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TIME ENCODING AND DECODING OF A
SIGNAL

CROSS-REFERENCE TO RELATED
APPLICATION

The present application 1s a continuation of International

Patent Application No. PCT/US03/033869, filed Oct. 27,
2003, published on May 6, 2004 as International Patent Pub-
lication No. WO 04/039021, which claims priority from U.S.
Provisional Patent Application Nos. 60/421,474 filed Oct. 25,
2002 and 60/421,675 filed Oct. 28, 2002, the disclosures of
which are incorporated herein by reference 1n their entirety,
and from which priority 1s claimed.

FIELD OF THE INVENTION

The present invention relates generally to signal processing,
and more particularly relates to circuits and methods for
recovering a signal from the output of a time encoding
machine which maps amplitude information into an asyn-
chronous time sequence.

BACKGROUND OF THE INVENTION

Most signals 1n the world 1n which we live are analog, 1.¢.,
cover a continuous range of amplitude values. However, most
computer systems for processing these signals are binary
digital systems. Generally, synchronous analog-to-digital
(A/D) converters are used to capture analog signals and
present a digital approximation of the mput signal to a com-
puter processor. That 1s, at precise moments 1n time synchro-
nized to a system clock, the amplitude of the signal of interest
1s captured as a digital value. When sampling the amplitude of
an analog signal, each bit in the digital representation of the
signal represents an increment of voltage, which defines the
resolution of the A/D converter. Analog-to-digital conversion
1s used in numerous applications, such as communications
where a signal to be communicated may be converted from an
analog signal, such as voice, to a digital signal prior to trans-
port along a transmission line. Applying traditional sampling,
theory, a band limited signal can be represented with a quan-
tifiable error by sampling the analog signal at a sampling rate
at or above what 1s commonly referred to as the Nyquist
sampling rate.

While traditional A/D conversion techniques have been
elfective, techniques based on amplitude sampling have limi-
tations. For example, 1t has been a continuing trend 1n elec-
tronic circuit design to reduce the available operating voltage
provided to integrated circuit devices. In this regard, over the
last decade, power supply voltages have decreased from five
volts to three volts and there remains a desire to reduce this
turther, such as to one volt or less. While digital signals can be
readily processed at the lower supply voltages, traditional
synchronous sampling of the amplitude of a signal becomes
more difficult as the available power supply voltage 1s
reduced and each bit in the A/D or D/A converter reflects a
substantially lower voltage increment. Thus, there remains a
need to develop circuits and methods for performing high
resolution A/D and D/A conversion using substantially lower
power supply voltages which will be desired in future
designs.

In contrast to sampling a signal using synchronous A/D
converters, circuits are known for performing asynchronous
time encoding of a signal. One such circuit, referred to as an
asynchronous sigma delta modulator (ASDM) 1s disclosed 1n

U.S. Pat. No. 6,087,968 to Roza (“the 968 patent™). An
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example of such an ASDM 1s illustrated herein in FI1G. 1. The
ASDM generates an asynchronous duty cycle modulated
square wave at output z(t) which 1s representative of the input
signal, x(t). In the 968 patent, an ASDM 1s used to form an
analog-to-digital converter by providing the output of the
ASDM to a sampler and a linear decimating filter which 1s
sampled at a rate above the bandwidth of the input signal. A
problem with this approach is that the ASDM introduces
non-linearities 1 z(t) which cannot be recovered using a
linear decimation filter. As aresult, the degree of signal recov-
ery 1s limited. Another shortcoming with this approach is that
the output of the ASDM must be over sampled by a high
frequency clock. As the bandwidth of the input signal
increases, the clock frequency also increases. Even if the
desired clock rate can be achieved, such high frequency
clocks demand significant power consumption.

While the 968 patent discloses the use of an ASDM to time
encode an analog signal, certain characteristics of the ASDM
circuit were not previously appreciated. For example, the
068 patent does not disclose a method of designing the
ASDM 1n order to have the ASDM output signal be fully
invertible, 1.e., allow for theoretically perfect recovery of the
iput signal. Further, the >968 patent does not disclose that the
ASDM 1s a non-linear system and that a non-linear recovery
method 1s required to fully take advantage of this circuat.

OBJECTS AND SUMMARY

It 1s an object of the present invention to provide circuits
and methods to encode and decode a band limited signal using
asynchronous processes.

It 1s another object of the present invention to provide
non-linear operations for recovering an input signal from the
output of a time encoding machine, such as an ASDM or
integrate and fire neuron circuit.

It 1s an object of the present mvention to provide an
improved method of recovering an mnput signal from the
output of an asynchronous sigma delta modulator (ASDM).

