. In this example, six
sample points, [1,1]-[1,6], form a ring around the feature such
that the feature subtends an angle at the center of the sphere of
0 to each sample point. The angle 0 can be chosen to corre-
spond to one pixel at the principal point such that:

(38)

where 1 1s the focal length 1n pixels.

In the example shown in FIG. 6, a second ring of twelve
points, [2,1]-[2,12], each subtend an angle of 20 and so on.
The number of rings used 1s a compromise between compu-
tational expense and guaranteeing distinctive descriptors. In
an embodiment a small number of rings (e.g., 6-10) are used.

Defining the sampling pattern as S, , ~,, for the point
[0,0,1], the sampling pattern can be transformed to the feature
point [1, 1, 1 | by applying the transtorm:

/z 0 — fx (39)
\/ff'l'ff \/ff+fy2
Seion=| —Lly \/ff s -Hl: |"Sro1 . n
\/ﬁ'l-ff \/ff'l-ff
Jx Jy Jz
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The sampling process essentially calculates the intensity at
cach sample site of a Gaussian blurred 1image formed from the
projection of the image on the 1mage plane. This can be
represented as:

" (40)
Iri = ) Lexp(=d (P}, Py;) [200)
j=1

where I,  _ are intensities of the pixels 1n the image plane,
P, arethe corresponding pixel positions on the sphere, d
1s a distance function, and o, 1s the standard deviation of the
Gaussian distribution. Using the sine of the angle subtended
between the image point and the sample point as the distance
measure, the measure 1s independent of where the feature 1s in
the image, o =0 can be selected so that the sampling 1s neither
over-blurred nor under sampled. This provides:

m (41)

e 3 | LT =0

=1

where P,.P; 1s the dot product of the two position vectors.

Using the radial sampling on the sphere, a one-dimensional
Fourier transform for each ring in the sample pattern can be
determined. Because the sample values are real, the Fourier
transiorm 1s symmetric and half of 1t can be disregarded. The
DC component can also be disregarded. The first ring
includes six real samples that provide three complex values.
The three complex values are the Fourier coelficients corre-
sponding to 1 Hz, 2 Hz, and 3 Hz. Repeating the process for
the second ring provides six Fourier coetlicients (1 Hz-6 Hz),
and so on for the remainder of the rings. The coellicients can
be denoted as:

F,,€C wherere {1...8},k€{1...31) (42)

In some embodiments a reference phase 1s determined by
selecting the fundamental harmonic (1 Hz) value with the
largest magnitude. The value with the largest magnmitude can
be found 1n ring R, and the reference phase can be defined as:

PR
vrd = |Fr 1l

(43)

The reference phase can be removed from the first har-
monic by multiplying 1ts complex conjugate. The second
harmonic 1s multiplied by the square of the complex conju-

gate, and so on. A set of phase shifted Fourier coetlicients can
be defined as:

F Irﬁ:Fr,k$refk (44)

This provides a descriptor that 1s rotationally invariant
(e.g., the rotation 1s equivalent to a phase shiit). Two features
that are similar except for their rotation should have the same
phase reference although the reference will have a different
value. Signals relative to their phase reference (i.e., signals
with the reference subtracted) should differ only to the extent
of the image noise.

In an embodiment the coellicients are rearranged 1nto vec-
tors to determine the descriptors. For example, the coetli-
cients may be rearranged by:

F 32 3ramy = g (45)

10

15

20

25

30

35

40

45

50

55

60

65

12

A matrix of the descriptors for all the features 1n an 1mage can
be created. With one row per descriptor, a matrix with n,
features, can be defined as:

F", ;where i€ {1...n4, jE {1 ...3/2(r°+1)} (46)

In an embodiment, the descriptors 1n the two 1mages are
matched using the total signal power. The total signal power

that 1s 1n phase between the two descriptors 1s determined as
a portion of the total signal power if they were perfectly 1n
phase. The match M between descriptors A and B can be

defined as:

 Re(A-B) (46)

M =
|AllBI

where A B is the dot product of A with the conjugate of B, x|
1s the magnitude of x, and Re(x) 1s the real part of x. This
provides M in the range of {-1 ... +1}, where +1 implies a
perfect match. Substituting:

, A (47)
=
B
|B|
provides
M = Re(A’-B) (43)

This provides a comparison between descriptors A and B.
All the descriptors 1n one 1image can be compared with all the
descriptors 1n another 1mage using equation (47) to make A
and B' the normalized versions of the matrices defined by
equation (46). Withn, , teatures in A' and n .5 teatures in B', M
will be an, , by n.; matrix ot values indicating the similarity
between the feature in A’ indicated by the row and the feature
in B' indicated by the column.

