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PROCESS OF ESTIMATING RELATIONSHIP
BETWEEN ELEMENT DISTORTION AND
ANALYSIS ERROR

TECHNICAL FIELD

The present invention relates to techniques of estimating an
analysis error due to distortion of an element which 1s used for
approximately representing the shape of an object and for
analyzing the deformation of the object by a finite element
method, wherein the analysis error occurs 1n analysis results
ol the object by the finite element method.

BACKGROUND ART

A fimite element method 1s known as an approach to ana-
lyze the deformation of an object. In the finite element
method, an object 1s approximated for representation 1nto a
set of a plurality of elements, and the deformation of the
object 1s analyzed by use of the set of plurality of elements.
More specifically, according to one known example of the
finite element method, the shape of an object to be analyzed 1s
approximately represented by means of elements, and then
the deformation of the object 1s analyzed with the use of the
clements. Each of the elements (plane elements or plane-like
clements) may be defined to be a membrane element, a shell
clement having a thin wall, an element having a quadrlateral
plane, an element having a triangular plane, etc.

Approximation accuracy of the finite element method
depends on the type of a selected technique to partition an
object into a plurality of elements, as hereinaiter referred to as
“element generation” or “mesh generation.” Therelfore, 1n
order to reduce errors in results of analysis by the finite
clement method (hereinafter, referred to as “analysis error”),
an object to be analyzed 1s partitioned into a plurality of
clements, such that the size or the shape of each element 1s
proper with respect to the position of each element within the

object, for example, such as disclosed in JP He1 04-268674
and JP He1 11-25292.

JP He1 04-268674 discloses techniques of, once an ana-

lyzed object, 1.e., a structure has been partitioned 1nto a finite
number of meshes (elements), optimizing the mesh genera-
tion, by moving nodes which have been initially assigned to
the analyzed object, 1n consideration of the resulting errors in
analysis results of such as stress, strain energy, etc. This
technique provides one example of modification of elements
in shape.
JP Her 11-25292 discloses techniques of generating
meshes of an analyzed object, each of which has the size
meeting analysis accuracy required, and techniques of select-
ing the type of mesh generation as one of uniform mesh
generation, non-uniform mesh generation, and junction mesh
generation, depending upon the location of each mesh within
the analyzed object. This technique provides another example
of modification of elements 1n shape.

One example of a conventional mesh generation technique
exists that allows the surface of an objectto be partitioned into
a plurality of meshes or elements so that every mesh or
clement may be desirable in shape. The conventional tech-
nique enables mesh generation to be performed so that every
one of a plurality of elements (quadrilateral elements) into
which the surface of an object 1s partitioned may be formed to
be as close as possible to a square, 1.e., a quadrilateral not
distorted.

Further, in the above conventional techmque, for evalua-
tion to determine whether the shape of each element gener-
ated by mesh generation 1s desirable or not, the geometric
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2

distortion of the shape of each element due to the mesh
generation 1s expressed by means of four geometric charac-
teristic quantities, namely, the aspect ratio; the amount of
warping; the amount of skew; and the amount of trapezoid, of
cach element.

The aspect ratio 1s defined, for example, as the ratio
between a first and a second distance. The first distance 1s
measured between a reference point of a distorted element,
which 1s generally located at the center of the distorted ele-
ment, and the midpoint of a first one of four sides of the
distorted element (heremaiter, referred to as “element-
sides”). The second distance 1s measured between the refer-
ence point, and the midpoint of a second one of the four
element-sides, which 1s a selected one of two element-sides
consecutive to the first element-side.

The amount of warping 1s defined, for example, with the
use ol a projection plane which 1s assumed for a distorted
clement such that the projection plane 1s equudistant from four
nodes of the distorted element. More specifically, the amount
of warping 1s defined as the arc sine of the ratio of a projection
height equal to the distance between the projection plane and
cach node of the distorted element, to the half of the length of
a selected one of the four element-sides of the distorted ele-
ment.

The amount of skew 1s defined, for example, as the differ-
ence 90 degrees minus a smaller one of angles between a first
and a second line. The first line passes through both the
alforementioned reference point and the midpoint of the afore-
mentioned first element-side. The second line passes through
both the reference point and the midpoint of the aforemen-
tioned second element-side.

The mount of trapezoid 1s defined, for example, using a
triangle for each element-side of a distorted element. The
triangle 1s formed by a combination of the present element-
side, and two rectilinear segments connecting the aforemen-
tioned reference point and each of the two nodes of the
present element-side. In the example, the amount of trapezoid
1s then defined as four times the smallest one of four areas of
four triangles which have resultantly generated for the four
clement-sides, respectively, divided by the total of the four
areas.

Then, according to the above-described conventional tech-
nique, the actual value of each of the aforementioned four
geometric characteristic quantities 1s compared with an
allowable value, per each element. I the actual value of at
least one of the four geometric characteristic quantities, for an
element, exceeds the allowable value, then 1t 1s determined
that the element 1s not proper in shape.

DISCLOSURE OF THE INVENTION

However, 1n the above-described conventional technique,
the relationship between the geometric characteristic quanti-
ties and analysis errors occurring due to the geometric char-
acteristic quantities 1n analysis results fails to be made clear.
As aresult, 1n order to make a determination of whether or not
the shape of each element 1s proper 1n reference to the actual
value of the alorementioned geometric characteristic quanti-
ties, a mere reliance on experience 1s allowed.

For the above reason, the conventional technique may pos-
s1bly arise a false determination that an element whose shape
actually contributes to a reduction in analysis error 1s never-
theless improper 1n shape, resulting 1n wasted time on unnec-
essary modification of elements.

Furthermore, the conventional technique also may possi-
bly arise another false determination that an element whose
shape actually increases an analysis error i1s nevertheless
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proper 1n shape, resulting 1n a researcher’s wrong reliance on
analysis results provided not through required modification
ol elements.

A study of the present iventors about the relationship
between the geometric characteristic quantities and the analy-
s1s error has revealed that, 1t a deformation mode occurring in
cach element of an analyzed object during deformation
thereot 1s determined or 1dentified, the relationship between
the geometric characteristic quantities and the analysis error
can be derived 1n a mathematical manner.

It 1s therefore an object of the present invention to quanti-
tatively estimate, based on the above-described findings, an
analysis error due to geometric distortion of each element of
a to-be analyzed object, occurring in analysis results of the
analyzed object.

The present invention provides a process of estimating by
a computer an element-distortion-to-analysis-error relation-
ship between geometric distortion of an element which 1s
used for approximately representing a shape of an object and
for analyzing deformation of the object by the finite element
method, and an analysis error which occurs due to the geo-
metric distortion of the element in analysis results of the
object by the finite element method.

More specifically, the present invention provides a process
comprising: assuming at least one deformation mode occur-
ring in the element upon deformation of the object, 1n the
form of at least one of tension, bending, shear, and torsion;
and estimating the analysis error associated with the geomet-
ric distortion, for each of the at least one assumed deforma-
tion mode.

BRIEF DESCRIPTION OF THE DRAWINGS

The foregoing disclosure, as well as the following detailed
description of best mode for carrying out the ivention, will
be better understood when read in conjunction with the
appended drawings. For the purpose of illustrating the mnven-
tion, there are shown 1n the drawings embodiments which are
presently preferred. It should be understood, however, that the
invention 1s not limited to the precise arrangements and
instrumentalities shown. In the drawings:

FIG. 1 shows Equations 1.1 through 1.3 for explaining the
theoretical background of principle of estimation applied to
estimate an analysis error due to element distortion in a
numerical analysis method according to one embodiment of
the present invention;

FI1G. 2 shows Equations 1.4 through 1.6 for explaining the
aforementioned theoretical background of principle of esti-
mation;

FIG. 3 illustrates the kinds of distortions of a quadrlateral
clement 1n the above principle of estimation;

FI1G. 4 shows Equations 1.7 through 1.10 for explaining the
alorementioned theoretical background of principle of esti-
mation;

FIG. 5 shows Equations 1.11 through 1.14 for explaining

the aforementioned theoretical background of principle of
estimation;

FIG. 6 illustrates the setup of a local coordinate system
X-y-Z 1n the aforementioned principle of estimation and the
warping of a quadrilateral element 1n the local coordinate
system:

FIG. 7 shows Equations 1.15 and 1.18 for explaining the
alorementioned theoretical background of principle of esti-
mation;

FIG. 8 shows Equation 1.19 for explaiming the atoremen-
tioned theoretical background of principle of estimation;

10

15

20

25

30

35

40

45

50

55

60

65

4

FIG. 9 1s a table illustrating an example of the global
coordinates of nodes of an arbitrary quadrilateral element, the
origin of the local coordinate system, and axis vectors, for
explaining the aforementioned theoretical background of
principle of estimation;

FIG. 10 1s a table illustrating an example of the local
coordinate of nodes of an arbitrary quadrilateral element for
explaining the aforementioned theoretical background of
principle of estimation;

FIG. 11 1illustrates the local coordinate system of an arbi-
trary quadrilateral element for explaining the atorementioned
theoretical background of principle of estimation;

FIG. 12 illustrates how an arbitrary quadrilateral element1s
decomposed 1nto a plurality of kinds of distortions according
to the aforementioned principle of estimation;

FIG. 13 shows Equations 1.20 and 1.21 for explaining the
alforementioned theoretical background of principle of esti-
mation;

FIG. 14 1llustrates a plurality of deformation modes 1n the
alorementioned principle of estimation paired with the
respective Jacobian matrices;

FIG. 15 shows Equations 1.22 through 1.25 for explaining,
the atorementioned theoretical background of principle of
estimation;

FIG. 16 shows Equations 1.26 through 1.29 for explaining
the aforementioned theoretical background of principle of
estimation;

FIG. 17 shows Equations 1.30 through 1.32 for explaining,
the aforementioned theoretical background of principle of
estimation;

FIG. 18 1illustrates a plurality of types of deformation
modes of a bilinear 1soparametric quadrilateral element for
explaining the aforementioned theoretical background of
principle of estimation;

FIG. 19 shows Equations 1.33 through 1.35 for explaining,
the atorementioned theoretical background of principle of
estimation;

FIG. 20 shows Equations 1.36 through 1.37 for explaining,
the atorementioned theoretical background of principle of
estimation;

FIG. 21 shows Equations 1.38 through 1.40 for explaining,
the aforementioned theoretical background of principle of
estimation;

FIG. 22 shows Equation 1.41 for explaining the aforemen-
tioned theoretical background of principle of estimation;

FI1G. 23 shows Equations 2.1 through 2.4 for explaiming the
alorementioned theoretical background of principle of esti-
mation;

FIG. 24 illustrates five degrees of freedom of a plate ele-
ment for explaining the aforementioned theoretical back-
ground of principle of estimation;

FIG. 25 shows Equations 2.5 and 2.6 for explaining the
alforementioned theoretical background of principle of esti-
mation;

FIG. 26 shows Equations 2.7 through 2.9 for explaining the
aforementioned theoretical background of principle of esti-
mation;

FIG. 27 shows Equations 2.10 through 2.13 for explaining
the atorementioned theoretical background of principle of
estimation;

