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SYSTEM OF MASTER RECONSTRUCTION
SCHEMES FOR PYRAMID DECOMPOSITION

CROSS-REFERENCE TO RELATED
APPLICATIONS

This application claims priority to provisional U.S. patent
application entitled, High-Performance Low-Complexity

Re-Sampling Filters For Scalable Video Codec, filed Dec. 29,
2006, having a Ser. No. 60/877,850, the disclosure of which is
hereby incorporated by reference in 1ts entirety. U.S. Pat. No.
6,421,464, entitled “Fast Lapped Image Transforms Using
Lifting Steps,” 1s also hereby incorporated by reference 1n 1ts
entirety.

FIELD OF THE INVENTION

The present invention relates generally to the processing of
uni- and multi-dimensional discrete signals such as audio,
radar, sonar, natural 1mages, photographs, drawings, multi-
spectral 1images, volumetric medical 1image data sets, video
sequences, etc, at multiple resolutions that are captured
directly 1n digital format or after they have been converted to
or expressed 1n digital format. More particularly, the present
invention relates to the processing of 1image/video (visual)

data and the use of novel decomposition and reconstruction
methods within the pyramid representation framework for
digital signals that have been contaminated by noise.

BACKGROUND OF THE INVENTION

Multi-scale and multi-resolution representations of visual
signals such as images and video are central for image pro-
cessing and multimedia communications. They closely match
the way that the human visual system processes information,
and can easily capture salient features of signals at various
resolutions. Moreover, multi-resolution algorithms offer
computational advantages and usually have more robust per-
formance. For example, as a scalable extension of video cod-
ing standard H.264/MPEG-4 AVC, the SVC standard has
achieved a significant improvement in coding efficiency, as
well as the degree of scalability relative to the scalable pro-
files of previous video coding standards. The basic structure
for supporting the spatial scalability 1n this new standard 1s
the well-known Laplacian Pyramaid.

The Laplacian Pyramid (hereinafter “LP”), also called
Laplace Pyramid in the current literature, and introduced by
P. J. Burt and E. H. Adelson 1in 1983, 1s a fundamental tool in
image/video processing and communication. It 1s intimately
connected with resampling such that every pair of up sam-
pling and down sampling filters corresponds to an LP, by
computing the detail difference signal at each step. Vice
versa, by throwing away the detail signal, up- and down-
sampling filters result. Traditionally, LPs have been focused
on resamplings of a factor of 2, but the construction can be
generalized to other ratios. In the most general setting, non-
linear operators can be employed to compute the coarse
approximation as well as the detail signals. The LP 1s one of
the earliest multi-resolution signal decomposition schemes. It
achieves the multi-scale representation of a signal as a coarse
signal at lower resolution together with several detailed sig-
nals as successive higher resolution.

This 1s demonstrated in F1G. 1 where H(z) 14 1s often called
the Decimation Filter and G(z) 16 1s often referred to as the
Interpolation Filter. Such a representation 1s implicitly using
over-sampling. Hence, 1n compression applications, 1t 1s nor-
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2

mally replaced by sub-band coding or the wavelet transform,
which are all critically-sampled decomposition schemes.

The LP 1s the foundation for spatial scalability in numerous
video coding standards, such as MPEG-2, MPEG-4, and the
recent H.264 Scalable Video Coding (SVC) standard pro-

pounded 1n the September 2007 article entitled “Overview of
the scalable extension of the H.264/MPEG-4 AVC video cod-
ing standard”, by H. Schwarz, D. Marpe, and 'T. Wiegand. The
LP provides an over-complete representation of visual sig-
nals, which can capture salient features of signals at various
resolutions. It 1s an implicitly over-sampling system, and can
be characterized as an over-sampled filter bank (heremafter
“FB”) or frame. As the inverse of an over-sampled analysis
FB, beside the conventional reconstruction scheme depicted
in FIG. 2, the LP reconstruction actually has an infinite num-
ber of realizations that can satisiy the perfect reconstruction
(heremaiter “PR”) property. Despite the sampling redun-
dancy, the LP still has 1ts occasional advantages over the
critically sampled wavelet scheme. In the LP, each pyramid
level only down-samples the low-pass channel and generates
one band-pass signal. Thus, the resulting signal does not
sulfer from the “scrambled” frequencies, which normally
exist 1n critical sampling scheme because the high-pass chan-
nel 1s folded back into the low frequency after sampling.
Therefore, the LP enables further decomposition to be
employed on its band-pass signals, generating some state-oi-
the-arts multi-resolution image processing and analysis tools.

The LP decomposition framework provides a redundant
representation and thus has multiple reconstruction methods.
(Given an LP representation, the original signal usually can be
reconstructed simply by iteratively interpolating the coarse
signal and adding the detail signals successively up to the
final resolution. However, when the LP coeflicients are cor-
rupted with noise, such reconstruction method can be shown
to be suboptimal from a filter bank point of view. Treating the
LP as a frame expansion, M. N. Do and M. Vetterli proposed
in 2003 a frame-based pyramid reconstruction scheme, which
has less error than the usual reconstruction method. They
presented from frame theory a complete parameterization of
all synthesis FBs that can yield PR for a given LP decompo-
sition with a decimation factor M. Such a general LP recon-
struction has M*+M free parameters. Moreover, they revealed
that the traditional LP reconstruction 1s suboptimal, and pro-
posed an eflicient frame-based LP reconstruction scheme.
However, such frame reconstruction approaches require the
approximation filter and interpolation filter to be biorthogo-
nal 1n order to achieve periect reconstruction. Since a bior-
thogonal filter can cause significant aliasing in the down-
sampled lowpass subband, 1t may not be advisable for
spatially scalable video coding.