In accordance with the present invention, a method 1s pro-
vided for recovering an input signal x(t) from the output
signal of a Time Encoding Machine (TEM) which provides a
binary asynchronous time sequence 1n response to a bounded
input signal x(t). The method includes receiving the asyn-
chronous time sequence from the TEM and measuring the
transition times, such as the time of zero crossings, of the
TEM output signal. From the TEM transition times, a set of
weilghted impulse functions 1s generated. The generation of
weighted 1impulse functions can be computed, such as by
applying an algorithm that resolves a non-linear recursive
relationship or matrix form non-linear relationship. The input
signal can be recovered by applying the set of weighted
impulse functions to an impulse response filter. If the transi-
tion times are exactly known, the TEM 1s fully invertible and
the input signal can be exactly recovered by the present meth-
ods. If the transition times are quantized, the quantization
level determines the accuracy of recovery 1n a manner that 1s
analogous to conventional amplitude sampling.

In one embodiment, the weighted impulse functions are a
set of weighted Dirac delta functions which are centered 1n
the time interval of successive zero crossings of the TEM
output. The weighting value for each impulse function 1is
related to the design parameters of the TEM and the transition
times. For example, the weighted impulse functions can have
weighting value coellicients ¢, which can be expressed in
matrix form as a column vector, c:

c=G"q
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where g 1s a column vector and

frkﬂ xdu = (=1 [=bte — 1) + 246]
th

/s ]
f glu—s)du
|~ i

el _
f x(e)du
R i

and G = and where G

q:

denotes the pseudo-inverse of matrix G. The 1input signal x(t)
can be recovered from the vector ¢ by passing a train of
impulse functions weighted by this vector through an ideal
impulse response filter. The impulse response filter can be
described as g(t)=sin(£2t)/mt. The recovery of the input signal
can then be expressed in matrix form as: x(t)=gc, where g1s a
row vector, g=[g(t-s;)]”.

The TEM can take on many forms so long as the transition
times from the TEM output relate to the input signal 1n an
invertible manner. Examples of TEM circuits include an
asynchronous sigma delta modulator circuit and an integrate
and {ire neuron circuit.

The methods of the present invention can be embodied in a
time decoding machine (TDM) circuit. The TDM will gener-
ally be formed using a digital microprocessor or digital signal
processing integrated circuit which has been programmed to
carry out the methods of the present invention.

BRIEF DESCRIPTION OF THE DRAWING

Further objects, features and advantages of the invention
will become apparent from the following detailed description
taken 1n conjunction with the accompanying figures showing
illustrative embodiments of the invention, in which:

FI1G. 11s ablock diagram of a known circuit embodiment of
an asynchronous sigma delta modulator (ASDM), which can
be used as an embodiment of a time encoding machine (TEM)
in the present mvention;

FI1G. 2A 1s a ssmplified block diagram 1llustrating a system
in accordance with the present invention including a time
encoding machine (TEM) for asynchronous time encoding of
an iput signal and a time decoding machine for subsequently
recovering the input signal from the TEM output signal;

FIGS. 2B and 2C pictorially represent the operation of the
ASDM of FI1G. 1 operating as a time encoding machine where
FIG. 2B 1s a graphical representation of an analog input
signal, x(t), to the system of FIG. 2A and FIG. 2C 15 a
graphical representation of the time encoded signal z(t) from
the time encoding machine;

FI1G. 3 1s a simplified tlow chart 1llustrating the operations
of the time encoding machine (TEM) and time decoding
machine (TDM) of the present invention;

FI1G. 4 15 a block diagram of a circuit including a TEM and
one embodiment of a quantizer for the TEM output signal.

FIG. 5 1s a pictonial representation of the operation of the
time decoding machine;

FIG. 6 1s a timing diagram illustrating the operation of a
TEM for a DC mput signal; and

FIGS. 7A and 7B are timing diagrams illustrating the
operation of a TEM 1n response to a time varying input signal,
X(1);

FIG. 8 1s a graph 1llustrating recovery error versus 0 for a
compensated recovery algorithm in accordance with the
present invention.

FI1G. 9 1s a block diagram of an alternate embodiment of a
TEM circuit using an integrate and fire neuron circuit to time
encode an mput signal; and
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FIG. 10 1s a graph 1llustrating an example of the output
signal from the TEM of FIG. 9.

Throughout the figures, the same reference numerals and
characters, unless otherwise stated, are used to denote like
features, elements, components or portions of the 1llustrated
embodiments. Moreover, while the subject invention will
now be described 1n detail with reference to the figures, 1t 1s
done so in connection with the illustrative embodiments. It 1s
intended that changes and modifications can be made to the
described embodiments without departing from the true
scope and spirit of the subject invention as defined by the
appended claims.