FIG. 28 1s a perspective view 1llustrating how a quadrilat-
cral element for explaining the aforementioned theoretical
background of principle of estimation 1s distorted due to pure
bending, torsion, and one-point loading;

FI1G. 29 shows Equations 3.1 through 3.4 for explaiming the
alforementioned theoretical background of principle of esti-
mation;
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FIG. 30 shows Equations 3.5 through 3.7 for explaining the
aforementioned theoretical background of principle of esti-
mation;

FIG. 31 shows Equation 3.8 for explaining the aforemen-
tioned theoretical background of principle of estimation;

FIG. 32 1s a table presenting an example of a plurality of
analytical deformation functions for explaining the afore-
mentioned theoretical background of principle of estimation;

FI1G. 33 shows Equations 3.9 through 3.10 for explaining
the atorementioned theoretical background of principle of
estimation;

FI1G. 34 15 a graph illustrating how an error 1n strain energy
estimated according to the aforementioned principle of esti-
mation 1s changed depending on trapezoidal distortion of an
element without shear correction;

FI1G. 35 1llustrates how a quadrilateral element for explain-
ing the aforementioned theoretical background of principle of
estimation 1s distorted by tension, pure bending, and shear;

FI1G. 36 shows Equation 3.11 for explaining the aforemen-
tioned theoretical background of principle of estimation;

FI1G. 37 i1s a graph for illustrating how an error in strain
energy estimated according to the atorementioned principle
of estimation 1s changed depending on trapezoidal distortion
of an element with shear correction:

FIG. 38 15 a perspective view 1illustrating a computer sys-
tem 10 used for practicing the numerical analysis method;

FIG. 39 1s a block diagram schematically illustrating the
hardware construction of the computer system 10 1n FIG. 38;

FI1G. 40 1s a flow chart schematically illustrating the afore-
mentioned numerical analysis method;

FI1G. 41 1s a tlow chart schematically illustrating an analy-
s1s error estimation program executed by the computer 12 1n
FIG. 39 for practicing the aforementioned numerical analysis
method;

FI1G. 42 1llustrates an example of presentation provided by
the execution of steps S112 and S114 1n FIG. 41;

FI1G. 43 1s a tflow chart schematically illustrating a correla-
tion estimation program executed by the computer 12 1n FIG.
39 to practice the numerical analysis method;

FIG. 44 1s a table presenting an example of a plurality of
analytical deformation functions for explaining the afore-
mentioned theoretical background of principle of estimation;
and

FI1G. 45 15 a graph 1llustrating how an error in strain energy
estimated according to the alforementioned principle of esti-
mation 1s changed depending on trapezoidal distortion of an
clement.

BEST MODE FOR CARRYING OUT TH.
INVENTION

L1

The object mentioned above may be achieved according to
any one of the following modes of the invention.

These modes will be stated below such that these modes are
sectioned and numbered, and such that these modes depend
upon the other mode or modes, where appropriate. This 1s for
a better understanding of some of a plurality of technological
features and a plurality of combinations thereof disclosed 1n
this description, and does not mean that the scope of these
features and combinations 1s interpreted to be limited to the
scope of the following modes of the mnvention.

That 1s to say, 1t should be interpreted that 1t 1s allowable to
select the technological features which are stated in this
description but which are not stated in the following modes,
as the technological features of the invention.

Furthermore, stating each one of the selected modes of the
invention in such a dependent form as to depend from the
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other mode or modes does not exclude a possibility of the
technological features in a dependent-form mode to become
independent of those 1n the corresponding depended mode or
modes and to be removed therefrom. It should be interpreted
that the technological features in a dependent-form mode 1s
allowed to become independent according to the nature of the
corresponding technological features, where appropriate.

(1) A process of estimating by a computer an element-
distortion-to-analysis-error relationship between geometric
distortion of an element which i1s used for approximately
representing a shape of an object and for analyzing deforma-
tion of the object by a finite element method, and an analysis
error which occurs, due to the geometric distortion of the
clement, 1n analysis results of the object by the finite element
method, the process comprising:

an assuming step ol assuming at least one deformation
mode occurring 1n the element upon deformation of the
object, 1n the form of at least one of tension, bending, shear,
and torsion; and

an estimating step of estimating the analysis error associ-
ated with the geometric distortion, for each of the at least one
assumed deformation mode.

The present inventors have acquired the findings that the
geometric distortion of an arbitrary element can be com-
pletely defined by focusing on a plurality of geometric prop-
erties, and that the plurality of geometric properties are inde-
pendent of each other, the theoretical background of which
will be described 1n greater detail later. The findings allow the
distortion of an element to be precisely represented.

Assuming an arbitrary virtual displacement from an equi-
librium condition, work done by an external force, 1.e., the
product of the virtual displacement and the external force
equals an increase in strain energy. This 1s referred to as
“Principle of Virtual Displacement.” For linear elasticity, the
principle of virtual displacement becomes equivalent to the
principle of minimum total potential energy. Expressing the
principle 1n view of energy, the principle of minimum total
potential energy that the true solution of displacement mini-
mizes a displacement function as called “potential energy™ 1s
provided. According to the principle, the potential energy “I”
decreases to the mimimum 1n the event of the true displace-
ment “u.” The potential energy “I” contains strain energy “U”
and potential energy of an external force, both stored 1n an
clement. The principle of mimmum total potential energy
forms the theoretical fundamentals of the finite element
method.

Thus, the strain energy and the displacement have a depen-
dency therebetween, and as a result, an error occurring 1n a
calculation of the strain energy involves an error occurring n
a calculation of the displacement, namely, the analysis results
of the displacement.

As the amount of distortion of an element 1s increased,
strain energy stored in the element 1s also increased, the
theoretical background of which will be described in greater
detail later. In addition, 1f a deformation mode of an element
1s provided, an analytical solution of strain energy of the
clement can be calculated, not using a finite element analysis,
but using theoretical solutions of stress and strain of the
element. Further, i1f a deformation mode of an element 1s
provided, an approximated solution of strain energy of the
clement can be calculated based on a finite element approxi-
mation using an theoretical solution of the nodal displace-
ment of the element. The difference between the analytical
and the approximated solution refers to an error 1n the strain
energy. As 1s easily understood from the above, this error
leads to an error in the analysis results by the finite element
method.
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Based on the findings described above, in the process
according to mode (1), a deformation mode occurring in an
clement during deformation of an object 1s assumed 1n the
form of at least one of tension, bending, shear, and torsion.
Further, an analysis error 1s estimated 1n association with the
distortion of the element, for each of the at least one assumed
deformation mode.

In the context, the “distortion” of the element refers to
deviation of the real shape of the element from a reference
shape (e.g., a reference square).

(2) The process according to mode (1), wherein the ele-
ment 1s formed as a plane-like element having a plane thereot,
and wherein the estimating step comprises a first calculating
step of:

(a) coordinate-transforming the plane-like element into an
1soparametric element and expressing skew and trapezoid of
the plane-like element with a plurality of basic distortion
parameters which are defined so as to deal with the skew and
the trapezoid independently of each other, wherein the skew
and the trapezoid are the geometric distortion of the plane-
like element;

(b) decomposing the deformation mode of the plane-like
clement 1into a plurality of basic deformation modes including
tension, shear, and bending, by dealing with the plane-like
clement as the 1soparametric element;

(c) calculating strain energy of the plane-like element by
formulating normal strains and shear strain of the plane-like
clement, with the plurality of basic distortion parameters and
the plurality of basic deformation modes, by dealing with the
plane-like element as the 1soparametric element; and

(d) calculating the analysis error associated with a value of
cach of the plurality of basic distortion parameters, for each of
the plurality of basic deformation modes, based on the calcu-
lated strain energy of the plane-like element.

In the above context, the “plane-like element” may be
interpreted to mean such as a plane element 1n the narrow
sense, a plate element, a membrane element, or a shell ele-
ment. In general, a plane element in the narrow sense 1s
usually referred to as a 2D element with mn-plane deforma-
tions, a plate element undergoes transverse deformation, and
a shell element 1includes both 1n-plane and transverse defor-
mations.

According to the above definitions, the “plane-like ele-
ment” 1n mode (2) should be categorized into a shell element
projected to a flat plane, for example.

The “formulating normal strains and shear strain of the
plane-like element” 1n mode (2) may be “expanding the nor-
mal strains and shear strain of the plane-like element using the
geometric parameters of a quadrilateral element. The “com-
ponents” of strains are, for example, normal strains, in-plane
shear strain, and transverse strains.

(3) The process according to mode (1), wherein the esti-
mating step comprises a second calculating step of calculat-
ing the analysis error for each of the at least one assumed
deformation mode, based on a difference between an analyti-
cal solution of strain energy of the element and an approxi-
mated solution of strain energy of the element, wherein the
analytical solution 1s calculated based on a true stress and
strain distribution within an element domain, not through a
finite element analysis, while the approximated solution 1s
calculated through a finite element approximation.

The process according to mode (3) allows calculation of
the analysis error based on the difference between the ana-
lytical and the approximated solution of the strain energy of
the element. The analytical solution 1s a calculation of the
strain energy ol the element, not using the finite element
method, but using a true stress state of the element. To the
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contrary, the approximated solution 1s a calculation of the
strain energy of the same element using a finite element
approximation.

(4) The process according to mode (3), wherein the second
calculating step comprises a solution calculation step includ-
ng:

defining a single representative element of a plurality of
clements cooperating to approximately represent the shape of
the object; and

calculating the analytical solution and the approximated
solution of the strain energy for the representative element, 1n
consideration of the representative element, not 1n consider-
ation of other elements.

It 1s possible to calculate the analytical and the approxi-
mated solution of the strain energy for each of a plurality of
clements cooperating to approximately represent the shape of
an object, using not only the present element, but also other
clements founded on different finite element approximation
schemes. However, 1t 1s also possible to calculate the analyti-
cal and the approximated solution of the strain energy by
considering one element representing the plurality of ele-
ments on behalf of these elements, not by considering other
clements, and 1s also possible to estimate the aforementioned
analysis error within an allowable range of accuracy using
these calculations.

Based on the findings described above, the process accord-
ing to mode (4) has been provided.

(5) The process according to any one of modes (1) through
(4), wherein the distortion 1s expressed with a plurality of
geometry parameters mutually independently expressing
geometric properties of the element.

(6) The process according to mode (3), the plurality of
geometry parameters at least comprise: an aspect ratio of a
real shape of the element; skew of the real shape of the
clement relative to a basis rectangle having the same aspect
ratio as the real shape; and trapezoid of the real shape of the
clement relative to the basis rectangle.

The process according to mode (6) allows the distortion of
an element to be expressed by means of a plurality of geo-
metric parameters which are independent of each other and
which at least include the aspect ratio, the skew, and the
trapezoid, of the element.

The “aspect ratio” 1n mode (6), which refers to the ratio
between the longitudinal dimension of the real shape of the
clement, may be calculated using any type of expression or
formula. The “skew” 1n mode (6), which refers to the amount
of inclination of the real shape of the element relative to a
reference shape, 1.¢., the shape of a basis rectangle, may be
also calculated using any type of expression or formula. The
“trapezoid” 1n the mode (6), which refers to the amount of
divergence of the real shape of the element relative to the
reference shape, may be still also calculated using any type of
expression or formula.