Features are likely the same if they are mutual best
matches. This can be determined 1 there 1s an element M,
M(1, 1) that 1s the highest value 1n row 1 and the highest value
in column 7. Mutual best matches can be arranged 1nto a list of
putative point correspondences C, ; ,, andCgz, , such
that for every p€ 11 .. .n.}, C, , is a mutual best match with
Cz.,-

Ifl an embodiment, compatibility of the putative matches
can be determined by constricting a matrix K as follows:

KA (49)
CH,I > Cgpl CH,Z e CB,Z CH?”C e CB?HC
Ca1 < Cp) 1
CH,Z > Cﬂ 2 1
CH HC N Cﬂ HC 1

Each element of K, K(1, j) has a value ot 1 1t the match C
<> Cy, 1s compatible with the match C, ;<= Cz , otherwise
it has a value o1 0. Each match 1s compatible with 1tself so the
diagonal 1s 1, and K(1, 1)=K(j, 1) so the matrix 1s symmetric
and only half needs to be calculated.

The match C ;<> Cj; 1s compatible with the match C |
«> Cy ; 1t the angle at the center of the sphere subtended by
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C,.and C ;1s equal to the angle subtended by Cp ; and Cy, ..
Using the dot product, this can be presented as:

P(C4,).P(C4 )=P(Cp).P(Cp )= K(i, j)=1

P(C43)-P(Cy)=P(Cp).P(C5 ;)= K(i, /)0 (50)

where P(F) 1s the position (1.e., three-dimensional coordi-
nates) on the unit sphere of the feature. The geometric inter-
pretation of the dot product is:

P(Cy4;).P(Cy )=cos(a)

P(Cp ).P(Cp j)=cos(p) (51)

where a 1s the angle subtended by C; and C ; and p 1s the
angle subtended by Cp; and Cy ..

To account for error 1n the feature estimation, a threshold
can be used to i1dentily angles that are suiliciently different
such that at least one of the matches 1s considered an outlier.
The threshold can be described in terms of T as the equivalent
pixel error measured at the principal point. The value of T can
be determined using any one of a number of different tech-
niques. For example, 1n some embodiments the value of T 1s
determined based on an empirical error distribution of the
precise detector for a given camera. If 0.-1s the angular error
threshold equivalent to T pixels at the principal point, then:

/ (52)
V2472

sin(fr) =

where 1 1s the focal length 1n pixels.
The criterion for K(1, 1) in the matrix of equation (49) can be
expressed as:

sin(a—P)I<sin(6,) (53)
where

sin(a — ) = sin{a)cos(f) — cos(a)sin( 5) (54)

= cos(B)V 1 — cos2(a) —cos(@)V 1 — cos2(B)
Combining equations (51) and (54) gives:
(P(Cy ) PCp ) 1 = (P(Cai)- P(Ca )P — (5)
/
(P(CA,:')'P(CA,J'))\/I — (P(Cp)-P(Cpj))f < N

Equation (55) can be used to populate the matrix K of equa-
tion (49) to determine which pairs of matching features have
matching angular separation.

In an embodiment, the largest consistent set of pairs of
matching points 1s determined. This may 1nvolve taking the
square ol equation (49):

K'=K.K (56)

such that each element K'(1, 1) will be the number of matches
that are consistent with both match C,,<> C;, and match
C, > Cg . The element in K' with the highest value will
indicate the most likely pair of matches. Denoting this value
as n'c and the subsets ot C, ; ~ , and Cz, , thatare
compatible with match C, ;> C4; and match C, ;<> Cj ; as
Cyi . a.andC's, . respectively, gives:

Fi
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(Cak €Cu1 ) [ K(Gh) =11 (57)
and 1t and
 CBu €Cp1 .. ] \Kk, p=1,

In an embodiment, matching pairs that are due to reflec-
tions rather than rotations are removed from the set of pairs of
matching points. FIG. 7 1s a simplified diagram showing an
example of a reflection according to an embodiment of the
present invention. As shown in FI1G. 7, the angular constraints
between p,, p,, p, and p',, p'5, p'; are satisiied, but the points
do not represent the same set of points on the surface of the
sphere.

