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EFFICIENT REMAINDER CALCULATION
FOR EVEN DIVISORS

BACKGROUND
The present invention relates generally to the calculation of

remainders. More particularly, the present invention relates to
efficient remainder calculation for even divisors.

SUMMARY

In general, 1n one aspect, the invention features a circuit for
calculating xmody, wherein x and y are binary numbers, and
wherein y 1s an even number, comprising a power of two
calculator adapted to recerve signals representing binary
number v and to provide signals representing binary numbers
r and m, wherein y=r2"; a vector splitter adapted to receive
signals representing binary number X and signals represent-
ing the binary number m, and to provide signals representing
binary numbers x[w:m] and x[m-1:0], wherein the binary
number x[m-1:0] comprises the m least-significant bits of the
binary number X and the binary number x[w:m| comprises the
w-m+1 most-significant bits of the binary number x; and a
remainder calculator adapted to recerve the signals represent-
ing the binary numbers x[w:m] and r, and to provide a binary
number x[w:m]modr, wherein the binary number x[w:m]
modr 1s a remainder of a quotient of the binary number x[w:
m| divided by the binary number r; wherein the binary num-
ber x[w:m]modr comprises the most-significant bits of a
binary number representing xmody and the binary number
x[m-1:0] comprises the least-significant bits of the binary
number representing xmody.

Particular implementations can include one or more of the
following features. m 1s the maximum power of two by which
the binary number y 1s divisible with no remainder. The
circuit further comprises a buifer adapted to recerve signals
representing the binary number x[w:m]modr and the binary
number x[m-1:0], and to provide the binary number xmody.
The circuit further comprises a second butler adapted to store
the binary number vy, and to provide the signals representing,
the binary number vy; a third buifer adapted to store the binary
number X, and to provide the signals representing the binary
number X. The power of two calculator comprises a memory.
The vector splitter comprises a memory. The remainder cal-
culator comprises a memory.

In general, in one aspect, the invention features a method
and computer-readable media for calculating xmody, wherein
X and y are binary numbers, and wherein y 1s an even number.
It comprises calculating binary numbers r and m, wherein
y=r2""; calculating binary numbers x[w:m] and x[m-1:0],
wherein the binary number x[m-1:0] comprises the m least-
significant bits of the binary number x and the binary number
x[w:m] comprises the w-m+1 most-significant bits of the
binary number x; and calculating a binary number x[w:m]
modr, wherein the binary number x[w:m|modr i1s a remainder
of a quotient of the binary number x[w:m] divided by the
binary number r; wherein the binary number x[w:m]modr
comprises the most-significant bits of a binary number rep-
resenting xmody and the binary number x[m-1:0] comprises
the least-significant bits of the binary number representing,
xmody.

Particular implementations can include one or more of the
tollowing features. m 1s the maximum power of two by which
the binary number v 1s divisible with no remainder. Imple-
mentations comprise concatenating the binary number x[w:
m|modr and the binary number x[m-1:0] with the binary
number x[w:m|modr comprising the most-significant bits of
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the concatenation and the binary number x[m-1:0] compris-
ing the least-significant bits of the concatenation. Implemen-
tations comprise retrieving binary numbers X and y. Imple-
mentations comprise storing the binary number representing
xmody.

In general, 1n one aspect, the invention features a circuit for
calculating xmody, wherein X and Y are binary numbers, and
wherein Y 1s a predetermined even number, comprising a
remainder calculator adapted to receive signals representing,
the binary number x[w:M], wherein x[w:M] comprises the
w—-M+1 most-significant bits of the binary number x, and to
provide a binary number x[w:M]modR, wherein the binary
number x[w:M|modR 1s a remainder of a quotient of the
binary number x[w:M] divided by the binary number R, and
wherein Y=R2"; wherein the binary number x[w:M]modR
comprises the most-significant bits of a binary number rep-
resenting xmodY and the binary number x[ M -1:0] comprises

the least-significant bits of the binary number representing
xmodY.

Particular implementations can include one or more of the
following features. M 1s the maximum power of two by which
the binary number Y 1s divisible with no remainder. The
circuit further comprises a builer adapted to recerve signals
representing the binary number x[w:M]modR and the binary
number x| M-1:0], and to provide the binary number xmodY.
The circuit further comprises a second butler adapted to store
the binary number x, and to provide the signals representing
the binary number x. The remainder calculator comprises a
memory.