The “real shape of the element™ 1n mode (6) may be inter-
preted to mean the shape of each of a plurality of elements
into which an object has been partitioned.

(7) The process according to mode (6), wherein the skew 1s
defined with an amount of skew of the real shape of the
clement relative to the basis rectangle, and wherein the trap-
ezoid 1s defined with an amount of taper of the real shape of
the element relative to the basis rectangle.

The present inventors have found that, in expressing the
distortion of an element by means of a plurality of geometric
parameters which are linearly independent of each other and
which at least include the aspect ratio, the skew, and the
trapezoid, of the element, it 1s important to define the skew
using the amount of skew of the real shape of the element
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relative to the basis rectangle, and to define the trapezoid
using the amount of taper of the real shape of the element
relative to the basis rectangle.

Based on the findings described above, the process accord-
ing to mode (7) has been provided.

The “amount of skew” 1n mode (7) may be defined as the
amount of shear deformation to which the basis rectangle 1s
required to be subjected, 1n order for the basis rectangle, upon
shear deformation, to represent or coincide with the real
shape of the present element.

(8) The process according to mode (6) or (7), the plurality
ol geometry parameters further comprise an amount of warp-
ing or distortion of the real shape of the element relative to the
basis rectangle.

The process according to mode (8) allows expression or
representation of the distortion of the element by considering
the warping or distortion of the element as well, resulting in
casier improvement 1n accuracy of expression or representa-
tion of the distortion 1 comparison with when the same
clement 1s expressed without considering the warping or dis-
tortion.

(9) The process according to any one of modes (35) through
(8), wherein the estimating step comprises:

estimating the analysis error associated with each of the
plurality of geometry parameters, the estimated analysis error
being each of a plurality of individual analysis errors; and

estimating the analysis error due to an entire of the distor-
tion of the element as a total analysis error, based on the
plurality of individual analysis errors estimated 1n association
with the plurality of geometry parameters, respectively.

A study of the present inventors has revealed the fact that
expression or representation of the distortion of an element by
means of a plurality of mutually-independent geometric
parameters would allow estimation of the analysis error due
to the distortion, 1n association with each of the plurality of
geometric parameters.

In view of the above findings, 1n the process according to
mode (9), the analysis error 1s estimated as an individual
analysis error associated with each of the plurality of mutu-
ally-independent geometric parameters. Further, based on a
plurality of individual analysis errors which have been esti-
mated 1n association with the plurality of geometric param-
eters, respectively, the analysis error due to the entire distor-
tion of the element 1s estimated as a total analysis error.

(10) The process according to mode (9), wherein the esti-
mating step 1s implemented to estimate the total analysis error
in consideration of a synergistic effect of the plurality of
geometric parameters upon the analysis results, based on the
estimated plurality of individual analysis errors.

A study of the present inventors has also revealed the fact
that the total analysis error due to the entire distortion of the
clement may possibly be larger than the simple sum of the
plurality of individual analysis errors due to respective com-
ponents of the total distortion of the same element, which
components are expressed by means of the plurality of geo-
metric parameters, respectively. The reason may be mferred
to be that the plurality of geometric parameters have a syner-
gi1stic effect on the analysis results.

Based on the findings described above, the process accord-
ing to mode (10) has been provided.

(11) A process of estimating by a computer an analysis
error occurring 1n analysis results of deformation of an object
by a finite element method with use of a set of a plurality of
clements approximately representing a shape of the object,
the process comprising:

a deformation-mode determination step of determining at
least one of tension, bending, shear, and torsion as a defor-
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mation mode expected to occur 1n each of the plurality of
clements during deformation of the object, for each element,
according to a command 1ssued from a user of the computer to
direct determination of the deformation mode; and

a visualizing step of, upon determination of the deforma-
tion mode, for at least one of the plurality of elements, quan-
titatively visualizing the analysis error due to geometric dis-
tortion of each element.

The process according to mode (11) allows, upon determi-
nation of the deformation mode, a quantitative visualization
of the analysis error due to the geometric distortion of each
clement, for at least one of a plurality of elements represent-
ing an object to be analyzed.

The quantitative visualization may be of a type permitting,
a numerical display of the analysis error, of a type permitting
a graphical display of the analysis error with diagrams,
graphs, colors, etc., for example.

(12) The process according to mode (11), wherein the
process 1s performed prior to a numerical analysis of the set
by the finite element method.

The process according to mode (12) 1s performed prior to
implementation of the numerical analysis by the finite ele-
ment method using a set of a plurality of elements together
representing an object. Therefore, the process would not
require an implementation of the numerical analysis by the
finite element method using the entire of the plurality of
clements 1n order to obtain the analysis error due to the
distortion of a selected one of the plurality of elements, result-
ing 1n easier reduction 1n time required to obtain the analysis
CITOr.

(13) The process according to mode (11) or (12), further
comprising an estimating step of estimating the analysis error
using the computer, for each element, based on the deter-
mined deformation mode, according to an element-distor-
tion-to-analysis-error relationship previously estimated
between geometric distortion of each element and the analy-
s1s error occurring due to the geometric distortion 1n the
analysis results by the finite element method, and wherein the
visualizing step 1s implemented to visualize the estimated
analysis error.

(14) The process according to mode (13), wherein the
clement-distortion-to-analysis-error relationship has been
estimated by the process according to any one of modes (1)
through (10).

(15) The process according to mode (13) or (14), wherein
the distortion 1s expressed with a plurality of geometric
parameters mutually independently expressing geometric
properties of each element, wherein the estimating step com-
prises an individual-analysis-error estimation step of estimat-
ing the analysis error in association with each of the plurality
ol geometric parameters as an individual analysis error, and
wherein the visualizing step 1s implemented to visualize the
estimated individual analysis error for each of the plurality of
geometric parameters, 1 association with each of the at least
one clement.

(16) The process according to any one of modes (13)
through (15), wherein the estimating step comprises a total-
analysis-error estimation step of estimating the analysis error
due to an entire distortion of each element as a total analysis
error, 1n association with each of the at least one element, and
wherein the visualizing step 1s implemented to visualize the
estimated total analysis error 1n association with each of the at
least one element.

(17) The process according to mode (16), wherein the
visualizing step comprises a distinctive display step of dis-
playing the plurality of elements to allow a user of the com-
puter to visually distinguish between at least one of the plu-
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rality of elements which each has the estimated total analysis
error not less than an allowable value, and at least one of the
plurality of elements which each has the estimated total
analysis error less than the allowable value.

(18) A process of estimating deformation of an object by a
finite element method with use of a set of a plurality of
clements approximately representing a shape of the object,
using a computer, the process comprising;:

a partition step of partitioning the shape of the object 1nto
the plurality of elements, using the computer;

a deformation-mode determination step of, upon partition
into the plurality of elements, determining at least one of
tension, bending, shear, and torsion as a deformation mode
expected to occur 1n each element during deformation of the
object, for each element, according to a command issued
from a user of the computer to direct determination of the
deformation mode;

a visualizing step of, 1n response to determination of the
deformation mode, for at least one of the plurality of ele-
ments, quantitatively visualizing an analysis error occurring,
due to geometric distortion of each element 1n analysis results
of the deformation of the object by the finite element method;
and

an analyzing step of analyzing the deformation of the
object with use of the set by the finite element method, using
the computer.

(19) A computer program executed by a computer to per-
form the process according to any one of modes (1) through
(18).

The execution of the program according to mode (19) by a
computer makes it possible to provide basically the same
elfects 1n accordance with basically the same principle, both
as with the process according to any one of modes (1) through
(18).

The “program” 1n mode (19) may be interpreted to include
not only a set of instructions to be executed by a computer so
that the program may function, but also any file or dada to be
processed by a computer according to the set of instructions.

Also, the desired functions of the “program™ in mode (19)
may be accomplished by executing only the program by a
computer, or may be accomplished by executing the program
and other programs by a computer. In the latter case, the
program according to mode (19) may be structured princi-
pally with data.

(20) A computer-readable storage having stored thereon
the computer program according to mode (19).

The execution of the program stored 1n the storage medium
according to mode (20) would provide basically the same
functions and effects as with the process according to any one

of modes (1) through (18).

The “storage medium”™ 1n mode (20) may be realized in
different types, including a magnetic recording medium, such
as a flexible disk, an optical recording medium, such as a CD
and a CD-ROM, an optical-magnetic recording medium, such
as an MO, an unremovable storage, such as a ROM, etc., for
example.

(21) An apparatus for implementing the process according
to any one of modes (1) through (18) by a computer.

Several presently preferred embodiments of the invention
will be described 1n detail by reference to the drawings in

which like numerals are used to indicate like elements
throughout.

A numerical analysis method will be described 1n accor-
dance with one embodiment of the present invention. The
numerical analysis method 1s for analyzing the deformation
of a structure which 1s an object to be analyzed by a finite
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clement method with the use of a set of a plurality of elements
approximately representing the shape of the structure.

The numerical analysis method, roughly described, 1s per-
formed such that the structure 1s automatically partitioned
into a plurality of elements, and an analysis error which 1s
expected to occur, due to the distortion of each element, 1n the
resulting analysis results by the finite element method 1s
estimated for each element. The distortion of each element
appears as a result of mesh generation as described later. A
researcher 1s then informed of at least one of the plurality of
clements, which has the estimated analysis error exceeding a
predetermined allowable value, 1f any. As a result, the
researcher becomes capable of partitioning again the same
structure 1nto a plurality of elements so as not to generate an
clement causing the analysis error to exceed the allowable
value, namely, so as not to generate an element having such an
excessive distortion as to increase the analysis error.

Further, the numerical analysis method 1s performed such
that the deformation of the object 1s analyzed by the finite
clement method, 1n response to a command i1ssued from the
researcher to direct implementation of analysis using the
plurality of elements each of which has been fixed in shape.

In the embodiment of the present invention, the analysis
error 1s estimated based on the following novel findings pro-
posed by the present inventors:

(1) Definition of Element Distortion

The geometric shape of an arbitrary element can be
expressed with a plurality of linearly independent distortion
modes (geometry parameters). In other words, the shape of an
clement can be expressed as a linear combination of the
distortion modes.

In the regard, the plurality of distortion modes, when the
warping ol an element 1s discarded, contain a mode related to
the aspect ratio of the element, modes related to the skew (the
amount of skew) of the element 1n two orthogonal directions,
and modes related to the trapezoid (the amount of taper) of the
clement 1 two orthogonal directions, but exclude other
modes.

Therefore, the element distortion 1s defined only by the
aspect ratio, the skew, and the trapezoid.

(2) Definition of Element Displacement

The displacement of an element can be expressed with a
plurality of linearly independent deformation modes. In other
words, the element displacement can be expressed as a linear
combination of the deformation modes.

In the regard, the plurality of distortion modes contain
translation modes 1n respective two orthogonal directions,
stretch or tension modes 1n respective two orthogonal direc-
tions, shear modes (pure shear modes) in respective two
orthogonal directions, and bending modes (pure bending
modes) 1n respective two orthogonal directions, but exclude
other modes.