Reflections may be determined using any one of a number
of techniques. For example, retlections may be determined
using the scalar triple product. Given three points (p,, p,, Ps)
on the surface of a sphere, the scalar triple product 1s:

V=(p 1xD2) L3 (58)

where x indicates the cross product. V can be interpreted
geometrically as the directed volume contained by p,, p,, p;
and the center of the sphere. V will have a different sign
depending on whether p,, p,, p; are in a clockwise or counter-
clockwise configuration. When V=0, the points p,, p,, p; are
coplanar with the center of the sphere. In this case the retlec-
tion and rotation are the same and the points may be consid-
ered valid. The following equation can be used to i1dentity
reflections:

(P(C 4 %P (CA;))-P (Cq )= (P(Cp %P (CBJ))-P (Cp i)

A threshold on |V can be setto account for error in location
of the points. Values below the threshold are considered
coplanar. In an embodiment 0 can used to determine the
threshold. Considering the left side of equation (59), the
maximum error will exist when the cross product 1s directly

in-line with the error in P(C, ;). The magnitude ot this would
be:

(59)

IP(C4,)xP(Cq)sin(O7) (60)

where ||v|| indicates the norm of vector v. A similar threshold
can be applied to the triple product on the right side of equa-
tion (59), and the test can be rewritten as:

(PIC 4, ) XP(Ca ) PIC 4 ) (61)

(P(Cp; )X P(Cp ;) P(Cpy)

(IP(Ca i) X P(Cy )l

|A

+ sin(fr)
NP(Cp ;) X P(Cp ;I

In an embodiment, the right side of equation (61) and the
cross product on the left side can be calculated for a given 1
and j. The test can be applied for every k that satisfies equation
(577). Pairs of matching points that do not satisiy equation (61)
can be removed from the set. If points are removed, the
number of remaining matches, n" -, can be compared to the
next highest value 1n K'. The largest set of matches has been
determined 11 n" - 1s greater than or equal to the next highest
value 1n K'. If n"~ 1s less than the next highest value 1n K',
equations (57)-(61) can be applied to the1and j corresponding
to the next highest value in K'. The process can be iterated
until a value ol n" ~1s identified that 1s greater than or equal to
all the remaining values 1n K'. This largest consistent set of

matching pairs of points can be denoted as C",, ,,» and

C"E l L
SR . . .
In an embodiment, the coordinate transformations between

overlapping 1images can be determined using the set of pairs
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of matching points. Subject to any error 1n locating the fea-
tures, coordinates of one set of pairs will be the same as the
matching set subject to a rotation about the center of the
sphere. The transformation between coordinates 1n a first
image (1mage A) and a second 1image (1mage B) can be deter-
mined using a singular value decomposition on the matrix
product of the feature coordinates in 1image A and the trans-
pose ol the coordinates in 1mage B. This gives two orthogonal
matrices U and V and a singular matrix S as 1llustrated by:

USV'=P(C"41 . ) P(Cp1 e’ (62)

The product of the transpose o1 V and the transpose of U will
give the transform from coordinates in image A to coordinates

in 1mage B (X, 5).

X, p=Vi.U* (63)

Equation (63 ) minimizes the sum of the squares of the residu-
als 11 the errors 1n feature coordinates have a Gaussian distri-
bution.

If the series of overlapping images includes more than two
images, the coordinate transformation between each set of
overlapping 1mages can be determined and the transforma-
tions combined. As an example, a series of overlapping
images may include image A, image B, and image C. with a
portion of 1mage A overlapping a portion of image B, and a
portion of 1image B overlapping a portion of image C. The
coordinate transformation between 1image A and image B can
be determined, and the coordinate transformation between
image B and image C can be determined. The transforms can
be combined to determine the coordinate transformation
between 1image A and image C as follows:

Xy oc=Xp o Xy op (64)

Transforms can be combined to determine the coordinate
transiformation between any two 1mages as long as the trans-
formations between intermediate 1mages have been deter-
mined.