In general, 1n one aspect, the invention features a method
and computer-readable media for calculating xmody,
wherein x and Y are binary numbers, and wheremn Y 1s a
predetermined even number. It comprises receiving the
binary number x[w:M], wherein x[w:M] comprises the
w—-M+1 most-significant bits of the binary number x; and
calculating a binary number x[w:M]modR, wherein the
binary number x[w:M]modR 1s a remainder of a quotient of
the binary number x[w:M] divided by the binary number R,
and wherein y=R2*; wherein the binary number x[w:M]
modR comprises the most-significant bits of a binary number
representing xmodY and the binary number x[M-1:0] com-
prises the least-significant bits of the binary number repre-

senting xmodY.

Particular implementations can include one or more of the
following features. M 1s the maximum power ol two by which
the binary number Y 1s divisible with no remainder. Imple-
mentations comprise concatenating the binary number x[w:
M]modR and the binary number x[M-1:0] with the binary
number x| w:M]modR comprising the most-significant bits of
the concatenation and the binary number x| M-1:0] compris-
ing the least-significant bits of the concatenation. Implemen-
tations comprise retrieving binary numbers x and Y. Imple-

mentations comprise storing the binary number representing
xmodY.

The details of one or more implementations are set forth 1n
the accompanying drawings and the description below. Other
teatures will be apparent from the description and drawings,
and from the claims.

DESCRIPTION OF DRAWINGS

FIG. 1 1s a circuit diagram of a circuit for calculating
xmody according to a preferred embodiment.

FIG. 2 1s a flowchart depicting a process for calculating
xmody according to a preferred embodiment.
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FIG. 3 1s a circuit diagram of a circuit for calculating
xmodY for a predetermined fixed value of Y according to a
preferred embodiment.

FIG. 4 1s a flowchart depicting a process for calculating
xmodY where Y 1s a predetermined number according to a
preferred embodiment.

The leading digit(s) of each reference numeral used 1n this
specification indicates the number of the drawing in which the
reference numeral first appears.

DETAILED DESCRIPTION

It 1s often desirable to obtain the remainder of the quotient
(also known as the modulo) of two numbers, which can be
written as xmody, where xmody 1s the remainder of the quo-
tient of dividend x divided by divisor y. This calculation has
many uses. For example, 1n the data communications field,
the remainder can be used to hash numbers such as media
access control and Internet Protocol addresses in a network
switch, to mask destination port vectors 1n a network switch,
and as part of calculating a pointer to a memory location, to
name only a few.

Conventional circuits for calculating such a remainder gen-
crally consume significant time and circuitry. However,
embodiments of the present invention significantly reduce the
time and circuitry required when the divisor 1s even, that 1s, a
product of a power of two.

The following observations may be useful 1n understand-
ing the imvention. In this description, the notation 1[:K] repre-
sents a binary vector comprising all or part of a binary number
1, where 7 represents the position in binary number 1 of the
most-significant bit of the vector, and k represents the posi-
tion 1n binary number 1 of the least-significant bit of the
vector. When divisor y 1s even, y can be represented as

(1)

y=ZI
where

z=2"

(2)

Then

(3)

Letdividend x be a binary number having w+1 bits, x[w:0].
Let divisor y be a binary number having v+1 bits, y[v:0].
Let z be a binary number having m+1 bits, z[m:0].

Let r be a binary number having n+1 bits, r[n:0].

For any even vy,

v[v:0l]=z/m:0*rfn:0]

n=x mod v=x mod (zr)=((x/z) mod (#))z+x mod z

(4)

Then
xmody = xmod(zr) ()
= ((x /2modr) = 2" + xmod(2™) (6)
= ((x > mmodr) <« m+x[m—1:0] (7)

where a>>b represents a shifted right by b bits and a<<b
represents a shifted left by b bits. Then

x mod y={xfw:m] mod rx/m-1:0]} (])

where {a, b} represents the concatenation of a and b, with a
occupying the most-significant bits of the concatenation and
b occupying the least-significant bits of the concatenation.
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FIG. 1 1s a circuit diagram of a circuit 100 for calculating
xmody according to a preferred embodiment. Circuit 100
comprises optional buifers 102 and 104, a power of two
calculator 106, a vector splitter 108, and a remainder calcu-
lator 110, and optional buifer 112. Optional buifers 102, 104,
and 112 can be implemented as flip-flops or other sorts of
memory elements. Calculator 106, vector splitter 108, and
calculator 110 can be implemented 1n any number of ways,
such as logic circuits, memories storing look-up tables, or
soltware.