DETAILED DESCRIPTION OF PREFERRED
EMBODIMENTS

The present invention uses time encoding to digitize an
analog signal and also uses approprate non-linear decoding
methods for subsequent recovery of the input signal. Thus,
the systems and methods described apply to analog-to-digital
(A/D) conversion and digital-to-analog (ID/A) conversion
using time encoding of a signal.

In the present application, the concepts of a time encoding
machine (TEM) and time decoding machine (TDM) are intro-
duced. As used herein, a TEM 1s a circuit or process which
receives a bounded input signal and generates an asynchro-
nous set of binary transitions, the timing of which are related
to the amplitude of the input signal. More generally, a TEM 1s
a circuit or process which maps amplitude information into
time mformation. A time decoding machine 1s a circuit or
process which 1s responsive to transition time data from a
TEM and can process the transition time data to recover the
input signal with arbitrary accuracy.

The block diagram of FIG. 2A provides a simplified
description of the present invention. A band limited, ampli-
tude limited signal x(t), as shown in FIG. 2B, 1s applied to the
input of a Time Encoding Machine (TEM) 205 which gener-
ates a binary, asynchronous output z(t), illustrated in FIG. 2C.
The TEM output signal z(t) 1s an asynchronous binary output
whose zero crossings (t_,t,, ... t,) arerelated to the amplitude
of the input signal. It1s now understood in connection with the
present invention that the signal z(t) relates to the imnput signal
x(t) 1n a non-linear fashion. By using the inverse of the non-
linear relationship in a decoding algorithm 1n a Time Decod-
ing Machine (TDM) 210, the input signal, x(t), can be recov-
ered from knowledge of the zero crossings in z(t). I the zero
crossings 1n z(t) are known precisely, then perfect recovery of
the mput signal 1s possible. If there 1s error attributable to the
measurement of the zero crossings, the error 1n the recovery
of x(t) 1s equivalent to magnitude of the error in the recovery
ol a signal using traditional amplitude sampling. That 1s, for
the same number of bits used 1n sampling the signal, the
current time encoding methods yield comparable results to
known amplitude sampling systems.

FIG. 11s a block diagram of a known Asynchronous Sigma
Delta Modulator (ASDM) circuit which 1s suitable for use 1n
one embodiment of TEM 205. The circuit of FIG. 1 generates
a two-state output signal (b, —b) whose zero crossings are
asynchronously determined by the amplitude of the mput
signal x(t) 1n combination with design parameters of the
circuit. Because the timing of the zero crossings 1s asynchro-
nously determined by the amplitude of the input signal, the
ASDM can be viewed as a form of time encoding machine
(TEM). If the mput signal x(t) to the TEM 1s a band limited
signal, then the system 1s invertible and the mput signal, x(t),
can be recovered from the TEM output signal, z(t), using an
appropriate recovery process in the TDM. If the transition
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times are known exactly, the input signal can be tully recov-
ered by the TDM. Accordingly, by knowing the expected
maximum bandwidth of an input signal, the parameters of the
TEM can be designed accordingly.

The underlying operating principle of a TEM can be under-
stood by reference to FIG. 1. In order to realize complete
recovery, 1t 1s expected that the input signal x(t) 1s bounded in
both bandwidth, €2, and amplitude, ¢. The mnput signal, x(t), 1s
applied to an adder 105 which 1s coupled to the mput of an
integrator circuit 110. The integrator circuit 110 has an nte-
gration time constant, K. The output of the integrator circuit
110 1s coupled to the input of a non-inverting Schmaitt trigger
115. The Schmitt trigger has two design parameters, the out-
put voltage swing (b, —b) and the hysteresis value, 0. The
output of the Schmitt trigger 115 provides a TEM output
signal, z(t). The output of the Schmaitt trigger 115 1s also fed
back to an mverting 1mput to the adder 105. As a result, the
bounded mput signal x(t), Ix(t)|=c<b, 1s biased by a constant
amount b before being applied to the integrator 110. This
bias guarantees that the output of the integrator y(t) 1s either a
positive-increasing or negative-decreasing function of time.