In some embodiments, the series of 1images may create a
360° panoramic 1image. The sequence of transforms 1n this
case would be a closed sequence as 1llustrated by:

Xzon- - XpocXyop™ Xy oy (65)

The transform X , _ , should be the 1dentity matrix, but small
errors 1n one or more of the intermediate transformations may
result 1n the matrix not being 1dentity. Known techniques can
be used to optimize the transforms to account for the errors.
For example, known Block Bundle Adjustment techniques
can be used to enforce the constraint that the closed chain of
transforms should be the 1dentity transform. The effect 1s to
apply a small rotation to each of the estimated transforms
such that the closure constraint 1s enforced. Denoting the
transform modified by the Block Bundle Adjustment as
X', .z, the closure constraint 1s enforced by calculating:

Xz Xy oz XXy p (66)

The value of X', . should be the same regardless of the
sequence of mtermediate transforms. As a result, the trans-
form from each 1image to every other image in the series can
be determined. For example, the transform between a first
image 1n the series (image E) and a second 1mage 1n the series
(image H) can be calculated using:

f

Xy ap)’ (67)

et X dapr (X p) 1=

Constraints can be applied so that the coordinate transior-
mations between overlapping images can be used to deter-
mine angles between points in the images. As with a conven-
tional theodolite, a coordinate transformation can also be
determined between the image coordinate frame and a real
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world coordinate system (e.g., the local coordinate frame),
thus allowing azimuth and elevation to be measured. Because
the origin of the local coordinate frame 1s generally not the
origin of the image coordinate frame, the transform may
include a translation and a rotation. Determining the trans-
form 1s essentially equivalent to determining how the imaging
device 1s translated and rotated with respect to the local coor-
dinate frame. In surveying this procedure 1s typically referred
to as stationing.

In an embodiment, the coordinate transformation between
the 1mage coordinate frame and the local coordinate frame
uses vector<> vector constraints. Vector<— vector con-
straints establish corresponding vectors in the 1image coordi-
nate frame and the local coordinate frame. One method of
obtaining a correspondence between vectors in the 1mage
coordinate frame and the local coordinate frame includes
positioning the imaging device over a known point (p, ). As an
example, the known point may be a survey mark. Another
known point (p,) 1s 1dentified 1n at least one of the images. A
unit vector from p, 1n the direction of p, in the local coordi-
nate frame 1s represented as:

Vivore.o=02-p1)/|p2-pl|

The unit vector in the camera reference frame 1s represented
as:

(68)

Veamera— 1% ¥, UAl[x, 3, 1] (69)

where X and y are normalized image coordinates described by
equations (5) and (6). These coordinates can be transformed
to the reference camera frame using equation (67).

Another method of obtaining a correspondence between
vectors 1n the 1image coordinate frame and the local coordi-
nate frame includes using a tilt sensor to determine the gravity
vector 1n the camera reference frame. The tilt sensor can be
considered as having its own coordinate frame. With the
imaging device attached to the tilt sensor, a transformation
can be defined to the camera coordinate system
(X7 cansErq ). 1his transformation can be determined by
calibration of the assembly. When inside 1ts operating range,
the t1lt sensor will either directly or indirectly indicate the
gravity vector (v, ) 1n 1its own coordinate system. This can
be transformed to the camera coordinate system:

VearERA =X 70T CAMERA-FTILT/HVTILTH (70)

The local coordinate system 1s typically defined so that the
Z-ax1s points 1n the opposite direction to the gravity vector, so
the corresponding vector 1n the local coordinate system 1s
[0,0,-1].