To keep the same reconstruction scheme but overcome the
bi-orthogonality limitation 1 the frame-based pyramid
reconstruction, a method called lifted pyramid was presented
by M. Flierl and P. Vandergheynst in 2005 to improve scalable
video coding efficiency. Therein, the lifting steps are intro-
duced mto pyramid decomposition and any filters can be
applied to have perfect reconstruction. The lifted pyramid
introduced an additional lifting step into the LP decomposi-
tion so that the perfect reconstruction condition can be satis-
fied. where the lifting steps are introduced into pyramid
decomposition and any filters can be applied to have perfect
reconstruction. When compared to the conventional LP, how-
ever, the low-solution representation of the lifted pyramid has
more significant high-frequency components and requires
larger bit rate because of the spatial update step 1n the decom-
position. Thus, i1t 1s undesirable 1n the context of scalable
video compression.
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A similar modified LP scheme called Laplacian Pyramid
with Update (heremaftter “LLPU”’) was presented by D. Santa-

Cruz, J. Reichel, and F. Ziliani in 2005 to improve scalable
coding efficiency. However, the LPU still needs to change the
low-pass subband LP coetlicients due to the spatial update
step 1n the decomposition procedure. Hence, it has the same
problem as the atorementioned lifted pyramid method. The
present invention solves the long felt needs of the prior art
attempts and presents novel methods that offer a variety of
unanticipated benefits.

Accordingly, 1t 1s desirable to provide advanced methods
for resampling and reconstruction within the pyramid repre-
sentation framework for digital signals. Such signals may be
contaminated by noise, either from quantization as 1 com-
pression applications, from transmission €rrors as 1 commu-
nications applications, or from display-resolution limit adap-
tation as 1n multi-rate signal conversion. The methods of the
present invention offer enhanced reconstruction.

SUMMARY OF THE INVENTION

The foregoing needs are met, to a great extent, by the
present mnvention, wherein 1n one aspect an apparatus 1s pro-
vided that 1n some embodiments provide advanced methods
for resampling and reconstruction within the pyramid repre-
sentation framework for digital signals.

In accordance with one embodiment of the present inven-
tion, an optimal laplace pyramid processing system 1s pre-
sented herein for processing digital signal elements selected
from a set of dimensions within a signal, comprising a laplace
pyramid decomposition stage, and intermediate stage, and a
laplacian pyramid reconstruction stage. The laplace pyramid
decomposition stage includes a decimation having a signal as
an 1put and a coarse approximation of the signal as an output,
and an interpolation having the coarse approximation as an
input and a detail signal as an output. The laplacian pyramid
reconstruction stage has the coarse approximation and detail
signal as mputs and a reconstructed signal as an output,
wherein the decimation retains maximum energy in the
coarse approximation and the reconstructed signal 1s simul-
taneously a minimum mean square error approximation of the
original signal.

In accordance with another embodiment of the present
invention, An enhanced reconstruction laplacian pyramid
processing system for processing a plurality digital signal
clements selected from any set of dimensions within at least
one signal, comprising a laplacian pyramid decomposition
stage, an intermediate stage, a laplacian pyramid reconstruc-
tion stage, and an enhanced reconstruction stage. The lapla-
cian pyramid decomposition stage includes a decimation hav-
ing a signal as an mmput and a coarse approximation of the
signal as an output, and an interpolation having the coarse
approximation as an input and a detail signal as an output. The
laplacian pyramid reconstruction stage has the coarse
approximation and detail signal as inputs, and a reconstructed
signal as an output. The enhanced reconstruction stage has the
coarse approximation and reconstructed signal as inputs and
an enhanced reconstructed signal as an output.

There has thus been outlined, rather broadly, certain
embodiments of the mvention in order that the detailed
description thereol herein may be better understood, and 1n
order that the present contribution to the art may be better
appreciated. There are, of course, additional embodiments of
the mvention that will be described below and which will
form the subject matter of the claims appended hereto.

In this respect, before explaining at least one embodiment
of the invention in detail, 1t 1s to be understood that the
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4

invention 1s not limited in its application to the details of
construction and to the arrangements of the components set
forth 1n the following description or illustrated in the draw-
ings. The invention 1s capable of embodiments 1n addition to
those described and of being practiced and carried out in
various ways. Also, 1t1s to be understood that the phraseology
and terminology employed herein, as well as the abstract, are
for the purpose of description and should not be regarded as
limiting.

As such, those skilled 1n the art will appreciate that the
conception upon which this disclosure 1s based may readily
be utilized as a basis for the designing of other structures,
methods and systems for carrying out the several purposes of
the present invention. It 1s important, therefore, that the
claims beregarded as including such equivalent constructions
insofar as they do not depart from the spirit and scope of the
present invention.

BRIEF DESCRIPTION OF THE DRAWINGS

FIG. 1 1s a perspective view illustrating a prior art multi-
scale Laplacian Pyramid (LP) signal representation.

FIG. 2 1s a diagrammatic representation of a basic block
diagram of a prior art Laplacian Pyramid (LP) signal decom-
position scheme.

FIG. 3 depicts a prior art frame-based pyramid reconstruc-
tion scheme.

FIG. 4 1llustrates a master pyramid reconstruction scheme
in accordance with one embodiment of the method of the
present invention.

FI1G. Sillustrates the reduction properties of the reconstruc-
tion scheme of the present mnvention in relationship to that of
the prior art.

FIG. 6 depicts a master reconstruction scheme 1n accor-
dance with the present invention.

FIG. 7 shows the comparison of various reconstruction
schemes from the quantized LP coetlicients of the popular
512x512 Barbara test image using the reconstruction
schemes of FIG. 1, FIG. 2, and that of the present invention.

FIG. 8 illustrates the frequency responses of the equivalent
iterated filters for the three-level LP representation with the
low-pass filter h[n] in SVC via the conventional reconstruc-
tion method shown 1n FIG. 1.

FIG. 9 depicts the frequency responses of the equivalent
iterated filters for the three-level LP representation with the
low-pass filter h|n] 1n SVC via the lifting-based reconstruc-
tion method 1n accordance with the present mnvention.

FIG. 10A 1s a photographic illustration of a depiction of
image de-noising nvolving a first pyramid reconstruction
scheme, as compared with FIGS. 10B and 10C.

FIG. 10B 1s a photographic illustration of a depiction of
image de-noising mvolving a second pyramid reconstruction
scheme, as compared with FIGS. 10A and 10C.

FIG. 10C 1s a photographic illustration of a depiction of
image de-noising involving a third pyramid reconstruction
scheme, as compared with FIGS. 10A and 10B.

FIG. 11A 1s a photograph of a portion of the reconstructed
Barbara test image with severe aliasing effects using prior art
f1lters.