FIG. 21s a flowchart depicting a process 200 for calculating,
xmody according to a preferred embodiment. Although pro-
cess 200 1s described with reference to circuit 100 of FIG. 1,
process 200 can be implemented by other circuits, as will be
apparent to one skilled 1n the relevant arts after reading this
description. Further, although the steps of process 200 are
described 1n a particular order, other orders can be used, as
will be apparent to one skilled 1n the relevant arts after reading,
this description.

At the start of process 200, divisor y[v:0] 1s present 1n
optional butier 102, and dividend x[w:0] 1s present in optional
buifer 104. Of course, in circuits not employing optional
butters 102 and 104, divisor y[v:0] and dividend x[w:0] can
be provided by other circuit elements.

Process 200 calculates binary numbers r and m, wherein
y=r2" (step 202). In circuit 100 of FIG. 1, calculating binary
numbers r and m comprises applying binary number y to
calculator 106. In response, calculator 106 provides binary
numbers r and m. Binary number m can be determined 1n any
number of ways. For example, binary number m can be deter-
mined by simply counting the number of consecutive zeros in
binary number v, starting with the least-significant bit. Pref-
erably m 1s the maximum power of two by which binary
number vy 1s divisible with no remainder. However, 1n other
embodiments, m 1s a lesser power of two.

Process 200 calculates binary numbers x[w:m] and x[m-
1:0] (step 204). Binary number x[m-1:0] comprises the m
least-significant bits of binary number x. Binary number x| w:
m| comprises the w—m+1 most-significant bits of binary
number X. In circuit 100 of FIG. 1, calculating binary num-
bers x[w:m] and x|[m-1:0] comprises applying binary num-
bers x and m to vector splitter 108. In response, vector splitter
108 provides binary numbers x[w:m] and x[m-1:0]. Vector
splitter 108 can calculate binary numbers x[w:m] and x[m-—
1:0] 1n any number of ways, for example by multiplexing the
bits of binary numbers x according to the value of binary
number m.

Process 200 calculates binary number x[w:m]modr (step
206). Binary number x[w:m|modr 1s the remainder of the
quotient of binary number x[w:m] divided by binary number
r. In circuit 100 of FIG. 1, calculating binary number x[w:m]
modr comprises applying binary numbers r and x[w:m] to
remainder calculator 110. In response, remainder calculator
110 provides binary number x[w:m|modr. Remainder calcu-
lator 110 can be implemented in any number of ways, for
example as a memory such as a look-up table.

Process 200 concatenates binary number xX[w:m]modr and
binary number x[m-1:0] (step 208). Binary number x[w:m]
modr comprises the most-significant bits of the concatena-
tion. Binary number x[m-1:0] comprises the least-significant
bits of the concatenation. The concatenation 1s the binary
number xmody. In circuit 100 of FIG. 1, optional butfer 112
concatenates binary number x|w:m]modr and binary number
x[m-1:0]. Thus binary number xmody 1s available in optional
buifer 112. Of course, in circuits not employing optional
buffer 112, the concatenation can be performed by other
circuit elements.
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In some cases, where y has a predetermined fixed value Y,
circuit 100 of FIG. 1 can be simplified. FIG. 3 1s a circuit
diagram of a circuit 300 for calculating xmodY {for a prede-
termined fixed value of Y according to a preferred embodi-
ment. Circuit 300 comprises optional buifer 104, remainder
calculator 110, and optional buffer 112. Optional buifers 104
and 112 can be implemented as tlip-tflops or other sorts of
memory elements. Because the value of divisorY 1s fixed, the
minterms M and R of divisor Y are known, and so needn’t be
calculated by circuit 300. Calculator 110 can be implemented
in any number of ways, such as logic circuits, a memory
storing a look-up table, or software.