(3) Correlation Between Element Distortion and Analysis
Error due to Element Distortion

IT a distortion mode of an element has been determined, a
constant relationship, dependent on the determined deforma-
tion mode, between the determined distortion mode and
analysis error due to the determined distortion mode, will be
established. The analysis error due to the element distortion
can be analyzed, with the analysis error being decomposed
into components for the respective deformation modes of the
clement.

Then, the theoretical background of the above findings will
be explained below.

It 1s 1mpossible to 1dealize a region whose boundary 1s
tormed with a curved line or a curved surface, by means of
clements whose boundaries are formed with straight lines or
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flat surfaces. For the reason, a type of element having a curved
line or a curved surface has been developed. Since the type of
clement 1s equivalent to a rectilinear element under parameter
environment, the type of element 1s referred to as “isopara-
metric element.”

Therefore, a case may arise where the 1soparametric ele-
ments are employed for the analysis of complex structures. In
this case, the structures are often discretized into irregular
quadrilateral plane elements (panel elements), imvolving a
distorted mesh (element). To deal with arbitrary quadrilateral
clements for practical purposes, a distorted element 1is
mapped into a basis square element with the introduction of
the bilinear shape functions defined with the natural coordi-
nates (&, 1). Within an isoparametric element, internal dis-
placement distribution 1s also approximated by the same
bilinear shape functions, and an imcomplete linear strain
variation 1s obtained by taking the displacement derivatives
with respect to the object or physical coordinates (x, v). Then,
the corresponding stress and element stiffness matrix can be
computed 1 terms of nodal displacement vectors.

Independent of the type of finite element, approximation
accuracy decreases as the element aspect ratio differs from
unity, and as the shape of the element 1s altered from a rect-
angle. The reason of the deterioration of approximation accu-
racy due to an irregular mesh 1s found in the Jacobian matrix.
The matrix directly retlects the element geometry 1n coordi-
nate transformation of the differential operators 1n the evalu-
ation of strains or the shape function derivatives when calcu-
lating the element stifiness matrix. Then, the influence of
clement distortion upon approximation accuracy particularly
in strain distribution will be examined with regard to a class of
1soparametric quadrilateral elements.

Element distortion parameters are defined by means of
expressing the geometry of an arbitrary element as a combi-
nation of skew distortion and trapezoidal distortion in con-
junction with the aspect ratio. Both of the skew distortion and
the trapezoidal distortion are defined relative to a basis rect-
angle denoting 1ts aspectratio. As a result, the Jacobian matrix
1s described 1n terms of the element distortion parameters. In
order to observe which terms accompany element distortion
for an 1soparametric quadrilateral element, the strain compo-
nents are expanded with respect to the mverse Jacobian
matrix.

The element distortion 1s defined as follows:

The geometry of an 1soparametric element 1s assumed by
bilinear polynomials with respect to the parametric natural
coordinates € and m which are uniquely i1dentified in an ele-
ment domain as Equation 1.1 1 FIG. 1.

In the equation, N, (&, 1) are the bilinear shape functions
defined by Equation 1.2 in FIG. 1. The functions establish the
coordinate relationships between the object coordinates and
the parametric coordinates for two-dimensional elements.
Each coellicient in Equation 1.1 1s expressed as Equation 1.3
in FIG. 1. In Equation 1.3, h, through h, are orthogonal
vectors, and their values are expressed as Equation 1.4 1n FIG.
2. The nodal coordinate vectors X, v in Equation 1.3 1s
expressed as Equation 1.5 1n FIG. 2.

Following the above notation, the Jacobian matrix, which
1s utilized 1n the transformation of differential operators, can
be expressed as Equation 1.6 1n FIG. 2.

Because the Jacobian matrix maps an arbitrary quadrilat-
cral element onto a square region whose side length 1s two, the
Jacobian matrix components are directly related to the geom-
etry of the element. To specifically show this correlation, the
Jacobian matrices of rectangular, parallelogram and trapezoi-
dal elements are examined next.
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As shown 1 FIG. 3, the geometry of an arbitrary quadri-
lateral element defined 1n the local coordinate system (x, y) 1s
categorized 1nto the following four distortion modes: skew 1n
the x and y directions and trapezoid 1n the X and vy directions,
along with the aspect ratio of the basis rectangle. Several
types of element distortions are shown 1n FIG. 3.

According to the dimensions given 1n FIG. 3, the geometry
of the basis rectangle, parallelograms, and trapezoids are
written utilizing the orthogonal vectors h,, h,, h, expressed as
Equation 1.7 1n FIG. 4. In the equation, the left side of the top
expression denotes the nodal coordinates of the basis rect-
angle, the left sides of the second and third expressions denote
the nodal coordinates of the parallelogram, and the left sides
of the fourth and bottom expressions denote the nodal coor-
dinates of the trapezoid.

Moreover, the aspect ratio of the element 1s the ratio of the
side lengths of the basis rectangle. Further, the amount of
distortions, 1.e., the amount of skew and trapezoidal deforma-
tion in the x and y directions, of an arbitrary quadrilateral
clement can be viewed as the differences from the rectangle.
The differences are described as Equation 1.8 mn FIG. 4,
which 1s equivalent to Equation 1.9 1n FIG. 4.

Because h,, h,, and h, are linearly independent, the effect
of each distortion upon approximation accuracy can be exam-
ined separately. Now, due to the orthogonality condition h,
g h=40,,(0,,: Kronecker’s delta), the substitution ot the above
nodal coordinates into Equation 1.3 yields Equation 1.11 1n
FIG. 5. The equation shows that the coefficients a;* and a”,
1=1, 2, 3 are 1 fact exactly the dimensions of the basis rect-
angle and the distortion parameters, while the average of the
four coordinates a,™ and ay indicate the location of the ele-
ment centroid. With the use of distortion parameters, the
internal coordinates 1n Equation 1.1 are also written as Equa-
tion 1.12 1n FIG. 3.

(X5, Vo) 10 Equation 1.12 1s the coordinate of the element
centroid, 1.¢., the origin of the local coordinate system. More-
over, geometry parameters h,, h, o, a,, a3, and o, are
expressed as Equation 1.13 1n FIG. 5.

Substituting these geometry parameters into Equation 1.10
provides the relationship expressed as Equation 1.14 1n FIG.
5.

Now, an example of an arbitrary quadrilateral 1s considered
in order to actually obtain 1ts geometry parameters. Belore
doing so, 1t 1s necessary to define the local coordinate system
assigned uniquely 1n an element. In FIG. 6, the setup of the
local coordinate system 1s illustrated.

First, 1 a quadrilateral 1s warped, which means that the four
corner nodes do not lie on the same plane, then the quadrilat-
eral 1s projected onto a flat surface such that the distances
between the nodes of the flat plane and the quadrilateral
become the same. This provides a plane element (shown with
solid lines 1n FIG. 6) corresponding to the original quadrilat-
eral element (shown with broken lines 1n FIG. 6). The nodal
coordinates of the original quadrilateral in the direction per-
pendicular to the plane element are h h, whereinh  means a
projection height. Although warping 1s a major factor of a
decline 1n the approximation accuracy of the shape of a struc-
ture, at present only the distortion in the plane direction 1s
considered.

Now, the origin of the local coordinate system 1s set at the
centroid of the plane element. This 1s expressed as Equation

1.15 m FIG. 7. X and Y 1 Equation 1.15 are the global
coordinates of the four corner nodes.

Next, each side of the plane element 1s bisected, and two
vectors connecting the midpoints on the opposite sides P,
and P, are found by Equation 1.16 in FIG. 7. The vector P,
1s set as the direction of the local x axis, and then the y axis 1s
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defined perpendicular to the x axis. This 1s expressed as
Equation 1.17 in FIG. 7. The suffixed P, , in Equation 1.17, to
which a special symbol 1s suffixed, i1s represented as Equation
1.18 in FIG. 7.

The local coordinates {x., v, } are attained by converting the
location vectors with respect to the element centroid, utilizing
the coordinate transformation matrix 1=[e , e | This 1s
described as Equation 1.19 1n FIG. 8.

Finally, the amount of distortion contained in the plane
clement 1s found by Equation 1.13 in FIG. 5.

Now, an arbitrary shaped quadrilateral element, the nodal
global coordinates X .Y, (fornodes 1, 2,3, and 4) of which are
listed 1n the table of FIG. 9, 1s considered as an example. The
location of the origin of the local coordinate system 1s found
by taking the average of the four nodal coordinates, as
expressed as Equation 1.15 1n FIG. 7, and the unit axis vectors
€., €, are obtained by computing Equation 1.17 1n FIG. 7, as
in the table of FIG. 9. Then, applying the coordinate transior-
mation matrix, the nodal coordinates x,, y, are found as 1n the
table of FIG. 10. The arbitrary quadrilateral and 1ts local
coordinate system x-y are also shown in FI1G. 11. In FIG. 11,
X-Y denotes the global coordinate system.

Utilizing Equation 1.13 in FIG. 5, the geometry parameters
of this quadrilateral are obtained as follows:

h=(Y)h, x=2.1033

h=(Ya)h, y=1.5738
Aspect Ratio=h /h =1.3364
o =(Va)h, 1x=-0.4048

a,=(Ya)h,1y=-0.3029
a;=(Ya)hy1x=-1.1491

a,=(Ya)hy y=-0.08709

Further, from Equation 1.101n FIG. 4, 1t can be verified that
the nodal coordinates are expressed as the linear combination
of the orthogonal vectorsh,, h,, and h,, whose coetficients are
the geometry parameters obtained here. It 1s also recognized
that trapezoidal distortion 1n the x direction 1s the dominant
distortion type contained in this particular quadrilateral ele-
ment. As defined earlier, the arbitrary quadrilateral 1s com-
posed of the basis rectangle enhanced with the four distortion
types: skew 1n the x and y directions, and trapezoid 1n the x
and y directions, as seen 1n FIG. 12. In FIG. 12, the original
distorted element 1s depicted with broken lines, while the
amount of skew or trapezoid contained in the corresponding
distorted element 1s depicted with solid lines according to the
definition of distortions described above.

In accordance with the modes of element distortion defined
thus far, the Jacobian matrix of a quadrilateral element
expressed as Equation 1.6 1n FIG. 2 now can be expressed 1n
terms of geometric properties as Equation 1.20 1n FIG. 13.

Alternatively, the Jacobian matrix can be decomposed into
three parts: constant diagonal term, constant non-diagonal
term, and linear term, as expressed as Equation 1.21 1n FIG.
13. The first constant term with diagonal components repre-
sents the basis rectangle; the second constant term with non-
diagonal components indicates skew of the element; and the
third linear part stands for the trapezoidal distortion. In FIG.
14, the distortion modes and the Jacobian matrices are shown.

In other words, because an arbitrary element shape 1s com-
posed of a sum of distortion quantities added to the basis
rectangle, the Jacobian matrix also consists of the rectangle
term enhanced with the constant non-diagonal skew term and
the linear trapezoidal term, as shown 1n FIG. 14. It 1s observed

10

15

20

25

30

35

40

45

50

55

60

65

16

that the Jacobian matrix 1s constant when the element 1s a
rectangle or parallelogram, and becomes linear when trap-
czo1d.