FIG. 11B 1s a photograph of a portion of a visually-pleasant
aliasing-iree reconstructed Barbara test image 1n accordance
with the 13-tap SVC low-pass filter implemented 1n the
present 1nvention.

FIG. 12 1s a detail view of a comparison of the frequency
responses of the 9-tap, 7-tap, and 13-tap low-pass filters used
in accordance with the present invention.
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FIG. 13 shows the frequency responses of a plurality of
down-sampling low-pass f{ilters in accordance with the

present invention.

FIG. 14 shows the frequency responses of a plurality of
up-sampling low-pass filters in accordance with the present
ivention.

FIG. 15 shows the filter taps of a plurality of down-sam-
pling low-pass filters 1n accordance with the present inven-
tion.

FIG. 16 shows the filter taps of a plurality of up-sampling,
low-pass filters 1n accordance with the present mnvention.

FIG. 17 presents a 13-tap low-pass filter in SVC and 1its
coellicients.

FIG. 18 presents a comparison of de-noising performances
of various LP reconstruction schemes.

DETAILED DESCRIPTION

The mvention will now be described with reference to the
drawing figures, in which like reference numerals refer to like
parts throughout. An embodiment 1n accordance with the
present invention provides novel resampling filters and lift-
ing-based techniques to significantly enhance both the con-
ventional LP decomposition and reconstruction frameworks.
The present invention embodies a complete parameterization
of all synthesis reconstruction schemes, among which the
conventional LP reconstruction and the frame-based prior art
pyramid reconstruction scheme are but special cases.

FIG. 1 illustrates a prior art method wherein a non-linear
operator 1s associated with each level of decomposition. This
illustration depicts the conventional multi-scale Laplacian
Pyramid (LLP) signal representation 10 where the input signal
x[n] 12 1s represented as a combination of a coarse approxi-
mation and multiple levels of detail signals 14 and 16 at
different resolutions. Optimal reconstruction of the input sig-
nal x|[n] 12 1s consistent as the reconstruction stage adds back
what was subtracted during the decomposition stage.

FIG. 2 depicts the basic block diagram of the Laplacian
Pyramid (LLP) signal decomposition scheme 18. On the lett 1s
the LP analysis stage which generates the coarse approxima-
tion signal ¢[n] 20 and the prediction error or residue (details)
signal d[n] 22. On the right 1s the conventional LP synthesis
stage where the signal x[n] 12' 1s reconstructed by combining
the residue with the interpolated coarse approximation.

For an LP with decimation factor M, the synthesis FB of the
present invention covers all the design space, but has only M
design parameters. This 1s 1n contrast to M(M+1) free entries
in the generic synthesis form presented 1n the prior art frame
pyramid by Do and Vetterli. The present invention leads to
considerable simplification in the design of the optimal
reconstruction stage. The dual frame reconstruction 1s also
derived from the lifting representations set forth 1in the present
invention. The novel reconstruction 1s able to control effi-
ciently the quantization noise energy in the reconstruction,
but does not require bi-orthogonal filters as they would oth-
erwise be used 1n the prior frame-based pyramid reconstruc-
tion.

A special hifting-based LP reconstruction scheme 1s also
derived from the present mvention’s master LP reconstruc-
tion, which allows one to choose the low-pass filters to sup-
press aliasing 1n the low resolution images efficiently. At the
same time, 1t provides improvements over the usual LP
method for reconstruction 1n the presence of noise. Further-
more, even 1n the classic LP context, the resampling filters in
accordance with the present invention are optimized to offer
the fewest mean squared reconstruction errors when the detail
signals are missing. In other words, with only the lower-
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6

resolution coarse approximation of the signal available, the
present invention’s pair of decimation and interpolation {fil-
ters deliver the minimum mean-squared error reconstruction
while capturing the maximum energy in the coarse signal.
Furthermore, all decimation and interpolation filter pairs are
designed to be hardware-1riendly 1n that they have short finite
impulse responses (FIR), linear phase, and dyadic-rational
coellicients.

FIG. 3 depicts the frame-based pyramid reconstruction
scheme 24 as described in Do and Vetterli’s “Frame Pyra-
mid.” Operators H(z) and G(z) 1n this method must be bi-
orthogonal, 1.¢., their inner product yields unity

<h[n],g[n]>=1.

L.Ps are 1n one-to-one correspondence with pairs of up and
down sampling filters. Although such “resampling” filters are
well-known and commonly used, the present invention pre-
sents special up and down sampling filters and corresponding
[LPs which display certain optimization characteristics. Sys-
tems that employ them are designated herein as Optimal
Laplace Pyramid Processing Systems (OLaPPS). For an LP
to be qualified as an OLaPPS, it must exhibit two main char-
acteristics. First, the Decimation Filter H(z) has to retain the
maximum signal energy in the principal component sense. In
other words, the coarse approximation c[n] in an OLaPPS
contains at least as much signal energy as other approxima-
tion signals obtained from other decimation filters. Second,
the Interpolation Filter G(z) yields a reconstructed signal X[n]
that 1s optimal in the mean-squared sense. In other words, X[
1s the minimum mean-squared error reconstruction of x
among available reconstructions.

An embodiment of the present mventive reconstruction
method 1s illustrated 1n FIG. 4. FIG. 4 shows the master
pyramid reconstruction scheme 32 as covered 1n this mnven-
tion. Operators employed in the analysis pyramid stage
{H(z), G(z)} do nothave to satisfy the bi-orthogonal property
or any other, as the reconstruction method of the present
invention leads to pertect LP reconstruction for any operator
P(z). This framework 1s a sigmificant improvement of the
conventional LP reconstruction (the first step 1n the recon-
struction mvolving G(z)) and of the frame-based pyramid LP
reconstruction.

The filters of this embodiment of the present invention have
roots from the wavelet theory, which 1s well known 1n the art
to have excellent interpolation characteristics. The novel sys-
tem ol the present invention ensures that if the re-sampled
lower-resolution signal ever has to be interpolated back to the
original high resolution, then the difference between the
original high-resolution signal and the reconstruction 1s mini-
mized. Moreover, the present invention demonstrates that
elficiency of the re-sampling system above does not neces-
sarily have to be sacrificed by employing short low-complex-
ity integer-coelficient filters. One potential application 1s 1n
high-definition (HD) and standard-definition (SD) video con-
version where this mventive OLaPPS 1nterpolation ensures
that the video for HD display up-converted from an OLaPP5S-
processed SD source achieves the highest quality level 1n the
mean-squared sense.