Singular value decomposition can be used to calculate the
rotation part of the transformation between the 1mage coor-
dinate, frame and the local coordinate frame using at least two
vector <> vector correspondences. In some embodiments, a
check 1s performed to ensure the rotation 1s calculated and not
a reflection. If the transform is a rotation its determinant will
be +1, whereas the determinant of a reflection will be —1. The
rotation can be obtained by calculating the transform using
the equations:

U.S. VT:[VCAMERA,M e VCAMERA,n]-[VWQm,l e
7
VWGRLE,H] (71)
[51552503]:VT-UT (72)
X camERA—WORLD —[C1,C2,C31C1,Co,C3]] (73)

where Ve, amrasn Vworrp,», and ¢; are all column vectors.
This provides the rotation part of the transformation.

The translation part of the transformation between the
image coordinate frame and the local coordinate frame can be
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determined by placing the imaging device over a known point
or 1t can be measured using known techniques.

In an embodiment, the coordinate transformation between
the 1mage coordinate frame and the local coordinate frame
uses vector<— point constraints. Vector<— point constraints
establish correspondences between the local coordinates of
point features and their corresponding image coordinates.
The 1image coordinates represent a umt vector that can be
transformed to the camera reference frame. Known tech-
niques can be used to determine the coordinate transforma-
tion between the 1image coordinate frame and the local coor-
dinate frame using vector<> point correspondences. For
example, the known Space Resection technique uses at least
three vector ¢« point correspondences to calculate the rota-
tion and translation simultaneously.

In some embodiments, a transformation between the image
coordinate frame and a leveled, un-oriented coordinate frame
may be determined. This can be thought of as an intermediate
coordinate system between the image coordinate frame and
the local coordinate frame. The leveled, un-oriented coordi-
nate {frame 1s the coordinate system typically used with a
conventional theodolite. Determining the transformation
between the image coordinate frame and the leveled, un-
oriented coordinate frame allows any survey procedure to be
performed using embodiments of the present invention that
could be performed using a conventional theodolite.

A transformation between the image coordinate frame and
a leveled, un-oriented coordinate frame may be determined,
for example, by determining one or more correspondences
between the gravity vector and a vector with respect to the
camera reference frame as described above. These correspon-
dences can be used to determine a rotation only transform
X anmrarocs (Where LUCS 1s an abbreviation for leveled,
un-oriented coordinate system). This transform can be used to
measure horizontal and vertical angles between points in the
images. The transform can be used to perform any measure-
ments performed by conventional theodolites. For example
angular measurements can be made to a point 1n an 1mage
with a known (or calculated) azimuth. The difference
between the known azimuth and the measured horizontal
angle can be added to subsequent measurements to give azi-
muths. This 1s analogous to measurements made to a back-
sight using a conventional theodolite.

For compatibility with existing survey processes, some
embodiments include methods for calculating polar coordi-
nates. As described above, a point [x, y, 1] in an 1image plane
can be transformed to the camera reference frame and to the
local coordinate frame. Denoting the new coordinates of the
point as [X, Y, 7] gives:

X, ¥, Zf _XREF CAMERA—>WORLD"

XCAMERA—REF CAMERA1% Y, Z] (74)

FIG. 8 1s a simplified diagram showing a Euler angle con-
vention according to an embodiment of the present invention.
As shown 1n FIG. 8, North 1s defined as being 1n the direction
of the Y axis, Up 1s defined as being in the direction of the Z
axis, O 1s deﬁned as being an azimuth from North, and ¢ 1s
C eﬁned as being an elevation from the horizontal plane 0 has
the range { -, +7t}, and ¢ has the range {-m/2, +m/2}. Note
that one of ordinary skill in the art could easﬂy adapt the
tollowing equations to {it alternative Euler angle conventions.

As defined above, 0 and ¢ can be calculated as:

f = arctan2(X, Y) (75)

® = arcta_r{ ‘ ]
VX2 +Y2
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where arctan 2(X.,Y) 1s defined as:

f X 76
arc:tan(—) Y >0 (70)
Y
X
Jr+arctan(?) X =0 Y <0
X
arctan2(X, Y) =4 7t afctan(—) X <0,Y<0
i X>0,Y=0
2 T
i X <0,Y=0
2 *T
. undefined X=0,Y=0
FIG. 9 1s a simplified flowchart illustrating a method of

determining an azimuth and an elevation of a point 1n a first
image according to an embodiment of the present invention.
The method includes positioning an 1imaging device at a first
position (902). A first image 1s acquired at the first position
using the imaging device (904). The imaging device 1s rotated
about a first axis (906). For example, the imaging device may
be rotated about horizontal and/or vertical axes to capture
objects of interest 1n the surrounding scene. The angle of
rotation about the first axis depends 1n part on the distinctness
of the features in the surrounding scene and the required
accuracy of the coordinate transformations. A second image
1s acquired from the first position (908). In an embodiment,
the first position refers to the position of the optical center of
the 1maging device.