The determinant of the Jacobian matrix, which 1s a measure
of how a coordinate transformation changes the area of a unit
region, 1s a linear function expressed as Equation 1.22 1n FIG.

15. Now, I, J,, and I, are represented as Equation 1.23 1n
FIG. 15.

Also, the Jacobian determinant related to geometric quan-
tities 1s expressed as Equation 1.24 1 FIG. 15.

Evidently, the Jacobian determinant 1s also constant for
rectangular and parallelogram elements. Moreover, the
inverse of the Jacobian matrix becomes Equation 1.25 1n FIG.
15. The dervatives with respect to the Cartesian coordinates
are obtained by transforming those with regard to the para-
metric coordinates utilizing the inverse Jacobian matrix. This
1s represented as Equation 1.26 1n FIG. 16.

It 1s preferred for the purpose of numerical evaluations to
express the above differential operators using polynomials
rather than the present rational functions. For this reason, the
inverse of the Jacobian determinant 1/J (€, m) may be
expanded by the Taylor series about the element centroid.
This 1s represented as Equation 1.27 1n FIG. 16. By taking up
to the first order terms, the inverse Jacobian matrix 1s approxi-
mated by Equation 1.28 1n FIG. 16.

Alternatively, the Taylor’s theorem may be applied to the
inverse Jacobian matrix itself, leading to another approxima-
tion expressed as Equation 1.29 1n FIG. 16. Replacement of
the inverse Jacobian matrix by either of these approximations
allows the shape function derivatives to be written 1n the
polynomial form.

The 1in-plane displacement distribution of an 1soparametric
clement 1s assumed by the same bilinear shape functions N,
(€, m) utilized for the coordinate approximation. The internal
displacement functions ol an 1soparametric element are
expressed as Equation 1.30 1n FIG. 17. Now, the coelficients
of the polynomials are given by Equation 1.31 in FIG. 17. The

nodal displacement vectors u, v are expressed as Equation
1.32 1n FIG. 17.

Analogous to how element geometry 1s represented by a
linear combination of skew and trapezoidal distortions added
to the basis rectangle, deformation of an 1soparametric ele-
ment, as shown 1n FIG. 18, consists of the four modes 1n the
x and v directions: translation (zero stress) modes, stretch or
tension (constant normal stress) modes, shear (constant shear
stress) modes, and bending (linear normal stress) modes.
Rigid body motions include translation and rotation. The
translation 1s represented by means of two translation modes
in the x and y directions. The rotation 1s expressed by sub-
tracting shear mode 1n the x direction from shear mode in the
y direction.

By applying the coordinate transformation of differential
operators expressed as Equation 1.26 1n FIG. 16 to the dis-
placement derivatives with respect to the natural coordinates,
Equation 1.33 in FIG. 19 i1s obtained. The strain field is
obtained as Equation 1.34 1n FIG. 19.

From the above coordinate relationships of the differential
operations, 1t 15 concervable that the non-diagonal constant
and linear functions contained in j7'*, 7', 77°', and j7°7,
which accompany skew and trapezoidal distortions of an
clement, contribute to the generation of excess strain energy.
It 1s also understandable that the excess strain energy in turn

causes stilf response of an element.

Each strain component 1s actually expanded to yield func-
tions expressed as Equation 1.35 1 FIG. 19. These functions
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can be written 1in the matrix form as in Equation 1.36 1n FIG.
20. In the equation, “G” 1s represented as Equation 1.37 1n
FIG. 20.

Strains can be further rearranged, as expressed as Equa-
tions 1.38, 1.39, and 1.40 in FIG. 21, so that they are written
with regard to the distortion parameters a.(1=1, 2, 3, 4).

For each strain component, the first part 1s associated with
the basis rectangle; the second term appears when the element
1s skewed; and the third part corresponds to a trapezoidal
distortion. It 1s a known fact that the pure bending modes do
not produce any shear strain, and therefore u,™ and u,” terms
in shear component are to be discarded. Consequently, shear
strain becomes constant when an element 1s rectangular, and
unnecessary shear strain energy 1s removed. However, 1t 1s
casily observed from FIG. 14 that the more an element 1s
distorted, the bigger the distortion parameters (basis distor-
tion parameters, geometry parameters) o, to o, become.
Therefore, excessive strain energy within an element 1s gen-
erated. In other words, the strain energy stored 1n an element
increases as the element becomes distorted even if its area
stays the same.

From the close observation of each strain term, it 1s noted
that e, contains geometry parameters o., and o, 1n the y direc-
tion paired with deformation modes 1n the x direction, while
the deformation mode vectors (nodal displacement vectors)
u, v(See Equations 1.31 and 1.32 in FIG. 17, and FIG. 18) are
orthogonal to the corresponding geometry mode vectors (or-
thogonal vectors) h, to h, (See Equation 1.4 1n FIG. 2). In the
same manner, €, contains geometry parameters o, and o; in
the x direction paired with deformation modes 1n the y-direc-
tion. On the other hand, geometry parameters ., to o, 1n v,
are related to deformation modes of the same direction.

Also, rectangle and parallelogram geometry parameters
are associated with the bending deformation (linear shear)
mode, and the trapezoid geometry parameter corresponds to
the linear deformation (constant shear) modes. In other
words, element skew 1n one direction exaggerates the bending,
deformation energy in the other direction, whereas trapezoi-
dal distortion 1n one direction overstresses stretch or tension
and shear deformations 1n the other direction. Overall, 1t 1s
desirable to avoid meshes with trapezoidal distortion because
it always brings about linear strain distribution even when the
real strain field 1s constant.

In the case of a rectangular element, the strain distribution
1s simplified to linear functions expressed as Equation 1.41 1n
FIG. 22.

While element distortion has been discussed above with a
focus on plane elements, the analysis of a shell-type structure
requires bending components of a flat plate to be considered
as well. In this case, in-plane deformation 1s always coupled
with out-of-plane deformation.

Then, a class of bending plate elements of the Mindlin-
Reisner type (a plate element, the Mindlin plate) will be
described below.

First, describing the modeling of a flat plate, the displace-
ment of a flat plate {u,, u,, u_} at an arbitrary point P (X, Y, Z)
in the global reference frame {X, Y, Z} is expressed in the
local coordinate system {X, y, z}. The x-y plane of the local
coordinate system 1s positioned uniquely on the neutral plane
of each plate element, while the z-axis 1s set up 1n the direction
normal to that plane.

The displacement components are decomposed 1nto in-
plane and out-of-plane parts. The two-dimensional in-plane
components are defined on the x-y plane, 1.e., the neutral
plane of the plate, and the transverse components are
expressed as a function of z. For example, consider the x
component of the displacement consisting of two parts as 1n
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Equations 2.1 and 2.2 1n FIG. 23. Then, the displacement 1n
three-dimensional field 1s expressed by asymptotic expansion
as Equation 2.3 1 FIG. 23.

It 1s sometimes preferred to select up to the third order
terms creating a higher order plate element so that the shear
clfect 1s taken into account for the analysis of a thick plate. For
a thin enough plate, the in-plane components of the displace-
ment u, and u,, are approximated to vary linearly in the thick-
ness direction. The vertical displacementu_1s assumed to stay
constant over the thickness of the plate. These are expressed
in Equation 2.4 1n FIG. 23.

The displacement field of a plate 1s expressed 1n terms of
five degrees of freedom {u, v, w, 0_, Ely}: three translations and
two rotations, as shown 1n FIG. 24. These generalized dis-
placements, which are also refer to rotations, are defined on
the neutral plane and expressed as functions of x and v.

Following the above displacement approximation, the
strains of a plate become to be expressed as Equation 2.5 1n
FIG. 25. This 1s also expressed in the matrix form as Equation
2.6 1n FIG. 25.

Moreover, assuming plate stress (0, =0) condition, stress 1s
obtained by the constitutive equation expressed as Equation
2.7 1n FIG. 26. In the equation, K and K, are the shear cor-
rection parameters.

Of the five generalized displacements, u and v are the
in-plane part of the deformation, and w, 6,, and 6, correspond

3 X3

with the plate bending deformation. This 1s expressed as
Equation 2.8 1n FIG. 26.

Consequently, the strain can be also separated into in-plane
and transverse strain components. The in-plane part of the
strain is caused by plane deformation {u, v} as well as plate
bending deformation {w, 0., 0,}. This is expressed as Equa-
tion 2.9 1 FIG. 26.

On the other hand, the transverse shear strains are related to
the transverse deformation part only. This 1s expressed as
Equation 2.10 in FIG. 27.

The strain energy of a plate 1s 1n turn separated 1nto 1n-
plane and out-of-plane parts. This 1s expressed as Equation
2.11 in FIG. 27. The material constant matrix D, (in-plane)
and D _(out-of-plane) in Equation 2.11 are expressed as Equa-
tion 2.12 1n FIG. 27.

Now, let A be the domain of a neutral surface, h be the plate
thickness, S be the boundary of A, and the domain of the plate
be Q=Ax[-h/2, +h/2]. By taking the integral over the thick-
ness of the plate, the strain energy due to transverse deforma-
tion 1s calculated as 1n Equation 2.13 1n FIG. 27.

It can be observed from the second term in Equation 2.13
that as thickness h of the plate becomes smaller, the strain
energy due to shear tends to predominate, thus shear locking
occurs. This phenomenon is contradictory to the real behavior
of a thin plate. This unnecessary shear effect results from the
introduction of transverse shear strain 1n the thickness direc-
tion, which vanishes in a thin bending plate. In other words, as
h tends to zero, transverse shear y_must also approach zero;
consideration of transverse shear etfect 1n thin plate bending
clements can be essentially interpreted as a constraint enforc-
Ing a zero shear strain condition.

It 1s added that, the displacement of a bending plate ele-
ment (1.e., the Mindlin plate) can be expressed by means of
out-of-plane deformation modes as with a plane element, and
similarly, strain caused by a bending plate element can be
expanded by means of distortion modes (distortion param-
cters, geometry parameters) and deformation modes.

Next, a change 1n strain energy due to element distortion
will be explained concerning the Mindlin-type element.

Strain energy error B 1s defined as Equation 3.1 in FIG. 29.
In the equation, U, (u) indicates an analytical solution of
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strain energy, 1.e., an analytical strain energy. This 1s defined
by the strain energy equation represented as Equation 3.4 in
FIG. 29. More specifically, the analytical strain energy U (u)
1s calculated by substituting the true stress field into the strain
energy equation and by taking the integral over the element
domain.

As shown 1n FIG. 335, a single quadrilateral with varying
shape 1s placed in the middle of a large plate. The large plate
1s loaded with the uniform tension, pure bending, and pure
shear. While FIG. 35 shows the in-plane deformations, FIG.
28 shows the transverse deformations.