In the steady state, the TEM output signal z(t) can assume
one of two states. In the first state, the TEM 15 1n the state
7(t=—b and the input to the Schmutt trigger increases from -0
to 0. When the output of the integrator circuit 110 reaches the
maximum value 0, a transition of the output z(t) from -b to b
1s triggered and the feedback signal applied to adder 105
becomes negative. In the second steady state of operation, the
TEM 1s 1n the state z(t)=b and the integrator output steadily
decreases from 0 to —0. When the maximum negative value -0
1s reached, z(t) will reverse to —b. Thus, a transition of the
output of the TEM from -b to b or from b to —b takes place
cach time the integrator output reaches the triggering thresh-
old ¢ or 0. The timing of these transitions, which resultin the
zero crossings, t_ . . . t,, depends on both the amplitude of the
input signal x(t) and the design parameters of the TEM, such
as the hysteresis of the Schmitt trigger, 6. Thus, the TEM 1s
clifectively mapping amplitude information into timing infor-
mation using a signal dependent sampling mechanism.

The Schmitt trigger 1135 can be characterized by two design
parameters: the output voltage swing (b, —b) and the hyster-
es1s value, 0. In order for the ASDM of FIG. 1 to operate as an
invertible TEM, the amplitude of the input signal ¢ must be
less than output voltage swing of the Schmitt trigger, 1.e.,
Icl<b. It has also been found that to fully recover the mput
signal from the TEM output signal, the hysteresis value, 0,
must be less than the period of the Nyquist sampling rate. This
can be expressed as: 0<(m/£2)((b—c)/K), where €2 represents
the bandwidth of the input signal x(t), K represents the inte-
gration constant of the TEM, and ¢ represents the maximum
amplitude of the mnput signal. Thus, the parameters of the
TEM are to be set based on the expected limits of the mnput
signal.

The set of trigger times t, which comprise the output of the
TEM can be expressed by the recursive equation:

frkﬂ-’f(”)fﬁ” = (— D[ bl — 1) + 246]. Ea- 1)
th

for all integer values of k, 1.e., k, keZ. where K 1s the integra-
tion constant of the TEM, 0 is the hysteresis value of the
Schmitt trigger in the TEM and b 1s the amplitude output
voltage swing of the TEM output.

By dividing by b on both sides of equation (2), the output
can be normalized and can be expressed as:
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frﬁ(—kl ? A = (—l)k — (g1 — L) + ? - (ECI- 2)
k

for all k, keZ, 1.e., k 1s an element of the set of all integer
numbers. Therefore, the increasing time sequence (t,), keZ,
can be generated by an equivalent circuit with integration
constant k=1 and a Schmudt trigger with parameters k6/b and

1. In what follows, without any loss of generality, this sim-
plified version of the TEM will be used.

The mnput to the TEM 1s a bounded function

x(t) with |x(t)I=c<]1 forall t, teR, 1.e., t1s an element of the set
of all real numbers. The output of the TEM 1s function z
taking two values z: R—{-1,1} for all t, teR, with transition
times t,, keZ, generated by the recursive equation

foy Eq. 3
fk xdu = (=1 [= (s — 1) + 6], (4 3)

k

for all k, keZ. This equation illustrates the mapping of the
amplitude information of the signal x(t), teR, into the time
sequence (t,), keZ.

In the description that follows, the operation of the TEM 1s
evaluated for the case where the input signal 1s a constant DC
value. For this example, it 1s assumed that the TEM takes the
form substantially presented imn FIG. 1 and consists of an
integrator with integrator constant k=1 and Schmitt trigger
with parameters 0 from —06/2 to 0/2 and b=1. In this case,
x(t)=c (not necessarily positive), where ¢ denotes a given DC
level. It ¢c<-1 or c>1 the output of the integrator would
become unbounded, and thus the overall TEM would become
unstable. This might lead to information loss because the
output z(t) cannot track the mput x(t). By bounding the mnput
amplitude such that Icl<1, the TEM 1s stable and the sequence
of transition times reduces to the simple recursion:

S (Eq. 4)
+ .
1 4+ (=1)c

Ih+1 = I

and, therefore, t,_ ,>t,, keZ.

-

T'he integrator output, y(t), and the TEM output, z(t) for the
case where the input signal 1s a constant value, are 1llustrated
in the graphs of FIGS. 3A and 3B, respectively. Referring to
FIGS. 3A and 3B, 1t1s apparent that both the integrator output
and TEM output, y(t) and z(t), respectively, are periodic sig-
nals with a period T. The period T can be expressed as:

20
1 —c%’

(Eq. 5)

'=h—5 =

for all k, keZ.

The mean value (the O-th order Fourier-series coelificient)
of z(t) can be expressed as:
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(=1 [=(ter1 — ) + (Te2 = Tasn)] (Eq. ©)

T

=C5

Equation 6 illustrates that the mput signal and the output
signal from the TEM have the same average value.