FIG. 5 demonstrates that the frame-based pyramid recon-
struction scheme 34 1s just a particular solution 1n the master
framework of the present invention: 1f one chooses to employ
a set of bi-orthogonal filter pair {H(z), G(z) } and furthermore
sets P(z)=G(z), then the reconstruction method 36 of the
present invention on the leit reduces down to the frame-based
reconstruction method 38 on the right.

FIG. 6 depicts the master pyramid reconstruction structure
40 of the present this invention. Here, D 42 can be any deci-
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mation operator (can be non-linear) which produces a coarse
approximation c[n|44 of the input signal x[n| 46 while I 48
can be any interpolation operator (can be non-linear) which
attempts to construct a full-resolution signal 50 resembling
x[n] from the coarse approximation c[n]. The final recon-
struction step ivolves P 52 which can be any prediction
operator (again, can be either linear or non-linear).

FIG. 7 shows the comparison of various reconstruction
schemes from the quantized LP coetlicients of the popular
512x512 Barbara test image. In the graph 54 of quantization
step size v. SNR, the LP 1s decomposed with two levels; both
H(z) and G(z) filters are set as the low-pass filter employed 1n

SVC

h[n]={2,0,-4,-3,5,19,26,19,5,-3,-4,0,2}.

REC-1 56 1s the result from the traditional pyramid recon-
struction 1n FIG. 1. REC-2 58 denotes the result of the prior
art frame-based reconstruction scheme proposed by Do and
Vetterl: and shown 1n FIG. 2. Finally, REC-3 60 1s the result
from our reconstruction method where all three filters (in-
cluding the arbitrary operator P(z)) are set to the filter H(z)
above.

FI1G. 8 1llustrates the graph 62 of frequency responses of
the equivalent 1terated filters for the three-level LP represen-
tation with the low-pass filter h[n] in SVC [3] via the prior art
reconstruction method shown 1n FIG. 1. It 1s to be noted that
all synthesis filters are low-pass. FI1G. 9 depicts the graph 64
ol frequency responses of the equivalent iterated filters for the
three-level LP representation with the low-pass filter h[n] in
SVC via the proposed lifting-based reconstruction method.
Here, the synthesis filters are band-pass and match with the
frequency regions of corresponding sub-bands. Therefore,
the new method confines the intluence of noise from the LP
only 1n these localized sub-bands.

FIGS. 10A-10C 1llustrate a comparison 1n 1image de-nois-
ing involving three pyramid reconstruction schemes. The
Barbara test image 1s corrupted with uniform independent
identically distributed (1.1.d.) noise introduced to 6-level
decomposition LP coetlicients with 13-tap low-pass filter 1n
SVC. Conventional REC-1 reconstruction: SNR (s1gnal-to-
noise ratio)=6.25 dB; Framed-based REC-2 reconstruction:
SNR=14.17 dB; the general REC-3 reconstruction in this
invention: SNR=17.20 dB. This 1s a dramatic enhancement of
the 1mage reconstruction.

FIGS. 11A and 11B demonstrates visually the importance
of low-pass filter design in our reconstruction approach. On
the left 1s a portion of the reconstructed Barbara test image
with severe aliasing effects where the two operators H(z) and
G(z) are chosen as the famous Daubechies 9/7-tap bi-or-
thogonal wavelet filters (JPEG2000 default filter pair) respec-
tively. On the right 1s a portion of the visually-pleasant alias-
ing-iree reconstructed Barbara test image where the three
operators H(z), G(z), and also P(z) are all set to the 13-tap
SVC low-pass filter [3].

Down-Sampling Odd-Length Filter Design

Instead of optimizing the low-pass filter so that its fre-
quency response has steep transition characteristics to match
the 1deal low-pass box filter, implementation of the present
invention calls for a smoother, slower-decaying frequency
response. Filters that allow a little aliasing (to capture a bit
more 1mage 1mnformation) outperform filters with good anti-
aliasing characteristics; accordingly good wavelet filters tend
to perform well here. Therelore, three solution-based aspects
of this embodiment of the present invention are set forth

herein:
h3=[-1 2 6 2 -1]/8: 5-tap dyadic-coellicient filter as used

by JPEG2000.
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8
h9=[1 -1 -3 9 20 9 -3 -1 1]/32: 9-tap dyadic-coellicient
filter, an 1mprovement of the default 9-tap rrational-
coefficient Daubechies wavelet filter in JPEG2000:;
h11=[1 0 -3 0 10 16 10 0 -3 0 1]/32: 11-tap dyadic-
coellicient half-band filter designed to minimize alias-
ing eifects in sub-sampled 1mages.

FIG. 12 compares the frequency responses of the 9-tap,
7-tap, and 13-tap low-pass filters used for demonstration fre-
quently in the description. FIG. 13 shows the frequency
responses of several of the down-sampling low-pass filters.
FIG. 15 presents a table of dyadic-rational coellicients or
clements of decimation filters.

Down-Sampling Even-Length Filter Design

Following a similar design philosophy as with the odd-
length filters 1n the previous section, the down-sampling even
length filter design of the present invention presents maxtlat
half band filters and performs spectral factorization to obtain
even-length filter pairs for down- and up-sampling. This
design procedure ensures that each filter pair forms a pair of
bi-orthogonal partners, minimizing the mean-square error of
the reconstruction signal. Accordingly, two solution-based
aspects of this embodiment of the present invention are set
forth herein:

h4=[-1 3 3 —1]/4: 4-tap dyadic-coetlicient filter;

h8=[3 -9 -7 45 45 -7 -9 3]/64: 8-tap dyadic-coelficient

filter.

The frequency responses of several of the proposed filters,
even-length as well as odd-length, are depicted in FIG. 13
along with the previous H.264 low-pass filter’s response.
Besides FIR and integer coellicients, all of the filters have
linear phase, a critical requirement for imaging applications
and fast implementation. All of the decimation filters are
tabulated 1n FIG. 15.