For a beam-like structure, subjected to the in-plane pure
bending, has a stress distribution expressed as Equation 3.2 in
FI1G. 29, and that the strain field of the beam-like structure
under the 1n-plane pure bending 1s expressed as Equation 3.3
in FI1G. 29. Theretore, by substituting the strain field into the
strain energy equation expressed as Equation 3.4 1n FIG. 29,
and by selecting the element as an integral domain, the ana-
lytical strain energy U, (u) 1s obtained. “D” in Equation 3.4
denotes a material constant matrix.

Alternatively, U (u, ) in Equation 3.1 1n FIG. 29 indicates
an approximated solution of strain energy, 1.e., an approxi-
mated strain energy calculated by the finite element method.
More specifically, U _ (u, ) 1s the strain energy which 1s dertved
using the finite element stiffness matrix and the true nodal
displacements d 1n Equation 3.10 in FIG. 33. In the case of a
cantilever beam under pure bending, for example, the nodal
displacement 1s obtained by substituting the nodal coordi-
nates into Equation 3.5 1n FIG. 30. Using the obtained true
nodal displacement, the element strain energy by the finite

clement approximation 1s obtaimned by the application of
Equation 3.10 in FIG. 33.

While the calculation of strain energy due to displacement
u has been described above, strain energy due to displacement
v 1s expressed as Equation 3.8 in FI1G. 31. “D” in Equation 3.8
denotes a material constant matrix.

For a supplementary explanation about the notation, each
sulfix “e” appeared in U, (u) and U _(u,) denotes that the
corresponding “U” 1s strain energy for one element.

The nodal displacement for calculation of the approxi-
mated strain energy can be calculated using analytical dis-
placement functions listed in the table of FIG. 32 for three
given loading cases (pure bending, torsion, and one-point
loading), or listed in the table of FIG. 44 for three given
loading cases (uniform tension, in-plane bending, and in-
plane shear). In the regard, a basis function ¢,; (X, y) expressed
as Equation 3.9 1 FIG. 33 i1s utilized for the analytical solu-
tion of one-point loading problem.

It 1s added that, Equations 3.2 and 3.3 represent the stress
field for an m-plane pure bending case shown 1n FI1G. 35, and
the exact solution for the case 1s expressed as Equation 3.5 in
FIG. 30. That 1s to say, Equation 3.5 represents the exact
solution for an in-plane bending (tension, bending, and shear)
case. Substitution of the nodal coordinates of an element into
Equation 3.5, and further substitution of the result into Equa-
tion 1.31 lead to Equation 3.6. However, this holds true with
regard to a fixed end of a beam-like structure when a moment
1s applied thereto, for example.

As expressed as Equation 3.10 i FIG. 33, the approxi-
mated strain energy U _(u,) 1s obtained from the real nodal
displacement values d (approximated solution) with the ele-
ment stiflness matrix (stiffness matrix of a distorted element)
K_. The true nodal displacement values d are calculated by
substituting the nodal coordinates of a quadrilateral into the
analytical displacement functions (See FIG. 32) provided
above for each loading case.
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Especially 1n the case of an assumed stress element, from
the calculation of strain energy error (error in strain energy)
E_, 1t 1s found that change 1n aspect ratio or skew distortion
does not affect the approximation results in any way. Only
trapezoidal distortion worsens the approximation accuracy of
the assumed stress element. In FI1G. 34, the strain energy error
E_ due to trapezoidal distortion or amount of trapezoid 1s
plotted for each loading condition: pure shear, pure bending,
one-point loading, and torsion. FIG. 33 illustrates how an
clement having trapezoidal distortion deforms under tension,
pure bending, and shear, respectively. While FIG. 34 shows
the transverse test results, FIG. 45 shows the in-plane test
results for the uniform tension, pure bending, and pure shear.

The exact solution of strain energy 1s attained with a per-
tectly rectangular element; however, as trapezoidal distortion
1s increased, the in-plane bending behavior becomes very
stiff. The stiff response of a trapezoidal element under bend-
ing 1s exaggerated when the aspect ratio becomes larger than
unity. This trend can be examined by placing a tapered ele-
ment with large aspect ratio similar to that of FIG. 35. The
uniform tension and pure shear tests illustrate satisfaction of
the constant strain patch test, which examines the abaility to
reproduce a constant strain state to prove the convergence of
the element. In other words, 11 a distorted element does not
generate strain energy error under tension and shear, then this
clement passes the patch test. The assumed-stress element,
which was tested here, does not pass the so-called constant
strain patch test because the strain energy error under pure
shear does not stay constant as the element 1s tapered.

As trapezoidal distortion 1s increased, the plate bending
behavior becomes unrealistic without a modification of the
shear modulus. Not as bad as the plate bending, but when
torsion 1s applied, the element stifiness becomes extremely
large. To improve this unreasonable error increase caused by
trapezoidal distortion, artificially modified shear modulus 1s
considered. The transverse shear strains are altered simply by
multiplying small correction factors (1.e., control parameters)
K, and K. This 1s expressed as Equation 3.11 1n FIG. 36. In
FIG. 37, the strain energy error E_ due to trapezoidal distor-
tion upon correction of the shear modulus 1s plotted per each
loading condition including pure shear, pure bending, one-
point loading, and torsion.

Here, the control parameters are set to K, =k, =0.31702. As
a result, the bending behavior 1s tremendously improved. On
the other hand, since the control parameters K, and K, are
designed to control the strain energy balance between bend-
ing and shear effect, torsion has not been affected by the
control parameters K, and K, much.

While the numerical analysis method according to the
present embodiment has been described above 1n particular
with respect to the theoretical background of the principle to
estimate analysis error due to element distortion, then the
more specified approach in the numerical analysis method
will be described 1n greater detail along with the explanation
of a computer system for implementing the numerical analy-
s1s method.

FIG. 38 1llustrates a computer system 10 1n a perspective
view. The computer system 10 includes a computer 12, an
input device 14 1n the form of a keyboard 16 and a mouse as
not shown (one example of a pointing device), and an output
device 20 1n the form of a monitor 22.

While the monitor 22 shown 1n FIG. 38 1s of a CRT type,
the present embodiment may alternatively or additionally use
amonitor of a different type, such as an LCD type. Also, while
the computer system 10 shown 1in FIG. 38 1s of a type allowing
the computer system 10 to be used at a fixed position, the
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present embodiment may alternatively or additionally use a
computer system of a mobile type.

As shown 1n FIG. 39, the computer 12 1s, as 1s well known,
configured such that a processor 30, such as a CPU, and a
memory 32, such as a ROM, a RAM, etc. are connected via a
bus 34.

The computer 12 1s used 1n combination with a storage
device 40. The storage device 40 1s disposed to access data
from and to a storage medium 42, such as a CD-ROM, an MO,
etc. The storage device 42 has stored thereon a plurality of
programs for implementing the numerical analysis method.
The computer 12 1s operated to retrieve a required program
from the storage medium 42, and to, 1n turn, execute the
retrieved program.

FI1G. 40 1llustrates the numerical analysis method 1n a flow
chart, namely, as a sequence of operations.

The numerical analysis method 1s initiated with step S1 1n
which the shape of a given structure 1s approximately parti-
tioned or discretized 1n an automated manner into a plurality
of quadrnlateral elements or meshes (e.g., shell elements or
meshes), based on data representative of the shape of the
structure. The process of mesh generation (i.e., mnto-mesh
partition) 1s implemented as a result of the execution of a
mesh generation program (not shown) by the computer 12.
Data indicative of the individual elements (e.g., data for
defining the shapes of the individual elements) 1s stored 1n the
memory 32 or the storage device 40 1n association with an
clement number “1.”

Next, step S2 1s implemented to estimate, for each of the
partitioned elements, an error expected to occur due to the
distortion of each element in analysis results which will be
obtained from implementation of the finite element method
using the each element. The estimation of the analysis error 1s
performed by executing via the computer 12 an analysis error
estimation program 1llustrated 1n a tflow chart in FIG. 41. The
analysis error estimation program will be explained in greater
detail later.

Step S2 1s followed by step S3 1n which a user determines,
for each element, whether or not modification in shape 1s
needed to be made to the each element, based on the estimated
analysis error.

If the correction 1s needed, then step S4 1s implemented
such that an element which needs modification 1s modified by
the user or at the direction of the user. The element modifi-
cation allows changes in shape of an element which bears
distortion possibly causing an excessive analysis error, 1f any,
whereby the element 1s corrected 1n shape so as to approach a
square, 1.€., so as to eliminate the distortion of the element.

Subsequently, the numerical analysis method returns to
step S2 to automatically implement the estimation of analysis
error again. If the repeated implementation of steps S2 to S4
results 1n the amount of distortion for every element becom-
ing not more than an allowable limit, then step S5 1s imple-
mented to numerically analyze deformation of the structure
by the finite element method using the elements whose shapes
have been fixed. The numerical analysis 1s performed by
executing a numerical analysis program (not shown) using
the computer 12.

Then, one cycle of implementation of the numerical analy-
s1s method 1s terminated.

It 1s added that the flow chart of FIG. 40 may be considered
as conceptually 1llustrating the whole program to be executed
by the computer 12 for the implementation of the numerical
analysis method.

In FIG. 41, the aforementioned analysis error estimation
program 1s schematically illustrated in a flow chart.
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The analysis error estimation program begins with step
S101 to set the element number “1” to “1.”

Next, step S102 1s implemented to determine or 1dentily a
deformation mode of an element to which the current element
number “1” has been assigned (heremnafter, referred to as
“current element”). More specifically, the determination 1s
made according to a deformation mode which has been pre-
viously designated by the user. Prior to determination of the
deformation mode, depending upon the user’s command, a
selected deformation mode was stored 1n association with
cach element 1n the memory 32 or the storage device 40. The
deformation mode associated with the current element 1s read
from the memory 32 or the storage device 40, whereby a
deformation mode for the current element 1s finally deter-
mined.

Step S102 1s followed by step S103 1n which data repre-
senting the current element 1s retrieved from the memory 32
or the storage device 40. Further, the aspect ratio A of the
current element 1s calculated based on the retrieved data.

The calculation of the aspect ratio A 1s performed 1n accor-
dance with a conventional definition, for example, as follows:

First, a projected flat plane for the current element 1s sup-
posed so that 1ts corner nodes are equidistant from the four
nodes of the current element. Then, a unique local coordinate
system 1s set up appropriately for the current element, while
its origin 1s placed at the centroid of the current element. For
an arbitrary shaped element, the reference rectangle 1n FIG. 3
1s determined by applying Equation 1.13. Then, the aspect
ratio A of the distorted element 1s determined as the ratio of
the lengths of the sides of the reference rectangle. The effect
of large aspect ratio becomes critical when combined with
skew or trapezoid. The aspect ratio A 1s calculated, when
explained 1n reference to FIG. 3, as h /h,.

Step S103 1s followed by step S104 to estimate an indi-
vidual analysis error €A of the current element, which occurs
due to element distortion represented by the aspect ratio A,
based on both the calculated aspectratio A and the determined
deformation mode. A relationship between aspect ratio A,
deformation mode, and individual analysis error €A, which
has been estimated as a result of the execution of a correlation
estimation program as described later, has been stored in the
memory 32 or the storage device 40. According to the rela-
tionship, the individual analysis error €A 1s determined so as
to correspond to the current aspect ratio A and the current
deformation mode. The relationship among aspect ratio A,
deformation mode and individual analysis error €A has been
established correspondingly to the relationship 1llustrated 1n
graphs 1n FIG. 37.