The transition times from the TEM output can be measured
using conventional circuits and methods. FIG. 4 1s one
example of a circuit for quantizing and measuring the transi-
tion times t,- from the output of a TEM. The TEM 205 has an
output which 1s coupled to a strobe 1nput of a counter circuit
405. The counter 405 1s also coupled to a clock circuit 410
which increments the counter value on each clock pulse. Thus
the counter circuit 405 maintains a running count of clock
pulses. On each occurrence of t,., the current counter value in
counter circuit 405 1s strobed to an N-bit output bus of the
counter circuit 403, The counter output can then be provided
to a digital processor 410 for storage and processing in accor-
dance with the methods described herein. The counter values
from the counter circuit 405 are transierred to the processor
410 at a rate equal to or greater than the Nyquist frequency of
the iput signal. Thus, the timing of the zero crossings are
being quantized with a definable error based on the number of
bits of resolution 1n the counter 405. The processor receives
the quantized values of t, as an N bit word from the counter
405 on each occurrence of t,.

The operation of the Time Decoding Machine (TDM) 210
will be described in connection with the flow chart of FIG. 5
and pictorial diagram of FIG. 6. FIG. 5 1s a simplified flow
diagram 1illustrating the operation of the TDM 210. As noted
above, the TEM 205 operates by generating a set of signal
dependent transition times (Step 500). The transition times
are discrete real values and can be designated as t,=[t,, t,, t,,
..., t]. From the set of signal dependent transition times, ..,
the input signal x(t) can be represented as a set of weighted
Dirac delta functions, S,. Each of the weighted delta func-
tions has a time value determined by the center of each suc-
cessive time interval (., 1. ;) and having a weighting value,
C., associated therewith. For example, referring to FIG. 6, S1
in 630 has a time value at the median value between to and to

which are 1llustrated in 620 (Step 510).

The values of the weighting coetlicients can be determined
trom the transition times, t,, and the Schmaitt trigger hysteresis
value, 0 (step 520). The coelficients ¢, can be expressed in
matrix form as a column vector, ¢:

" Eq. 7
¢ = G+fi‘fk IX(H)ﬂﬂu: (=D [~ (1 — 1) + 6], - 1)
'k

s/ _
f glu—sp)du
Rad?] i

et _
f x(e)du
|~ T i

and G =

where g =

where G™ denotes the pseudo-inverse of matrix G.

The 1mput s1gnal x(t) can be recovered from the vector ¢ by
passing this vector through an ideal impulse response filter
(Step 530). The impulse response filter can be described as
g(t)=sin (£2t)/mtt. Such a filter can be formed as a digital filter
using suitable programming of processor 420 (FIG. 4). It will
be appreciated that other embodiments, such as analog filters
and other digital filter embodiments are also contemplated by
the present invention. The recovery of the input signal can be
expressed 1n matrix form as:
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x(#)=gc, where g is a row vector, g=/g(t—s;)]"

(Eq. 8)

The method steps described 1n connection with the flow
diagram of FIG. 5 are represented pictorially in FIG. 6. An
input signal x(t) 1s applied to the input ofa TEM 610, such as
a properly designed ASDM as illustrated in FIG. 1 and
described above. The TEM 610 provides an output compris-
ing signal dependent asynchronous timing data derived from
x(t) 620. Based on the value of the hysteresis of the TEM, o,
the time sequence of z(t) 1s converted into a matrix of
weilghted Dirac delta functions, S, 630. The weighted Dirac
delta functions have a time value centered between consecu-
tive zero crossings t,. The weighting value 1s expressed
above, c=G7q. The sequence S, 630 can then be applied to an
ideal impulse response filter g (step 640) which recovers the
original signal, x(t).

In the method described above, pertect signal recovery can
be achieved with knowledge of the signal bandwidth, upper
bound on the signal amplitude with respect to the output
swing of the Schmitt trigger and the hysteresis value of the
Schmitt trigger, 0, and exact knowledge of the transition
times, t,. However, 1n many practical cases, errors are attrib-
utable 1n determining the values of the trigger times 1n z(t) as
well as 1n determining the exact value of the hysteresis.

-

T'he error associated with the measurement of the trigger
times results from quantization of the timing information
such that the transition times are not exactly known, 1.e., the
times are known within the quantization level used. It can be
shown that the resulting error from time encoding 1s compa-
rable to that of amplitude sampling, when the same number of
bits of resolution are used 1n each case.

A reasonable comparison between the effects of amplitude
and time quantization can be established 1f we assume that the
quantized amplitudes and quantized trigger times are trans-
mitted at the same bitrate. Since x(s;) and T, are associated
with the trigger times t, and t,_ ,, the same transmission bitrate
1s achieved if the x(s,)’s and the T,’s are represented by the
same number of bits N. With —c=x=c, the amplitude quan-
tization step amounts to e=2¢/2".