Correspondences between features 1n overlapping portions
of the first image and the second 1image are determined (910).
A first coordinate transformation 1s determined between
coordinates of the first image and coordinates of the second
image (912). A second coordinate transformation 1s deter-
mined between the coordinates of the second image and a
local coordinate frame (914). The azimuth and elevation of
the point are determined based on the first transformation and
the second transiormation.

FIG. 10 1s a simplified flowchart i1llustrating a method of
determining a horizontal angle and a vertical angle between a
first point 1n a first image and a second point 1n a second 1mage
according to an embodiment of the present invention. The
method 1ncludes obtaining a series of 1images including the
first image and the second image (1002). In an embodiment,
a portion of each image 1n the series overlaps a portion of
another 1mage in the series. Each image in the series 1s
obtained from a first position. Correspondences are deter-
mined between features 1n overlapping portions of images in
the series of images (1004). First transformations are deter-
mined between coordinates of overlapping images hi the
series ol images (1006). The horizontal angle and the vertical
angle 1s computed between the first point and the second point
based on the first transformations (1008).

It should be appreciated that the specific steps 1llustrated in
FIGS. 9 and 10 provide particular methods, and other
sequences of steps may also be performed according to alter-
native embodiments. For example, alternative embodiments
ol the present invention may perform the steps outlined above
in a different order. Moreover, the individual steps 1llustrated
in FIGS. 9 and 10 may include multiple sub-steps that may be
performed 1n various sequences as appropriate to the indi-
vidual step. Furthermore, additional steps may be added or
removed depending on the particular applications. One of
ordinary skill 1n the art would recognize many variations,
modifications, and alternatives.
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Some methods of the present invention, such as the meth-
ods illustrated 1n FIGS. 9 and 10, provide images than can be
used for acquiring high resolution angular measurements. I
an object or point of 1nterest for which an angular measure-
ment 1s desired 1s not included 1n the 1images, some embodi-
ments include acquiring subsequent 1images that include the
object or point of interest. For example, the object or point of
interest may exist outside the field of view of the images (e.g.,
the original images), or the object or point of interest may not
have existed or may not have been visible when the original
images were captured. In an embodiment, subsequent images
are acquired from the same position as the original images.
By acquiring subsequent images that overlap a portion of the
original 1mages, coordinate transformations can be deter-
mined between the subsequent images and the original
images as described above. Using the coordinate transforma-
tions, the angles of the object or point of interest can be
determined. One of ordinary skill 1n the art would recognize
many variations, modifications, and alternatives.

In an embodiment of the present invention, one or more
targets may placed in a scene to provide stable features for
matching overlapping portions of 1images. A target may be
any object that has a distinctive pattern to enhance feature
matching. In one embodiment, targets are used as markers for
specific points 1n 1mages that may otherwise be difficult to
identily. In another embodiment, targets are placed in scenes
that are dynamic or that may change over time. Here the
targets may be used, for example, to provide stable features
for matching subsequent 1mages. One of ordinary skill 1n the
art would recognize many variations, modifications, and
alternatives.

It 1s to be understood that the features of one or more
embodiments of the imnvention may be combined with one or
more features of other embodiments of the mnvention without
departing from the scope of the invention. Also, the examples
and embodiments described herein are for illustrative pur-
poses only and various modifications or changes n light
thereol will be suggested to persons skilled in the art and are
to be included within the spirit and purview of this application
and scope a the appended claims.