Step S104 15 followed by step S105 1n which the amount of
warping W of the current element 1s calculated. The calcula-
tion 1s performed 1n accordance with a conventional defini-
tion, for example, as follows:

First, a projected flat plane for the current element 1s sup-
posed so that 1ts corner nodes are equidistant from the four
nodes of the current element. The amount of warping W 1s
merely the z coordinate of the four corner nodes, which 1s
equal to the distance h, between the actual non-planar ele-
ment and the projected flat plane.

Following step S105, step S106 i1s implemented corre-
spondingly to step S104, to estimate an individual analysis
error eW of the current element, which occurs due to element
distortion represented by the amount of warping W, based on
both the calculated amount of warping W and the determined
deformation mode, according to a relationship between
amount of warping W, deformation mode, and individual
analysis error eW. The relationship has been estimated as a
result of the execution of the atorementioned correlation esti-
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mation program. The relationship has been established cor-
respondingly to the relationship 1llustrated i graphs 1n FIG.
37.

Step S106 1s followed by step S107 in which the amount of
skew S of the current element 1s calculated. The calculation 1s
performed differently from a conventional manner, as fol-
lows:

First, as shown 1n FIG. 3, a rectangle with the same aspect
ratio A as the current element 1s supposed by the name of a
basis rectangle. Then, distances o, and o., are prepared for the
calculation of the amount of skew S. The distance ¢, 1s a
measured distance 1n which a selected one node of the current
clement 1s moved from the basis rectangle 1n the x (trans-
verse) direction. The distance o, 1s a measured distance in
which a selected one node of the current element 1s moved
from the basis rectangle 1n the y direction. Finally, the amount
of skew S 1s calculated as both the distances o, and o.,.

Following step S107, step S108 1s implemented corre-
spondingly to steps S104 and S106, to estimate an individual
analysis error €S of the current element, which occurs due to
clement distortion represented by the amount of skew S,
based on both the calculated amount of skew S and the deter-
mined deformation mode, according to a relationship
between amount of skewing S, deformation mode, and indi-
vidual analysis error €S. The relationship has been estimated
as a result of the execution of the atorementioned correlation
estimation program. The relationship has also been estab-

lished correspondingly to the relationship illustrated 1n
graphs 1n FIG. 37.

Step S108 1s followed by step S109 1n which the amount of
trapezoid T of the current element i1s calculated. Different
from a conventional calculation, the amount of trapezoid T 1s
calculated as shown 1n FIG. 3 as follows:

First, a rectangle with the same aspectratio A as the current
clement 1s supposed by the name of a basis rectangle. Then,
distances o, and ¢, are prepared for the calculation of the
amount of trapezoid T. The distance ., 1s ameasured distance
in which a selected one node of the current element 1s moved
from the basis rectangle 1n the x (transverse) direction. The
distance ¢, 15 a measured distance in which a selected one
node of the current element 1s moved from the basis rectangle
in the y direction during taper deformation. In the context, the
“taper deformation” means a deformation of the current ele-
ment to form a divergence or convergence between two ¢le-
ment-sides opposing to each other 1n the transverse or longi-
tudinal direction. Finally, the amount of trapezoid T 1s
calculated as both the distances o, and o.,.

Following step S109, step S110 1s implemented corre-
spondingly to steps S104, 5106, and S108, to estimate an
individual analysis error €1 of the current element, which
occurs due to element distortion represented by the amount of
trapezoid T, based on both the calculated amount of trapezoid
T and the determined deformation mode, according to a rela-
tionship between amount of trapezoid T, deformation mode
and individual analysis error €T. The relationship has been
estimated as a result of the execution of the aforementioned
correlation estimation program. The relationship has been

established precisely as the relationship 1llustrated 1n graphs
in FIG. 37.

Step S110 15 followed by step S111 to estimate a total
analysis error 2¢ of the current element, based on the esti-
mated four individual analysis errors €A, eW, €S, and 1. The
total analysis error 2¢ 1s estimated as the normal or simple
sum of these four individual analysis errors €A, eW, eS, and
¢T. However, the total analysis error 2e may be estimated as
the weighed sum 1n consideration of synergistic effects
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between aspect ratio A, the amount of warping W, and the
amount of skew S, and the amount of trapezoid T.

Following step S111, step S112 1s implemented, for the
current element, to numerically visualize or present the esti-
mated four individual analysis errors €A, eW, €S, and €T, and
the estimated total analysis error e on a screen of the monitor
22, thereby providing a quantitative presentation thereot. The
presentation may be performed simultaneously for all ele-
ments.

It 1s added that, for the quantitative presentation of analysis
errors, 1t 1s not essential to numerically present the analysis
errors, and that the analysis errors may be presented with
graphs or diagrams variable 1n size or color, for example.

Step S112 1s followed by step S113 to make a determina-
tion of whether or not the total analysis error Ze estimated for
the current element exceeds an allowable value AL. If the total
analysis error 2¢ exceeds the allowable value AL, then step
S114 1s implemented to display the current element so as to be
distinguished from other elements on the screen of the moni-
tor 22. Otherwise, step S114 1s skipped.

In either case, step S113 1s then implemented to make a
determination of whether or not the current element number
“1” 1s not less than a maximum value 1,,,,. That 1s, a deter-
mination 1s made of whether or not the execution of steps
5102 through S114 has been terminated for all elements of the
current analyzed object. If the current element number “1” 1s
not less than the maximum value 1, ., s, then one cycle of the
execution of the analysis error estimation program 1s termi-
nated. Otherwise, step S116 1s implemented to increment the
clement number “1” by 1, and thereafter, the analysis error
estimation program returns to step S102.

FIG. 42 shows one example of presentation of the analysis
errors estimated for a plurality of elements. In the example of
presentation, different kinds of estimated analysis errors are
presented 1 association with each of the plurality of elements
in a chart form. Further, in the example of presentation, a
column named “PROPRIETY” 1s filled 1n with “X” for an
clement 1n which the total analysis error 2e¢ exceeds the
allowable value AL, while 1s filled 1n with “O” for an element
in which the total analysis error 2e does not exceed the
allowable value AL.

Evidently, various kinds of estimated analysis errors are
presented per each element, and therefore, 1t allows the user,
in the presence of an element 1n which the total analysis error
e exceeds the allowable value AL, to instantly detect the
maximum one of the four individual analysis errors, and
detect an effective element-distortion-related information to
be referred to for modification of the present element. For
example, in the case of the element whose element number “1”
equals 3, the fact that the total analysis error Ze exceeds the
allowable value AL and that the distortion of the present
clement 1s therefore not proper, 1s demonstrated with a par-
ticular symbol. Further, the fact that one of the four individual
analysis errors, which corresponds to the aspect ratio A, 1s the
maximum individual analysis error 1s demonstrated.

It 1s added that, in the present embodiment, the analysis
error due to distortion of each element 1s estimated 1n view of
all of an aspect ratio component represented by the aspect
ratio A, a warping component represented by the amount of
warping W, a skew component represented by the amount of
skew S, and a trapezoid component represented by the

amount of trapezoid T, all included 1n the distortion of each
clement.

However, 1n an alternative embodiment in accordance with
the present invention, the analysis error 1s estimated by taking,
account of at least one of the four components, which domi-
nantly affects the analysis error, such as the aspect ratio and




US 7,734,453 B2

25

the trapezoid component, for example, but not by taking
account of the warping and the skew component, depending
on the characteristic of the type of the finite element approxi-
mation or analysis software. The analysis error, estimated
according to the aforementioned method, may be performed
to examine the analysis solftware of the user’s interest by
extracting the element stiffness matrix and calculating the
strain energy error for various distortion parameters, and
based on this result, the user can decide the dominant distor-
tion mode. This alternative embodiment facilitates simplified
and accelerated calculation of the analysis error compared
with the presently preferred embodiment.

FIG. 43 schematically illustrates the aforementioned cor-
relation estimation program 1n a flow chart. The correlation
estimation program 1s executed by the computer 12 so as to
estimate the relationship between element distortion and
analysis error due to the element distortion as the correlation.

However, 1t 1s not essential to execute both the correlation
estimation program and the analysis error estimation program
by means of the same computer. Although the correlation 1s
essential for executing the analysis error estimation program,
it 1s enough 11 an estimated result of the correlation exists
prior to execution of the analysis error estimation program.
Furthermore, it 1s not essential to update a previously esti-
mated result of the correlation during the execution of the
analysis error estimation program.

Therefore, 1t 1s possible to obtain the correlation as a result
of the execution of the correlation estimation program via a
computer different {from the computer 12, and to, 1in turn, store
data indicative of the obtained correlation into the memory 32
or the storage device 40 of the computer 12, prior to execution
of the analysis error estimation program by the computer 12,
thereby estimating the analysis errors.

It 1s unnecessary that this correlation estimation program
be executed by the computer 12 each time the numerical
analysis method 1s practiced. Only one execution of the cor-
relation estimation program prior to subsequent practices of
the numerical analysis method 1s enough, whether or not
these practices share the same analyzed object. This 1s
because the correlation to be estimated by the execution of the
correlation estimation program can be commonly utilized for
numerical analyses, whether or not these analyses share the
same analyzed object.

The correlation estimation program, roughly described, 1s
executed such that a quadrilateral element 1s targeted, and the
analysis error 1s then estimated for the targeted element per
cach deformation mode, through a process of updating a
combination of: a set value of the aspect ratio A; a set value of
the amount of warping W, a set value of the amount of skew
S; and a set value of the amount of trapezoid T, in increments
or decrements of a predetermined step width.

Further, the correlation estimation program is executed
such that both the analytical and the approximated strain
energy ol the targeted element are calculated per each detor-
mation mode for the purpose of estimation of the analysis
errors. The analytical strain energy i1s calculated without
depending on the finite element analysis, using theoretical
solutions of stress and strain of the targeted element. The
approximated strain energy 1s calculated by the finite element
approximation, using a theoretical solution of nodal displace-
ment of the targeted element and the element stifiness matrix
ol a shell element of particular finite element software.

In general, a mesh model approximately representing the
shape of an analyzed object mvolves many distorted ele-
ments. In the present embodiment, 1n order to evaluate the
distortion characteristics of one finite element, the approxi-
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mated strain energy occurring in the one element 1s calculated
by the use of an element stifiness matrix K regarding the one
clement.

According to anormal finite element analysis, a plurality of
clement stifiness matrices K, regarding a plurality of ele-
ments together constituting one analyzed object are com-
posed into an assemblage stifiness matrix K, and then each
clement 1s analyzed using the assemblage stifiness matrix K
together with a boundary condition and a loading condition.
Alternatively, in the present embodiment, as described above,
one element 1s representatively used, and the approximated
strain energy 1s calculated by the use of the element stifiness
matrix K _ concerning the one element.