For time encoding T, . =min
orequvalently O=T,-T = =T

IR —

1, =1 =max, . [,=1

Kes
-T _ . Therefore, 1 T

FRax

FRAX

FrIIF? FrIF? 15

exactly known, then only measuring T,-T, . . keZ, 1in the
range (0,T___-T . ) 1s needed. Hence:
o~ T =T _ L 0 5y de (Eq. 9)
- v T QN(I—C - 1+c) [ -2

where A 1s the quantization step of the time sequence. Equa-
tion 9 1illustrates how the quantization step ol the time
sequence 1s related to the amplitude quantization step.

The hysteresis value 0 1s often determined by analog com-
ponents 1 the TEM, such as resistors and capacitors which
exhibit a base line tolerance as well as variations over tem-
perature, time and the like. The error that 1s associated with
variations 1n the exact value of ¢ can be substantially elimi-
nated by the use of a compensation method that 1s described
below.

In the case where the TEM 1s embodied as an ASDM, such
as 1llustrated 1n FIG. 1, following each transition of z(t), the
polarity of the signal changes. This 1s evident from the equa-
tions for calculating t,, such as Equation 3, which includes a
term (—1)* which reflects this sign change on each transition,
k. Since Equation 3 also includes 6 for each instance of t,, 1t
will be appreciated that by evaluating the signal over a win-
dow spannming two consecutive instances of t,, the o term will
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be positive 1n one case and negative 1n the next, thereby
canceling the effect of any vanation 1n 6 over this window.
The principle behind the 6 compensated algorithm can be
described as follows:

1

T
h=§[§(f—fk+1)] , g = and

(k2 _
f x(u)d u

k

1| 2 ]
H=z f gt — g )dul|.
2_ . _

The band limited signal x can be perfectly recovered from 1ts
associated trigger times (t,), keZ, as

(Eq. 10)

where H™ denotes the pseudo-inverse of H. Furthermore,

x,(t)=hPnq,

where P, 1s given by

{
P, = Z (I — H)¥.
k=0

More generally, by defining a matrix B with ones on two
diagonals:

o T e B o B S
e S S SN
p—t 3
— O O O
N R o B e R e

the input signal recovery algorithm can be expressed:

x(0)=g" ()[BHBGB™))*[Bq] (Eq. 11)

The two diagonal row B matrix illustrated above 1s but one
form of processing which can be used. It will be appreciated
that other general expressions of this matrix can also be
applied.

The compensation o-insensitive recovery algorithm
achieves perfect recovery. Stmulation results for the d-sensi-
tive and o-1nsensitive recovery algorithms are shown in FIG.
8, with graph lines denoted by stars and circles, respectively.

The o-mnsensitive recovery algorithm recognizes that in
two consecutive time periods of t,, the period of each cycle 1s
dependent on 6 and the output changes polarity from b to -b
or vice versa. By looking at the output z(t) over two consecu-
tive time periods, 1.e., t . t .. the error in the recovered
version of x(t) attributable to 0 can effectively be eliminated.

FI1G. 9 1llustrates an alternate embodiment of a TEM. The
circuit of FIG. 9 can be described as an integrate and fire
neuron with an absolute refractory period, A. The TEM of
FIG. 9 includes an adder 905 to which an input signal x(t) 1s

applied. The other terminal of the adder circuit 905 1s coupled
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to a fixed bias voltage, b. The adder 905 1s coupled to the input
of an integrate and dump circuit 910. The integrate and dump
circuit 910 integrates the input signal with an integration
constant of K until a dump or reset signal 1s recerved on 1input
915. The output of the integrator 1s applied to a threshold
detector 920 which has an output which 1s zero until the input
signal exceeds the threshold level, 6. When the input voltage
to the threshold detector 920 exceeds the threshold level value
the output transitions to a logic 1. The output of the threshold
detector 920 1s coupled to the dump 1input 915 of the integrate
and dump circuit 910. A small time delay element T (not
shown) may be included in this circuit path to provide a more
defined pulse at the threshold detector output, which will
generate the transition times t,. The integrator constant , the
threshold o, the bias b 1n FIG. 9 are strictly positive real
numbers; x(t), teR, 1s a signal of finite energy on R that models
the input stimulus to the TEM. Furthermore, x 1s bounded,
1x(t)|=c<b, and band limited to [-£2,£2]. The output of the
integrator 1n a small neighborhood of t +A, t>t +A 1s given

: (Eq. 12)

The term A represents the absolute refractory period of the
circuit, which 1s a small but finite time period between the
time the integrator resets and the time the integrator begins its
next integration period. The absolute refractory period alters
the transfer function of the integrator from h(t)=1 for t=0 and
h(t)=0 for all other t, to h(t)=1 for t=A and h(t)=0 for all other
t. Due to the bias signal b, the integrator output y=y(t) 1s a
continuously increasing function. The output of the TEM 1s a
time sequence (t,), keZ.