What 1s claimed 1s:

1. A method of determining an azimuth and an elevation of
a point 1n a real world coordinate system, the method com-
prising:

positioning an 1imaging device at a {irst position, the imag-

ing device calibrated to provide a relationship between a
coordinate frame associated with the imaging device
and a coordinate frame associated with images acquired
by the imaging device;

acquiring a first image at the first position, the first image

including the point;

performing a first rotation of the imaging device without

substantially changing an optical center of the imaging,
device;

acquiring a second image at the first position, where a

portion of the first image overlaps a portion of the second
1mage;
determining correspondences between features 1n overlap-
ping portions of the first image and the second image;

determining a {irst transformation between coordinates of
the first 1mage and coordinates of the second image
based on the correspondences;

determining a second transformation between the coordi-

nates of the first image or the coordinates of the second
image and the real world coordinate system using the
relationship between the coordinate frame associated
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with the imaging device and the coordinate frame asso-
ciated with images acquired by the imaging device; and

computing the azimuth and the elevation of the point 1in the
real world coordinate system based on the first transfor-
mation and the second transformation.

2. The method of claim 1 further comprising determining
the azimuth and the elevation of each of a plurality of points
in the real world coordinate system, at least some of the
plurality of points visible in only the first image and at least
some of the plurality of points visible 1n only the second
image, the method comprising:

computing the azimuth and the elevation of each of the

plurality of points visible 1n only the first image and the
azimuth and the elevation of each of the plurality of
points visible in only the second 1image based on the first
transformation and the second transformation.

3. The method of claim 1 further comprising determining
the azimuth and the elevation of a third point in the real world
coordinate system, the method comprising:

performing a second rotation of the imaging device without

substantially changing the optical center of the imaging,
device;

alter performing the second rotation, acquiring the third

image at the first position, the third image including the
third point, where a second portion of the second 1image
overlaps a portion of the third image;

determinming correspondences between features 1n overlap-

ping portions of the second 1mage and the third image;
determiming a third transformation between coordinates of
the second 1mage and coordinates of the third image
based on the correspondences between overlapping por-
tions of the second image and the third image; and
computing the azimuth and the elevation of the third point
in the real world coordinate system based on the second
transformation and the third transformation.

4. The method of claim 1 wherein determining correspon-
dences between features 1n the portion of the first image and
the portion of the second 1image comprises:

determining pixel coordinates of each of the features 1n the

first image and each of the features 1n the second image;
and thereatter

determinming sub-pixel coordinates of each of the features

in the first image and each of the features in the second
image, wherein determining the sub-pixel coordinates
comprises determining sub-pixel intensity gradients in
an area surrounding each of the features and correcting
for an 1mage distortion associated with each of the fea-
tures.

5. The method of claim 1 wherein coordinates of the first
position in the real world coordinate system are known and
coordinates of a second point in the real world coordinate
system are known, the second point being visible 1n at least
one of the first image or the second image, and wherein
determining the second transformation comprises determin-
ing a vector from the first position in a direction of the second
point.

6. The method of claim 1 further comprising aligning the
imaging device with a gravity vector prior to acquiring the
first image and the second 1mage.

7. The method of claim 1 wherein coordinates of a second
point in the real world coordinate system are known, the
second point being visible 1n at least one of the first image or
the second 1image, and wherein determining the second trans-
formation comprises determiming a vector between the coor-
dinates of the second point 1n the real world coordinate sys-
tem and coordinates of the second point 1 an i1mage
coordinate frame.
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8. The method of claim 1 further comprising;:

positioning the imaging device at a second position differ-

ent from the first position;

acquiring a third image at the second position, the third

image including the point;

determining a third transformation between the coordi-

nates of the third image and the real world coordinate
system using the relationship between the coordinate
frame associated with the imaging device and the coor-
dinate frame associated with 1mages acquired by the
imaging device;

computing the azimuth and the elevation of the point rela-

tive to the second position using the third transforma-
tion; and

computing coordinates of the point 1n the real world coor-

dinate system.
9. The method of claim 1 wherein determining correspon-
dences between features in the overlapping portions of the
first image and the second 1mage comprises:
determining descriptors for each of the features 1n the first
image and each of the features in the second image; and