Further, in the correlation estimation program, the analysis
error 1s calculated by considering the difference between the
analytical and the approximated strain energy. More specifi-
cally, the strain energy error 1s calculated as the difference
divided by the analytical strain energy, and the strain energy
error 1s then made to be the analysis error.

More specifically, the correlation estimation program 1s
initiated with step S201 to set to “1” a deformation mode
value “1”” indicative of the kind of the deformation mode of the
clement currently targeted. The deformation mode value 4™
may be designed to mean, for example, tension when ™
equals 1, bending when “4”” equals 2, shear when ““4”” equals 3,
and torsion when *1” equals 4.

Next, steps S202 through 5205 are implemented to set
current values of the aspectratio A, the amount of warping W,
the amount of skew S, and the amount of trapezoid T, for one
clement. The one element serves as a representative element
representing a plurality of elements which corporate to
approximately represent the shape of an analyzed object for
which the resulting estimated analysis errors will be utilized.

Subsequently, step S206 1s implemented to calculate the
analytical strain energy U _(u) in a manner described above,
for the representative element, using the strain energy equa-
tion expressed as the aforementioned Equation 3.4, for
example.

Step S206 1s followed by step S207 1n which the approxi-
mated strain energy U (u,) 1s calculated in a manner
described above, for the representative element, using the
strain energy equation expressed as the atorementioned
Equation 3.10, for example.

Step S207 1s followed by step S208 1n which the strain
energy error E_ 1s calculated for the representative element, 1n
accordance with the aforementioned Equation 3.1, by divid-
ing by the calculated analytical strain energy U _(u), the cal-
culated approximated strain energy U _(u,) subtracted from
the calculated analytical strain energy U _(u).

Following step S208, step S209 i1s implemented to store
into the memory 32 or the storage device 40, the calculated
strain energy error E_ as the analysis error, 1n association with
a combination of the current deformation mode; the current
set value of the aspect ratio A; the current set value of the
amount of warping W; the current set value of the amount of
skew S; and the current set value of the amount of trapezoid T.

That 1s to say, the relationship between the deformation
mode “I;” the current set value of the aspect ratio A; the
current set value of the amount of warping W, the current set
value of the amount of skew S; the current set value of the
amount of trapezoid T; and the current value of the analysis
error constitutes one example of an element-distortion-to-
analysis-error relationship.

Step S209 1s followed by step S210 to determine whether
or not the updating of the set values of the aspect ratio A, the
amount of warping W, the amount of skew S, and the amount
of trapezoid T has been terminated. That 1s to say, a determi-
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nation 1s made of whether or not changes over an intended
range have been made to all the geometric parameters.

If the updating of all the set values has not yet been termi-
nated, then step S211 1s implemented to update the set value

of the corresponding one of the aspect ratio A, the amount of 5

warping W, the amount of skew S, and the amount of trap-
czoid T, by the pre-determined step width.

Thereafter, if the updating of all the set values has been
terminated as aresult of the repeated executions of steps S202
through S211, then step S212 1s implemented to determine
whether or not the current value of the deformation mode
value “9” equals a maximum value j,,,,. That 1s to say, a
determination 1s made of whether or not the estimation of the
analysis error has been terminated for all the deformation
modes able to be assumed.

If the current value of the deformation mode value 4 does
not equal the maximum value 1, ,, ., then step S213 1s 1imple-
mented to increment the deformation mode value *“1” by 1,

and subsequently, the correlation estimation program returns
to step S202.

Following that, 1f the estimation of the analysis error has
been terminated for all the deformation modes able to be
assumed as a result of the repeated execution of steps S202
through S213, then one cycle of the execution of the correla-
tion estimation program 1s terminated.

As 1s readily understood from the above, in the present
embodiment, the correlation estimation program constitutes
one example of a combination of the “assuming step” and the
“estimating step” set forth 1 the above mode (1) or (9), and
one example of the “calculating step” set forth in the above
mode (3) or (4).

Further, 1n the present invention, step S102 1n FIG. 41
constitutes one example of the “deformation-mode determi-
nation step” set forth in the above mode (11), steps S112
through S114 together constitute one example of the “visu-
alizing step” set forth in the same mode, steps S103 through
S11 together constitute one example of the “estimating step”
set forth i the above mode (13), steps S103 through S110
cach constitute one example of the “individual-analysis-error
estimation step” set forth 1n the above mode (13), step S111
constitutes one example of the “total-analysis-error estima-
tion step” set forth in the above mode (16), and step S114
constitutes one example of the “distinctive display step” set
torth 1n the above mode (17).

Still further, 1n the present embodiment, step S1 1n FIG. 40
constitutes one example of the “partition step” set forth 1n the
above mode (18), step S102 in FIG. 41 constitutes one
example of the “deformation-mode determination step™ set
forth 1n the same mode, steps S112 through S114 1n FI1G. 41
together constitute one example of the “visualizing step™ set
torth 1n the same mode, and step S5 constitutes one example
of the “analyzing step” set forth in the same mode.

Yet further, 1n the present embodiment, a set of the afore-
mentioned four deformation modes 1s one example of the
“plurality of basic deformation modes™ set forth 1n the above
mode (2), a set of the alorementioned distortion parameters
(geometry parameters) o, through a, 1s one example of the
“plurality of basic distortion parameters” set forth 1n the same
mode, the aforementioned strains €, _and € ,are one example of
the “normal strains” set forth in the same mode, and the

atorementioned strain y,, 1s one example of the “shear strain”
set forth 1n the same mode.

Additionally, 1n the present embodiment, Equations 1.38
through 1.40 1n FIG. 19 are examples of equations provided
by “formulating normal strains and shear strain of the plane-
like element” set forth 1n the above mode (2), Equation 3.4 1n
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FIG. 19 1s one example of an equation to calculate the “strain
energy of the plane-like element™ set forth 1n the same mode.

Itwill be appreciated by those skilled 1n the art that changes
could be made to the embodiments described above without
departing from the broad inventive concept thereof. It i1s
understood, therefore, that this invention 1s not limited to the
particular embodiments disclosed, but 1t 1s intended to cover
corrections within the spirit and scope of the present mnven-
tion as defined by the appended claims.

The mnvention claimed 1s:

1. A process of estimating by a computer an analysis error
expected to occur during deformation analysis of an object by
a finite element method, with regard to an element which 1s
used for approximately representing a shape of the object,
from geometric distortion of an original shape of the element,
the process comprising:

assuming at least one deformation mode occurring 1n the
clement upon deformation of the object, 1n the form of at
least one of tension, bending, shear, and torsion; and

estimating the analysis error as a function of a degree of the
geometric distortion of the original shape of the element,
prior to the deformation analysis by the finite element
method, for each of the at least one assumed deformation
mode,

wherein the element 1s formed as a plane-like element
having a plane thereof, and

wherein the estimating comprises a first calculation of:

(a) coordinate-transtforming the plane-like element into an
1soparametric element by expressing skew and trapezoid
of the plane-like element with a plurality of basic dis-
tortion parameters which are defined so as to deal with
the skew and the trapezoid independently of each other,
wherein the skew and the trapezoid are the geometric
distortion of the plane-like element;

(b) decomposing the deformation mode of the plane-like
clement into a plurality of basic deformation modes
including tension, shear, and bending, by dealing with
the plane-like element as the 1soparametric element;

(c) calculating strain energy of the plane-like element by
formulating normal strains and shear strain of the plane-
like element, with the plurality of basic distortion
parameters and the plurality of basic deformation
modes, by dealing with the plane-like element as the
1soparametric element; and

(d) calculating the analysis error associated with a value of
cach of the plurality of basic distortion parameters, for
cach of the plurality of basic deformation modes, based
on the calculated strain energy of the plane-like element.

2. The process according to claim 1, wherein the estimating,
comprises a second calculation of calculating the analysis
error for each of the at least one assumed deformation mode,
based on a difference between an analytical solution of strain
energy of the element and an approximated solution of strain
energy ol the element, wherein the analytical solution 1s cal-
culated based on a true stress and strain distribution within an
clement domain, not through a finite element analysis, while
the approximated solution 1s calculated through a finite ele-
ment approximation.

3. The process according to claim 2, wherein the second
calculation comprises a solution calculation including;:

defining a single representative element of a plurality of
clements cooperating to approximately represent the
shape of the object; and

calculating the analytical solution and the approximated
solution of the strain energy for the representative ele-
ment, only in consideration of the representative ele-
ment.
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4. The process according to claim 1, wherein the distortion
1s expressed with a plurality of geometry parameters mutually
independently expressing geometric properties of the ele-
ment.

5. The process according to claim 4, wherein the plurality
ol geometry parameters at least comprise:

an aspect ratio of a real shape of the element;

skew of the real shape of the element relative to a basis

rectangle having the same aspect ratio as the real shape;
and

trapezoid of the real shape of the element relative to the

basis rectangle.

6. The process according to claim 5, wherein the skew 1s
defined with an amount of skew of the real shape of the
clement relative to the basis rectangle, and

wherein the trapezoid 1s defined with an amount of taper of

the real shape of the element relative to the basis rect-
angle.

7. The process according to claim 5, wherein the plurality
of geometry parameters further comprise an amount of warp-
ing ol the real shape of the element relative to the basis
rectangle.

8. The process according to claim 4, wherein the estimating,
COmMprises:

estimating a plurality of individual analysis errors 1n asso-

ciation with the plurality of geometry parameters,
respectively; and

estimating a total analysis error, based on the plurality of

individual analysis errors estimated 1n association with
the plurality of geometry parameters, respectively.

9. A computer-readable storage encoded with a computer
program, wherein the program, when executed by a proces-
sor, causes the processor to perform a process for estimating
an analysis error expected to occur during deformation analy-
s1s of an object by a finite element method, with regard to an
clement which 1s used for approximately representing a shape
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of the object, from geometric distortion of an original shape
of the element, the process comprising:

assuming at least one deformation mode occurring 1n the
clement upon deformation of the object, 1n the form of at
least one of tension, bending, shear, and torsion; and

estimating, with the processor, the analysis error as a func-
tion of a degree of the geometric distortion of the origi-
nal shape of the element, prior to the deformation analy-
s1s by the finite element method, for each of the at least
one assumed deformation mode,

wherein the element 1s formed as a plane-like element
having a plane thereof, and

wherein the estimating comprises a first calculation of:

(a) coordinate-transtorming the plane-like element into an
1soparametric element by expressing skew and trapezoid
of the plane-like element with a plurality of basic dis-
tortion parameters which are defined so as to deal with
the skew and the trapezoid independently of each other,
wherein the skew and the trapezoid are the geometric
distortion of the plane-like element;

(b) decomposing the deformation mode of the plane-like
clement into a plurality of basic deformation modes
including tension, shear, and bending, by dealing with
the plane-like element as the 1soparametric element;

(c) calculating strain energy of the plane-like element by
formulating normal strains and shear strain of the plane-
like element, with the plurality of basic distortion
parameters and the plurality of basic deformation
modes, by dealing with the plane-like element as the
1soparametric element; and

(d) calculating the analysis error associated with a value of
cach of the plurality of basic distortion parameters, for
cach of the plurality of basic deformation modes, based
on the calculated strain energy of the plane-like element.
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