The output of the TEM of FI1G. 9 15 a strictly increasing set
of trigger times (t, ), keZ, that satisiy the recursive equation

th+1 (Eq. 13)
f x()du = —-blig,) —tx — A) + 0,
th +\

for all k, keZ.

For all input stimul1 x=x(t), teR, with |x(t)| =c<b, the distance
between consecutive trigger times t, and t, _, 1s given by:

KO
b+ c

KO
b+c

(Eq. 14)

+A<p -1 = + A

for all k, keZ.

The circuit of FI1G. 9 can be generalized further by consid-
ering the integrator circuit to be a non-ideal integrator. If the
capacitor in the mtegrator circuit 1s considered leaky, 1.e., 1n
parallel with a finite resistance, the leaky integrator resembles
a more general low pass filter response. The leaky integrate-
and-fire circuit can be defined by the transfer function:

h(t)=(1/x)e™* t=0; h(t)=0 otherwise.

The present mvention provides systems and methods for
digitizing an analog signal using time encoding rather than
amplitude encoding of the signal. The present methods also
provide for recovery of the time encoded signal with an error
which 1s comparable to that of traditional amplitude encoding
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when the sampling occurs at or above the Nyquist sampling
rate. The present methods are particularly well suited for low
voltage analog applications where amplitude sampling may
be limited by the small voltage increments represented by
cach bit when high resolution sampling 1s required with only
a limited voltage supply. The ability to accurately encode
analog signals using limited supply voltages makes the
present circuits and methods well suited to use 1n nano-scale
integration applications.

Although the present invention has been described 1n con-
nection with specific exemplary embodiments, it should be
understood that various changes, substitutions and alterations
can be made to the disclosed embodiments without departing
from the spirit and scope of the mvention as set forth in the
appended claims.

What 1s claimed 1s:

1. A method of recovering an 1nput signal from an output
signal of a Time Encoding Machine (TEM), the TEM provid-
ing a binary asynchronous time sequence in response to a
bounded 1nput signal, comprising;:

measuring times of zero crossings indicating transitions of

the TEM output signal of the Time Encoding Machine;
generating a set of weighted impulse functions based upon
the measured times of the zero crossings; and

applying the set of weighted impulse functions to an

impulse response filter to recover the mput signal.

2. A method of recovering an input signal from the output
signal of a Time Encoding Machine according to claim 1,
wherein consecutive zero crossings of the TEM output signal
define time 1ntervals and wherein the weighted impulse func-
tions have time values that are centered on the time intervals
of the TEM output signal.

3. A method of recovering an input signal from the output
signal of a Time Encoding Machine according to claim 1,
wherein the weighted impulse functions have a weighting
value determined by time values of at least two zero crossings
and at least one property of the TEM.

4. The method of recovering an input signal from the output
signal of a Time Encoding Machine according to claim 3,
wherein the weighted impulse functions have weighting
value coetlicients ¢, which are expressed 1n matrix form as a
column vector, c:

c=G"g

/s _ e _
f x(u) du f glu—sy)du
Rt i i | Ty i

and where G™ denotes the pseudo-inverse of matrix G.

5. The method of recovering an input signal from the output
signal of a Time Encoding Machine (TEM) according to
claim 1, wherein the TEM 1s characterized at least in part by
a relationship o<(m/£2)((b—c)/K), where 0 represents a hyster-
esi1s value of the TEM, b represents an output voltage of the
TEM, K represents an integration constant of the TEM, £2
represents a bandwidth of the mput signal x(t) and ¢ repre-
sents a maximum amplitude bound of the mput signal, and
wherein a sequence of transition times generated by the TEM
1s expressed as

where g = and G =

frkﬂx(”)fﬂ” = (=1 [~ bl s — 1) + 2«6].
‘%
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6. A method of recovering a bounded input signal from an
output signal of a time encoding machine (T EM) comprising:

determining an amplitude and bandwidth of an input signal
to the TEM;

setting at least one TEM parameter of the Time Encoding
Machine 1n accordance with bounding constraints based
on the determined amplitude and bandwidth of the input
signal;

determining timing ol zero crossings indicating state
changes of the TEM output signal; and

applying a non-linear inversion operation based at least in
part on the at least one TEM parameter to recover the
input signal from a subset of zero crossings.