Up-Sampling Filter Design

Filters with good anti-aliasing characteristics and smooth
frequency responses (a characteristic of maximally-flat or
maxflat filters for short [9, 10, 13]) perform well 1n up-sam-
pling. The prior art 11-tap filter in H.264 SVC has both of
these properties. The present invention provides another 7-tap
candidate with similar characteristics and performance level,
yet requiring a much lower computational complexity: 17=
[-1 0916 9 0-1]/16. The odd-length filter pair of h9/17 1s
designed from approximations of wavelet’s famous 9/7
Daubechies filters used as the default choice in JPEG2000,
which in turn are obtained from spectral factorization of the
maxflat halt-band filter p15=[-5 0 49 0 =245 0 1225 2048
12250 -245 049 0 -35]/2048.

For the shorter even-length pairs of hd/14 and h8/14, we
start with the following two shorter maxtlat halt-band filters:

p7=[-1 091690 -1]/16

pl1=[3 0-250 150256 150 0 =25 0 3]/256.

The even-length anti-imaging up-sampling filter 1s chosen as
t4=[1 3 3 1]/4 and the remaining roots of p7 and pll are
allocated to h4 and h8 respectively. The frequency responses
of all up-sampling filters as well as of the previous 11-tap
H.264 filter are shown in FIG. 14. The solutions of the present
invention sacrifice sharp frequency transition for a higher
degree of smoothness/regularity. This 1s a desirable charac-
teristic for smooth interpolation. All of the FIR linear-phase
integer-coellicient interpolation filters of the present mnven-
tion are tabulated in FIG. 16.

Laplacian Pyramids as Oversampled Filter Banks

The prior art LP decomposition and 1ts usual reconstruc-
tion can be illustrated in FI1G. 2, where H(z) and G(z) are the
decimation and interpolation filters, respectively. In the LP
decomposition, the coarse approximation c[n] of an mput
signal x[n] 1s generated through the H(z) filtering stage fol-
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lowed by down-sampling. Then, ¢[n] 1s up-sampled and f{il-
tered to provide a prediction signal whose difference from the
original signal x[n] 1s called the prediction error signal d[n];
this typically contains high-frequency finer details of x[n]. In
the conventional LP reconstruction, the reconstruction signal
X[n] 1s obtained by simply adding d[n] back to the interpola-
tion of ¢[n]. Since ¢[n] and d[n] have more coellicients than
x[n], the LP 1s an over-complete system, often called a frame
or an over-sampled filter bank in the literature.

The LP realizes a frame expansion, as x[n] can be always
reconstructed from c[n] and d[n]. From the Filter Bank (FB)
point of view, the LP can be formulated as an (M+1 )-channel
over-sampled FB with a sampling factor M [4]. Let the super-
script letter H denote the Hermitian transpose, then the
polyphase analysis matrix for the LP decomposition in FIG. 2
can always be written as

nz) (1)

F —
D=, — e ok

where the 1xM vectors h(z) and g(z) are Type-I polyphase
matrices of H(z) and G(z), respectively [13]. The correspond-
ing polyphase synthesis matrix 1s

R(z)=[g"(2) In] (2)

It can be easily shown that perfect reconstruction 1s always
achieved 1n the absence of noise regardless of the selection of
H(z) and G(z), since the cascade of the analysis followed by
the synthesis polyphase matrices 1s always the identity
matrix, 1.e., R(z) E(z)=I.

Asillustrated 1n FIG. 3, the prior art frame-based LP recon-
struction scheme of Do and Vetterli has the polyphase syn-
thesis matrix as

Rz)=[g"@ Iu-g"@hz)] (3)

The PR condition 1s satisfied only when H(z) and G(z) are
bi-orthogonal filters, and the reconstruction above leads to an
improvement over the traditional reconstruction when H(z)
and G(z) are orthogonal or near orthogonal filters. Under this
restriction, E(z) 1s a paraunitary matrix.

Lifting-based constructions are utilized extensively in U.S.
Pat. No. 6,421,464, “Fast Lapped Image Transiforms Using
Litting Steps,” by the inventors of the present invention. For
example, 1n the elementary two-dimensional case, a lifting
step corresponds to a 2x2 matrix that 1s the identity plus one
non-diagonal entry, and whose 1inverse 1s the same matrix, but
the non-diagonal entry has the opposite sign. Lifting steps are
ideal for constructing and implementing highly optimized
signal transforms. They are used here for optimized integer-
based resampling filters and associated LPs.

A second embodiment of the present invention pertains to
enhanced reconstruction methods, applicable even when the
resampling filters are fixed. For any given LP filters H(z) and
G(z), the PR condition can be always satisfied, since by
construction the error signal 1s incorporated into the scheme.

In the prior art scheme of Do and Vetterl1, a general complete
parameterization of all PR synthesis FBs 1s formulated as
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R(z) = R(2) + U(@|Iu+1 - EQR@)] (4)

where R(z) can be any particular left inverse of E(z), and U(z)
1s an Mx(M+1) matrix with bounded entries. The reconstruc-
tion scheme resulting from equation (4) thus has M(M+1)
degrees of design freedom. In this second embodiment of the
present invention, the number of free parameters can be fur-
ther reduced based on the following lifting-based parameter-
1zation.

For any LP filters, the polyphase matrix in Eq. (1) can
always be factorized into two lifting steps as follows

0 (3)

A(z) 1 [ 1 0 [1 h(2)

F —
@ Iy - g7 () 0 Iy

g Iy Ihs

To mvert a lifting step, one can subtract out what was added 1n
at the forward transform. Thus, the left inverse of E(z) 1s
achieved by inverting the lifting steps in Eq. (5). This provides
the master form of R(z).

For any given conventional LP analysis (decomposition)
stage, 1ts synthesis polyphase matrix R(z) has the following
master lifting-based representation, 1s hereby designated as
an Enhanced Reconstruction Laplace Pyramid (ERLaP):

(6)

1 <1l 1 0
R@ =10 Iy] (Z)}

1 0
P (2) IM[O ¢z Iy

5y

where p(z) 1s any arbitrary 1xM vector with bounded entries.
The first two terms 1n the matrix product in Eq. (35) are lower-
triangular and upper-triangular square matrices, so it 1s easy
to see that their corresponding 1nverses are similar triangular
matrices with inverting polarity as in the last two terms 1n the
matrix product of Eq. (6). What remains 1s to obtain the left
iverse for the (M+1)xM matrix

0

1§y,

which has a row of M zeros on top of an identity matrix. The
most general left inverse of this matrix is [p™ (z) 1,,] where
p(z) 1s an arbitrary polynomial vector taking the form
described above and the superscript H indicates the conjugate
transpose operator since

0

[ p"(2) In ] = Iy.