determining that at least a portion of the descriptors 1n the
firstimage correspond to at least a portion of the descrip-
tors in the second 1image.
10. The method of claim 9 wherein the descriptors are
invariant to rotation of the imaging device.
11. The method of claim 9 wherein determining that at least
a portion of the descriptors of the features 1n the first image
correspond to at least a portion of the descriptors of the
teatures 1n the second 1image comprises comparing an angular
separation between a pair of features 1n the first image to an
angular separation between a corresponding pair of features
in the second 1mage.
12. A method of determining a horizontal angle and a
vertical angle between a first point visible 1n a first image and
a second point visible 1n a second image, the method com-
prising:
obtaining a series of 1mages icluding the first image and
the second 1mage using an 1maging device, wherein a
portion of each image in the series overlaps a portion of
another image in the series and wherein each 1mage 1n
the series 1s obtained from a first position by rotating the
imaging device without substantially changing an opti-
cal center of the imaging device, the 1imaging device
calibrated to provide a relationship between a coordinate
frame associated with the imaging device and a coordi-
nate frame associated with images acquired by the imag-
ing device;
determining correspondences between features 1n overlap-
ping portions of 1mages 1n the series of 1images;

determining {irst transformations between coordinates of
overlapping images in the series of 1mages based on the
correspondences; and

computing the horizontal angle and the vertical angle

between the first point and the second point based on the
first transformations.

13. The method of claim 12 further comprising:

determining a second transformation between coordinates

of an 1mage 1n the series and a real world coordinate
system using the relationship between the coordinate
frame associated with the imaging device and the coor-
dinate frame associated with 1mages acquired by the
imaging device, wherein computing the horizontal angle
and the vertical angle between the first point and the
second point further comprises computing an azimuth
and an elevation of the first point and of the second point
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in the real world coordinate system based on the first
transformations and the second transformation.

14. The method of claim 12 wherein determining the first

transformations comprises applying a closure constraint.

15. A surveying apparatus comprising:

a support structure;

a rotatable member mechanically coupled to the support
structure;

an 1maging device mechanically coupled to the rotatable
member, the 1imaging device calibrated to provide rela-
tionships between a coordinate frame associated with
the 1maging device and coordinate frames associated
with 1mages acquired by the imaging device, wherein
the rotatable member 1s configured to rotate the imaging
device without substantially changing a position of an
optical center of the imaging device;
an 1mage sensor disposed 1n the imaging device, the image
sensor configured to acquire the images;
a memory in electrical communication with the image
sensor, the memory configured to store the images; and
a processor 1n electrical communication with the image
sensor and the memory, the processor configured to:
determine correspondences between features 1n overlap-
ping portions of the images;

determine first transformations between coordinates of
overlapping 1mages based on the correspondences;

determine a second transformation between coordinates
of one of the images and a real world coordinate
system using the relationship between the coordinate
frame associated with the imaging device and the
coordinate frame associated with images acquired by
the 1maging device; and

compute an azimuth and an elevation of each of a plu-
rality of points visible in the images, the azimuth and
the elevation computed 1n the real world coordinate
system based on the first transformations and the sec-
ond transformation.

16. The surveying apparatus of claim 15 wherein the imag-
ing device 1s a digital camera.

17. The surveying apparatus of claim 15 further compris-
ing a digital display in electrical communication with the
image sensor and the memory, the digital display configured
to display the images acquired by the image sensor and the
images stored in the memory.

18. The surveying apparatus of claim 15 further compris-
ng:

a t1lt sensor mechanically coupled to the surveying appa-
ratus, the tilt sensor configured to determine alignment
of the imaging device relative to a gravity vector.

19. The surveying apparatus of claim 18 wherein the pro-
cessor 1s configured to determine the second transformation
based at least 1n part on the gravity vector.

20. A method of registering a series of overlapping images
acquired using an 1maging device positioned at a first position
in a real world coordinate system, the method comprising:

determining correspondences between features in overlap-
ping portions of 1images 1n the series;

determining first transformations between coordinates of
overlapping 1images 1n the series, the first transforma-
tions determined based on the correspondences; and

determining a second transformation between coordinates
of an 1mage in the series and the real world coordinate
system using a relationship between a coordinate frame
associated with the imaging device and a coordinate
frame associated with 1mages acquired by the 1maging,
device.
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