FI1G. 4 1s a flowchart depicting a process 400 for calculating,
xmodY where Y 1s a predetermined number according to a
preferred embodiment. Although process 400 1s described
with reference to circuit 300 of FIG. 3, process 400 can be
implemented by other circuits, as will be apparent to one
skilled 1n the relevant arts after reading this description. Fur-
ther, although the steps of process 400 are described 1n a
particular order, other orders can be used, as will be apparent
to one skilled in the relevant arts after reading this description.

At the start of process 400, dividend x[w:0] 1s present 1n
optional buffer 104. Of course, in circuits not employing
optional butler 104, dividend x[w:0] can be provided by other
circuit elements.

Process 400 calculates a binary number x[w:M]modR
(step 402) where Y=R2" and binary number x[w:M] com-
prises the w—M+1 most-significant bits of binary number Xx.
Binary number x[w:M |modR 1s the remainder of the quotient
of binary number x[w:M] divided by binary number R. In
circuit 300 of FIG. 3, calculating binary number x[w:M]
modR comprises applying binary number x[w:M] to calcula-
tor 110. In response, calculator 110 provides binary number
x[w:M]modR. Preferably M 1s the maximum power of two by
which binary numberY 1s divisible with no remainder. How-
ever, 1n other embodiments, M 1s a lesser power of two.

Process 400 concatenates binary number x[w:M]modR
and binary number x[M-1:0] (step 404), where binary num-
ber x| M—-1:0] comprises the M least-significant bits of binary
number X. Binary number x[w:M]modR comprises the most-
significant bits of the concatenation. Binary number x[M-1:
0] comprises the least-significant bits of the concatenation.

FIG. 3, optional butfer 112 concatenates binary number x| w:
M]modR and binary number x[M-1:0]. Thus binary number
xmodY 1s available 1n optional buffer 112. Of course, in
circuits not employing optional buffer 112, the concatenation
can be performed by other circuit elements.

Compared to a conventional implementation using a single
look-up table to calculate xmodY, embodiments of the mnven-
tion can use amuch smaller look-up table. For example, when
y 1s fixed and x 1s an eight-bit number, a single look-up table
would require 256 entries, while look-up table 110 of circuit
300 of FIG. 3 would require only 21 entries.

The 1nvention can be implemented in digital electronic
circuitry, or in computer hardware, firmware, software, or 1n
combinations of them. Apparatus of the mvention can be
implemented in a computer program product tangibly
embodied 1n a machine-readable storage device for execution
by a programmable processor; and method steps of the inven-
tion can be performed by a programmable processor execut-
ing a program of istructions to perform functions of the
invention by operating on input data and generating output.
The invention can be implemented advantageously 1n one or
more computer programs that are executable on a program-
mable system including at least one programmable processor
coupled to recerve data and 1nstructions from, and to transmuit

The concatenation 1s binary number xmody. In circuit 300 of
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data and instructions to, a data storage system, at least one
input device, and at least one output device. Each computer
program can be implemented 1n a high-level procedural or
object-oriented programming language, or in assembly or
machine language 11 desired; and 1n any case, the language
can be a compiled or interpreted language. Suitable proces-
sors include, by way of example, both general and special
purpose microprocessors. Generally, a processor will receive
instructions and data from a read-only memory and/or a ran-
dom access memory. Generally, a computer will include one
or more mass storage devices for storing data files; such
devices include magnetic disks, such as internal hard disks
and removable disks; magneto-optical disks; and optical
disks. Storage devices suitable for tangibly embodying com-
puter program instructions and data include all forms of non-
volatile memory, including by way of example semiconduc-
tor memory devices, such as EPROM, EEPROM, and flash
memory devices; magnetic disks such as internal hard disks
and removable disks; magneto-optical disks; and CD-ROM
disks. Any of the foregoing can be supplemented by, or incor-
porated in, ASICs (application-specific integrated circuits).

A number of implementations of the invention have been
described. Nevertheless, 1t will be understood that various
modifications may be made without departing from the spirit
and scope of the invention. Accordingly, other implementa-
tions are within the scope of the following claims.