1§y,

Finally, the matrix [p” (z) 1,,] can always be factorized into
the following product

1 0 7
[Q Iy ]

P Iy

as shown 1n the first two terms of Eq. (6).
Let p(z) be the type-1 polyphase vector of a filter P(z).
Then, the reconstruction matrix in Eq. (6) 1s equivalent to the
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master reconstruction scheme of the first embodiment of the
present invention shown in FIG. 4. For any given LP decom-
position, Eq. (6) only has M degrees of design freedom.
Despite the reduced number of free parameters, Eq. (6) covers
the complete space of all synthesis filter banks. It 1s to be
noted that the operator P(z) 1s independent of the decimation
filter H(z) and the interpolation filter G(z). How to optimize
P(z) for any given pair ol H(z) and G(z) 1s the topic of interest
in the next section. From Eq. (6) and the equivalent represen-
tation 1n FIG. 4, given that the first reconstruction stage
involving G(z) incorporates the conventional pyramidal
reconstruction, the second embodiment of the present mven-
tion groups the two stages ivolving H(z) and G(z) mto a
combined operator called the Enhanced Reconstruction
stage. The conventional pyramidal reconstruction stage and
the Enhanced Reconstruction stage forms an ERLaP as first
described 1 Eq. (6).
Dual-Frame LP Reconstruction Scheme and Optimal Design

For any filters H(z) and G(z), the reconstruction synthesis
matrix as shown in Eq. (6) can have certain desired properties
by optimizing p(z). In order to choose p(z) such that Eq. (6)
mimmizes the reconstruction error when white noise 1s 1ntro-
duced into LP coeflicients, the optimization solution pre-
sented herein 1s to find the dual frame reconstruction solution.
Through error analysis of the LP system, a close-form solu-
tion of dual frame reconstruction 1s presented below.

For the LP with polyphase analysis matrix E(z) given in Eq.
(1), 1ts dual frame reconstruction can be expressed as

1 -h(2)g"(2) —h(z) (7)

EY () =[pls@) In]
g N g (2)

Iy |

where

nMz) —d(z)g(z) (8)

d(z)d"(2) + Mh" (2)

p(z) =

and

d(z)=1-h(z)g" (2). (9)

It 1s to be noted that once given FIR filters H(z) and G(z),
the dual frame solution above corresponds to a FB with infi-
nite-impulse response (IIR) filters. If L(z)=d(z)d”(z)+h(z)h"’
(z) 1s a positive constant, then the dual-frame solution 1s a FB
with FIR filters. Otherwise, L(z) 1s approximated by a con-
stant to realize an FIR implementation.

Considering the dual frame reconstruction in Eq. (7) that
normally involves IIR filters and hence 1s undesirable 1 prac-
tical applications, a second aspect of the second embodiment
of the present invention of the master lifting-based LP recon-
struction 1 Eq. (6) and let p(z)=g(z). This special LP recon-
struction then leads to the LP reconstruction scheme depicted
in FIG. 5. Recall that when H(z) and G(z) are not bi-orthogo-
nal filters, the prior art frame-based pyramid reconstruction of
Do and Vetterl1 does not satisiy the PR condition. Thus, 1ts
performance would suffer. However, the LP reconstruction of
the present invention always satisfies the PR condition
regardless of filter choices, and 1t can still maintain good
performance when H(z) and G(z) are reasonable low-pass
filters. As an 1llustration, let REC-1 denote the usual recon-
struction shown in FIG. 2, REC-2 denote the prior art frame-
based pyramid reconstruction of Do and Vetterl depicted in
FIG. 3, and REC-3 denote the special lifting reconstruction
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illustrated 1n FIG. 5. The performance of these three LP
reconstruction schemes 1s compared when H(z) and G(z) are
the same low-pass filter in SVC whose coellicients are tabu-
lated 1n FIG. 17 and when M=2. FIG. 17 presents a 13-tap
low-pass filter in SVC and its coellicients.

First, an image coding application is used wherein uniform
scalar quantization with equal step size 1s applied for all LP
coellicients (1n an open-loop mode). FIG. 7 shows the SNR
result for the popular Barbara test image of size 512x512. It

demonstrates that REC-3 has 0.5 dB gain over REC-1, while
REC-2 1s around 2.5 dB worse than REC-1. Secondly, a prior
art de-noising application 1s used wherein the LP coelficients
are usually thresholded so that only the m most significant
coellicients are retained. FIG. 18 lists the numerical de-nois-
ing results for three standard test images. REC-3 consistently
yields better performances by around 0.4 dB in SNR than
REC-1 while REC-2 has worse performance than REC-1
since the PR property 1s not satisfied. It 1s to be noted that
when the LP filters are bi-orthogonal, e.g., 9/7 bi-orthogonal
wavelet filters, REC-3 has exactly the same performance as
REC-2, which can provide better performance than REC-1 by
around 0.5 dB 1n SNR as presented 1n the prior art. However,
bi-orthogonal filters could introduce annoying aliasing com-
ponents into low-resolution LP subbands, especially in image
texture and/or edges regions, while the low-pass filter can
generate more pleasing visual quality.

The multilevel representation 1s achieved when the LP
scheme 1s iterated on the coarse signal ¢[n]. For the prior art
LP reconstruction in FIG. 2, FIG. 8 shows an example of
frequency responses of the equivalent filters when the LP
filters are the low-pass filter from FIG. 17. It depicts that the
synthesis filters from the conventional LP reconstruction
scheme are either low-pass or all-pass filters. On the other
hand, FI1G. 9 illustrates the frequency responses of the equiva-
lent filters of the second embodiment of the present mnven-
tion’s master reconstruction scheme in FIG. 5. It can be
observed that the filters here are now band-pass and match
with the frequency response regions of corresponding sub-
bands. Thus, the inventive REC-3 reconstruction scheme can
confine the errors from high-pass sub-bands of a multi-level
L.P decomposition.