7. The method of claam 6 wherein the TEM 1s an ASDM

including a Schmitt trigger and wherein a parameters related
to the TEM output signal 1s a Schmitt trigger bound level.

8. The method of claim 6 wherein the TEM includes a
Schmitt trigger and wherein a parameters related to the TEM
output signal 1s a Schmitt trigger hysteresis level.

9. The method of claim 6 wherein the TEM 1s an integrate
and fire neuron circuit including threshold detector and

wherein a parameter related to the TEM output signal 1s a
threshold detector level.

10. The method of claim 9, wherein the integrate and fire
neuron circuit includes an integrator constant and wherein a
turther parameters related to the TEM output signal 1s the
integrator constant.

11. The method of claim 6, wherein the non-linear inver-
s10n operation comprises a recursive algorithm employing
SUCCESSIVE Zero Crossings.

12. The method of claim 11, wherein the recursive algo-
rithm is expressed as x(t)=g’ (O[(B~HBGB)*)*[Bq].

13. The method of claim 11, wherein the recursive algo-
rithm 1s expressed as

1 T (2 _
where h = E[g(f—rk+l)] , G = f x(u)du
|~y i

1| 2 ]
H= - f gt —txr1)du
2 Js, _

and wherein H* denotes a pseudo-inverse of H.

14. A system for time encoding and time decoding of a

signal x(t) comprising:

a time encoding machine, the time encoding machine hav-
ing an output voltage swing b, and integrator constant, K,
and a hysteresis value 0, wherein o<(m/£2)((b-c)/K),
where £2 represents a bandwidth of the input signal x(t)
and ¢ represents a maximum amplitude of the input
signal x(t) and where Icl<b, the TEM generating a
sequence of transition times:

frkﬂ x(w)du = (= 1Y [=bltgy — 1) + 2k5].
%

a time decoding machine, the time decoding machine
receiving the sequence of transition times and applying
at least one non-linear operation to recover the mput
signal x(t) therefrom.
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15. The system of claim 14, wherein the sequence of tran-
sition times are exactly known and wherein the time decoding
machine fully recovers the input signal from the sequence of
transition times.

16. The system of claim 14, wherein the sequence of tran-
sition times are quantized and wherein precision of the recov-
ery of the input signal by the TDM 1s related to a number of
bits used to quantize the sequence of transition times.

17. The system of claim 14, wherein the transition times are
quantized 1n the TDM which includes an N-bit counter driven
by aclock having a clock frequency, the counter outputting an
N-bit counter value on each occurrence of a transition time.

18. The system of claim 14, wherein the TEM 1s an Asyn-
chronous Sigma Delta Modulator.

19. A time decoding machine (TDM), the time decoding
machine recovering a band limited signal from a sequence of
transitions generated by a time encoding machine, the TDM
comprising;

a time measurement circuit, the time measurement circuit
generating an N-bit quantized representation of time
values of zero crossings indicating the sequence of tran-
sitions provided at an mput terminal of the time mea-
surement circuit;

a processor coupled to the time measurement circuit and
receiving output of the time measurement circuit at arate
at least equal to a Nyquist rate of a signal to be decoded.,
the processor being programmed to perform the steps:

generating a set of weighted impulse functions based upon
the time values of the zero crossings; and

applying the set of weighted impulse functions to an
impulse response filter to recover the mput signal.

20. The TDM of claim 19, wherein consecutive zero cross-
ings of the TEM output signal define time intervals and
wherein the weighted impulse functions have time values that
are centered on the time intervals of the TEM output signal.
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21. The TDM according to claim 19, wherein the weighted
impulse functions have a weighting value determined by the

processor by evaluating consecutive zero crossings and at
least one property of the TEM.

22. The TDM according to claim 21, wherein the weighted
impulse functions have weighting value coelficients ¢, deter-
mined by the processor which are expressed 1n matrix form as
a column vector, c:

c=G"g

where g = and G =

/s _
f glu—s;)du
] _

L

fﬂl x(u) du

K

and where G™ denotes a pseudo-inverse of matrix G.

23. The TDM according to claim 20, wherein the TEM 1s
characterized at least 1n part by the relationship o<(m/€2)((b-
c)/K), where 0 represents a hysteresis value of the TEM, b
represents an output voltage of the TEM, K represents an
integration constant of the TEM, €2 represents a bandwidth of
the mput signal x(t) and ¢ represents a maximum amplitude
bound of the 1nput signal, and wherein the sequence of tran-
sition times generated by the TEM 1s expressed as

i +1
f x(t)du= (=1 [=blt,.1 —1,) + 2kd).
i

24. The system of claim 14, wherein the TEM 1is an inte-
grate and {ire neuron circuit.
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