What 1s claimed 1s:

1. A circuit for calculating xmody, wherein x and vy are
binary numbers, and wherein y 1s an even number, compris-
ng:

a power of two calculator adapted to recerve signals repre-
senting binary number v and to provide signals repre-
senting binary numbers r and m, wherein y=r2";

a vector splitter adapted to receive signals representing
binary number x and signals representing the binary
number m, and to provide signals representing binary
numbers x[w:m] and x[m-1:0], wherein the binary
number x[m-1:0] comprises m least-significant bits of
the binary number x and the binary number x[w:m]
comprises w—m+1 most-significant bits of the binary
number X; and

a remainder calculator adapted to recerve the signals rep-
resenting the binary numbers x[w:m] and r, and to pro-
vide a binary number x[w:m]|modr, wherein the binary
number x[w:m]modr 1s a remainder of a quotient of the
binary number x[w:m] divided by the binary number r;

wherein the binary number x[w:m]modr comprises most-
significant bits of a binary number representing xmody,
the binary number x[m-1:0] comprises least-significant
bits of the binary number representing xmody, and the
circuit outputs the binary number x[w:m]modr to a net-
work communications device to perform at least one of
hashing Internet Protocol addresses, masking destina-
tion port vectors, and calculating a pointer to a memory
location based at least in part on the binary number
x[w:m|modr.

2. The circuit of claim 1, wherein m 1s a maximum power
of two by which the binary number vy 1s divisible with no
remainder.

3. The circuit of claim 1, further comprising:

a buller adapted to receive signals representing the binary
number x[w:m]modr and the binary number x[m-1:0],
and to provide the binary number xmody.

4. The circuit of claim 3, further comprising:

a second butifer adapted to store the binary number vy, and to
provide the signals representing the binary number vy;
and
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a third buffer adapted to store the binary number x, and to
provide the signals representing the binary number x.

5. The circuit of claim 1, wherein the power of two calcu-
lator comprises a memory.

6. The circuit of claim 1, wherein the vector splitter com- 5
prises a memory.

7. The circuit of claim 1, wherein the remainder calculator
COMPrises a memory.

8. A circuit for calculating xmody, wheremn x and y are

8

xmody, the binary number x[m-1:0] comprises the
least-significant bits of the binary number representing,
xmody, and the circuit outputs the binary number x[w:
m modr to a network communications device to perform
at least one of hashing Internet Protocol addresses,
masking destination port vectors, and calculating a
pointer to a memory location based at least in part on the
binary number x| w:m]modr.

9. The circuit of claim 8, wherein m 1s maximum power of

binary numbers, and wherein y 1s an even number, compris- 10 two by which the binary numbery is divisible with no remain-

ng:

power of two calculator means for receiving signals repre-
senting binary number vy, and for providing signals rep-
resenting binary numbers r and m, wherein y=r2";

vector splitter means for receiving signals representing 15
binary number X and signals representing the binary
number m, and for providing signals representing binary
numbers x[w:m] and x[m-1:0], wherein the binary
number x[m-1:0] comprises m least-significant bits of
the binary number x and the binary number x[w:m] 20
comprises w—m+1 most-significant bits of the binary
number x; and

remainder calculator means for recerving the signals rep-
resenting the binary numbers x[w:m] and r, and for
providing a binary number x[w:m]modr, wherein the 25
binary number X[w:m]modr 1s a remainder of a quotient
of the binary number x[w:m| divided by the binary num-
ber r;

wherein the binary number x[w:m]modr comprises the
most-significant bits of a binary number representing

der.

10. The circuit of claim 8, further comprising:

buifer means for recerving signals representing the binary
number x[w:m|modr and the binary number x[m-1:0],
and for providing the binary number xmody.

11. The circuit of claim 10, further comprising:

second butler means for storing the binary number y, and
for providing the signals representing the binary number
y; and

third butier means for storing the binary number x, and for
providing the signals representing the binary number x.

12. The circuit of claim 8, wherein the power of two cal-

culator means comprises memory means.

13. The circuit of claim 8, wherein the vector splitter means

COmprises memory means.

14. The circuit of claim 8, wherein the remainder calculator

means Compr 1S€es MCIMOory 11cdails.
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