This leads to better performance than REC-1 1n coding
applications. It also has the prominent advantage over REC-1
when the errors 1n the LP coelficients have non-zero mean. In
such case, with the REC-1 reconstruction, the nonzero mean
propagates through all low-pass synthesis filters and appears
in the reconstructed signal. On the contrary, with REC-3
reconstruction, the nonzero mean 1s cancelled by the band-
pass filters. Herein, the same examples are used as presented
in the prior art: the errors 1n the LP coelficients (6 levels of LP
decomposition) are uniformly distributed 1 [0, 0.1]. The
SNR values for three reconstruction schemes REC-1, REC-2,
and REC-3 are 6.25dB, 14.17 dB and 17.20 dB, respectively.
Although the synthesis functions of REC-3 have similar fre-
quency responses to those of REC-2, the mventive recon-
struction scheme of the present invention has better noise
climination performance because REC-2 does not satisty the
PR condition for the given low-pass filter.

Although an example of the system 1s shown relative to
image and video data, 1t will be appreciated that the system
may also be applied to the processing of uni- and multi-
dimensional discrete signals such as audio, radar, sonar, natu-
ral 1mages, photographs, drawings, multi-spectral 1mages,
volumetric medical image data sets, and video sequences, eftc,
at multiple resolutions that are captured directly in digital
format or after they have been converted to or expressed 1n
digital format.
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The many features and advantages of the invention are
apparent from the detailed specification, and thus, it 1s
intended by the appended claims to cover all such features
and advantages of the invention which fall within the true
spirit and scope of the invention. Further, since numerous
modifications and variations will readily occur to those
skilled 1n the art, 1t 1s not desired to limait the invention to the
exact construction and operation illustrated and described,
and accordingly, all suitable modifications and equivalents
may be resorted to, falling within the scope of the mvention.

What 1s claimed 1s:

1. A computer system with an optimal Laplacian pyramid
processing system (OLaPPS), comprising:

a computer configured to store and manipulate uni- and

multi-dimensional discrete digital signals; and

a decimation filter component of a Laplacian pyramid pro-
cessing system associated with said computer for pro-
cessing digital signal elements selected from a set of
dimensions from one or more of the uni- and multi-
dimensional discrete digital signals, the decimation {il-
ter component having a high-resolution signal as an
input and a decimation signal as an output; and

an terpolation filter component of a Laplacian pyramid
processing system associated with said computer for
processing digital signal elements selected from a set of
dimensions from one or more of the uni- and multi-
dimensional discrete digital signals, the interpolation
filter component having the decimation signal as an
input and a reconstructed signal as an output,

wherein the decimation signal retains maximum energy
and the reconstructed signal has minimum mean square
error relative to the original high resolution signal.

2. The system of claim 1, wherein filter elements of the
decimation filter component are rational approximations of
optimal filter elements.

3. The system of claim 1, wherein filter elements of the
interpolation filter component are rational approximations of
optimal filter elements.

4. The system of claim 1, wherein the filter elements of the
decimation and interpolation filter components are dyadic
rational approximations of optimal filter elements.

5. A computer system with an enhanced reconstruction
stage 1n an optimal Laplacian pyramid processing system
(OLaPPS), comprising;:

a computer configured to store and manipulate uni- and

multi-dimensional discrete digital signals; and
a Laplacian pyramid processing system associated with
said computer for processing a plurality of digital signal
clements selected from one or more of the uni- and
multi-dimensional discrete digital signals, the process-
Ing system comprising:
a Laplacian pyramid decomposition stage, including
a first decimation having a signal as an input and a coarse
approximation of the signal as an output, and

interpolation having the coarse approximation as an
input and whose output i1s subtracted from the signal
to result 1n a detail signal;

an 1termediate stage;

a Laplacian pyramid reconstruction stage, including hav-
ing the coarse approximation and detail signal as inputs,
and a reconstructed signal as an output; and

an enhanced reconstruction stage having the coarse
approximation and reconstructed signal as 1nputs,
wherein a second decimation 1s applied to the recon-
structed signal, the output of said second decimation 1s
subtracted from the coarse approximation to result in an
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intermediary signal to which a prediction 1s applied to
result in an enhanced reconstructed signal as output.

6. The system of claim 35, wherein the first and second
decimation filter elements are rational.

7. The system of claim 5, wherein the interpolation filter
clements are rational.

8. The system of claim 5, wherein the first and second
decimation {filter elements are dyadic rational.

9. The system of claim 5, wherein the interpolation filter
clements are dyadic rational.

10. The system of claim 3, wherein the first decimation
filter retains maximum energy 1n the coarse approximation
signal.

11. The system of claim 3, wherein the interpolation filter
1s such that the reconstructed signal 1s a minimum mean
square error approximation of the original signal.

12. The system of claim 5, wherein the first and second
decimation filter and interpolation filter elements are rational
approximations of optimal filter elements.

13. The system of claim 1 wherein the first or second
decimation filter 1s a 13-tap low pass filter.

14. The system of claim 35 wherein the interpolation filter
has a filter length selected from one of the group of 3, 4, 5, 6,
7,8,10,and 11.

15. A system of claim 1, wherein the {irst or second inter-
polation filter has a filter length selected from one of the group
0f3,4,5,6,7,8,10,and 11.

16. A system of claim 1, wherein the first or second deci-
mation filter has a filter length selected from one of the group
of4,5,6,8,9,10,11, and 17.

17. A system of claim 5, wherein the first or second deci-
mation filter has a filter length selected from one of the group
of4,5,6,8,9,10,11, and 17.

18. The system of claim 5 wherein the first or second
decimation filter 1s a 13-tap low pass filter.

19. The system of claim 18, wherein the first and second
decimation filters are close approximations.

20. The system of claim 16, wherein the first and second
decimation filters are close approximations.

21. The system of claim 17, wherein the first and second
decimation filters are close approximations.

22. The system of claim 15, wherein the first and second
interpolation filters are close approximations.

23. The system of claim 14, wherein the interpolation
filters are close approximations.

24. The system of claim 5, wherein operators of the first
and second decimation may be arbitrary.

25. The system of claim 5, wherein operators of the inter-
polation may be arbitrary.

26. The system of claim 5, wherein operators of the
enhanced reconstruction stage may be arbitrary.

277. A computer system with one of two components of an
optimal Laplacian pyramid processing system (OLaPPS),
comprising;

a computer configured to store and manipulate uni- and

multi-dimensional discrete digital signals; and

a decimation filter component of a Laplacian pyramid pro-

cessing system associated with said computer for pro-
cessing digital signal elements selected from a set of
dimensions from one or more of the uni- and multi-

dimensional discrete digital signals, the decimation {il-
ter component having a high-resolution signal as an
input and a decimation signal as an output,

wherein the decimation signal retains maximum energy.
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28. A computer system with one of two components of an
optimal Laplacian pyramid processing system (OLaPPS),
comprising;

a computer configured to store and manipulate uni- and

multi-dimensional discrete digital signals; and

an mterpolation filter component of a Laplacian pyramid
processing system associated with said computer for
processing digital signal elements selected from a set of
dimensions from one or more of the uni- and multi-
dimensional discrete digital signals, the interpolation
filter component having a coarse approximation signal
as an 1nput and a reconstructed signal as an output,

wherein the reconstructed signal has minimum mean
square error relative to an original high resolution signal
represented by the coarse approximation signal.

29. A computer system with an optimal Laplacian pyramid

processing system (OLaPPS), comprising;:

a computer configured to store and manipulate uni- and
multi-dimensional discrete digital signals; and

a Laplacian pyramid processing system associated with
said computer for processing digital signal elements
selected from a set of dimensions from one or more of
the uni- and multi-dimensional discrete digital signals,
the processing system comprising:

a Laplacian pyramid decomposition stage, including

a first decimation having a signal as an iput and a
coarse approximation of the signal as an output,
and

a first interpolation having the coarse approximation
as an input and whose output 1s subtracted from the
signal to result in a detail signal;

an intermediate stage; and
a Laplacian pyramid reconstruction stage, including

a second interpolation having the coarse approxima-
tion as an input and whose output 1s summed with
the detail signal to result 1n a {first reconstruction
stage signal;

a second decimation having the first reconstruction
stage signal as an mput and whose output 1s sub-
tracted from the coarse approximation to result in a
second reconstruction stage signal; and

a prediction having the second reconstruction stage
signal as an input and whose output 1s summed with
the first reconstruction stage signal to result 1n a
reconstructed signal as an output,

wherein the first decimation retains maximum energy in
the coarse approximation and the reconstructed signal
1s simultancously a minimum mean square error
approximation of the original signal.

30. The system of claim 29, wherein filter elements of the
first and second decimations are rational approximations of
optimal filter elements.

31. The system of claim 29, wherein filter elements of the
first and second interpolations are rational approximations of
optimal filter elements.

32. The system of claim 29, wherein the filter elements of
the first and second decimation and first and second interpo-
lation filters are dyadic rational approximations of optimal
filter elements.

33. An apparatus with one of two jointly-defined compo-
nents of an optimal Laplacian pyramid processing system
(OLaPPS), comprising;:

a signal processing device configured to receive, store,
mamipulate and forward uni- and multi-dimensional dis-
crete digital signals; and

a decimation filter component of a Laplacian pyramid pro-
cessing system associated with said signal processing
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device for processing digital signal elements selected
from a set of dimensions from one or more of the uni-
and multi-dimensional discrete digital signals, the deci-
mation filter component having a high-resolution signal
as an mput and a decimation or coarse approximation
signal as an output,

wherein the decimation signal retains maximum energy.

34. The apparatus of claim 33, wherein filter elements of
the decimation filter component are rational approximations
of optimal filter elements.

35. The apparatus of claim 34, wherein the filter elements
are dyadic rational approximations of the optimal filter ele-
ments.

36. The apparatus of claim 34, wherein the decimation
filter component has an integer length 1n the range of 5-17
taps.

37. An apparatus with one of two jointly-defined compo-
nents of an optimal Laplacian pyramid processing system
(OLaPPS), comprising;:

a signal processing device configured to receive, store,
mamipulate and forward uni- and multi-dimensional dis-
crete digital signals; and

an mnterpolation filter component of a Laplacian pyramid
processing system associated with said signal process-
ing device for processing digital signal elements
selected from a set of dimensions from one or more of
the uni- and multi-dimensional discrete digital signals,
the interpolation filter component having a decimation
or coarse approximation signal as an mput and a recon-
structed signal as an output,

wherein the reconstructed signal has minimum mean
square error relative to an original high resolution signal.

38. The apparatus of claim 37, wherein filter elements of
the interpolation filter component are rational approxima-
tions of optimal filter elements.

39. The apparatus of claim 38, wherein the filter elements
are dyadic rational approximations of the optimal filter ele-
ments.

40. The apparatus of claim 38, wherein the mterpolation
filter component has an integer length 1n the range of 5-17
taps.

41. An apparatus with an optimal Laplacian pyramid pro-
cessing system (OLaPPS), comprising:

a signal processing device configured to receive, store,
mamipulate and forward uni- and multi-dimensional dis-
crete digital signals; and

a Laplacian pyramid processing system associated with
said signal processing device for processing digital sig-
nal elements selected from a set of dimensions from one
or more of the uni- and multi-dimensional discrete digi-
tal signals, the processing system comprising:

a Laplacian pyramid decomposition stage, including
a first decimation having a signal as an 1nput and a coarse

approximation of the signal as an output, and

a first interpolation having the coarse approximation as
an mput and whose output 1s subtracted from the
signal to result 1n a detail signal;

an intermediate stage; and

a Laplacian pyramid reconstruction stage, including
a second 1nterpolation having the coarse approximation

as an input and whose output 1s summed with the
detail signal to result 1n a first reconstruction stage
signal;

a second decimation having the first reconstruction stage
signal as an input and whose output 1s subtracted from
the coarse approximation to result in a second recon-
struction stage signal; and
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a prediction having the second reconstruction stage sig-
nal as an mput and whose output 1s summed with the
first reconstruction stage signal to result 1n a recon-
structed signal as an output,

wherein the first decimation retains maximum energy in
the coarse approximation and the reconstructed signal 1s
simultaneously a minimum mean square error approxi-
mation of the original signal.
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42. The apparatus of claim 41, wherein the filter elements
of the first and second decimation and first and second inter-

polation filters are dyadic rational approximations of optimal
filter elements.
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