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rankings more etliciently. Using an interconnectivity matrix
describing the interconnection of web pages, a new matrix
1s computed. The new matrix 1s used to compute the average
of values associated with each web page’s neighboring web
pages. The secondary eigenvector of this new matrix 1s
computed, and indices for web pages are relabeled according
to the eigenvector. The data structure storing the intercon-
nectivity information 1s preferably also physically sorted
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used 1n the web page ranking computations, caching 1s
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EFFICIENTLY RANKING WEB PAGES VIA
MATRIX INDEX MANIPULATION AND
IMPROVED CACHING

FIELD OF THE INVENTION

This 1invention pertains generally to the field of Internet

searching and more particularly ranking web pages via
matrix computations.

BACKGROUND OF THE INVENTION

The Internet presently comprises billions of web pages
interconnected via hyperlinks. Users of the Internet typically
use web browsing applications (“browsers™) to navigate
among these pages by either selecting and clicking hyper-
links, or by manually entering a “Uniform Resource Loca-
tor” (“URL”) which allows the browser to access a particu-
lar web page directly. Often times, however, a user wishes
to search the Internet for pages containing particular items of
information. Because of the size of the Internet, 1t 1s imprac-
tical for a user to manually browse the Internet searching for
relevant pages. Instead, users typically invoke search
engines, which are computer applications developed for the
purpose of searching the Internet. Search engines typically
reside on server computing devices and accept queries from
client users. A search engine 1s usually associated with an
index of web pages, and, 1n response to a user query, returns
a list of pages satistying the query.

Some modern search engines rank web pages 1 order to
provide users with more relevant results. Many search
engines represent the interconnection of web pages via a
matrix, and finding a page ranking equates to finding the
principal eigenvector of the matrix. Such a search engine 1s
described by Page et al. in “The PageRank citation ranking:
Bringing order to the web,” Stanford Digital Libraries
Working Paper, January 1998, which 1s hereby incorporated
by reference 1n 1ts entirety for all that 1t teaches without
exclusion of any part thereof. Generally, an 1teration takes a
ranking of the web pages and propagates 1t across the
interconnection matrix, to obtain an updated ranking for the
pages. Eventually, the rankings for all pages converge to
fixed values, which are the entries of the principal eigen-
vector. This 1s equivalent to calculating the stationary dis-
tribution of a Markov chain. Due to the size of the matrices,
computing the eigenvector—and thus the page ranks—is a
computationally intensive task in existing systems, requiring
several 1terations of matrix manipulation before values for
all pages converge to the eigenvector. In order to compute
the page rank more efliciently, researchers have attempted to
exploit particular mathematical properties of the intercon-
nection matrix in order to find methods of computing or
approximating page rankings more quickly.

Computing page rankings can be a computationally inten-
sive task for several reasons. One reason 1s simply the
magnitude of the amount of information: with billions of
web pages, performing the necessary computations can
require significant amounts of time, even on fast processors,
and even 1f all the data was immediately available to the
processor. Another reason, however, 1s that generally not all
the data 1s immediately available to the processor, necessi-
tating retrievals of data from a storage area such as RAM, or
a secondary storage such as a hard drive. Accessing RAM
typically costs about 100 nanoseconds per access; accessing,
a hard drive typically costs about 3-10 milliseconds per
access. This acts as a bottleneck for an otherwise fast
processor—a processor capable of performing a billion
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operations a second 1s limited to reading the data 1n at a rate
of about 10 million entries per second, or roughly one
percent of 1ts capability.

Furthermore, many matrix operations performed by exist-
ing page ranking techniques use arbitrary index labels for
the web pages. As a result, there 1s no relationship between
the rows (or the columns) of the corresponding intercon-
nectivity matrix. For example, if Page #1 contains links to
Pages #226, #4,250,221 and #1,000,000,152, then the cor-
responding row #1 ol an interconnectivity matrix would
have entries 1n columns #226, #4,250,221 and #1,000,000,
152. In order to retrieve those pages, three accesses must be
made from three likely very remote areas of memory.

Researchers have also imnvestigated caching systems. Gen-
erally, a “cache” 1s a small area of fast memory that
temporarily holds data or istructions retrieved from slower,
less expensive memory. By temporarily storing often-used
data or instructions 1n a cache, a processor does not need to
retrieve those data or instructions from the slower memory.
Effective use of caches thus increases the speed with which
many operations are performed on a computing device.

BRIEF SUMMARY OF THE

INVENTION

Methods and systems are provided for computing page
rankings more efli

iciently. Using an interconnectivity matrix
describing the interconnection of web pages, a new matrix
1s computed. The new matrix 1s used to compute the average
of values associated with each web page’s neighboring web
pages. The secondary eigenvector of this new matrix 1s
computed, and indices for web pages are relabeled according
to the eigenvector. The data structure storing the intercon-
nectivity information 1s preiferably also physically sorted
according to the eigenvector. By reorganizing the matrix
used 1n the web page ranking computations, caching 1s
performed more efliciently, resulting in faster page ranking
techniques.

In one aspect, a method of ranking objects 1n a collection
ol objects 1s provided, one or more of the objects in the
collection having links to other objects 1n the collection, the
method comprising: ordering the objects according to their
proximity to other objects in the collection with respect to
the links, and storing the links between objects 1n a memory
according to the ordering of the objects.

In another aspect, a computer-readable medium 1s pro-
vided, including computer-executable instructions facilitat-
ing the ranking of objects 1n a collection of objects, one or
more of the objects 1n the collection having links to other
objects 1n the collection, the computer-executable instruc-
tions performing the steps of: ordering the objects according
to their proximity to other objects 1n the collection with
respect to the links, and storing the links between objects in
a memory according to the ordering of the objects.

In still another aspect, a method of ordering objects from
a collection of 1interconnected objects 1s provided, the inter-
connection of objects represented by a first matrix, the
method comprising: computing a second matrix relative to
the first matrix, approximating a secondary eigenvector of
the second matrix, and ordering the objects relative to the
values 1 the approximation to the secondary eigenvector.

In yet another aspect, a computer-readable medium 1s
provided, including computer-executable mnstructions facili-
tating the ordering of objects 1 a collection of 1ntercon-
nected objects, the interconnection of objects represented by
a first matrix, the computer-executable instructions performs-
ing the steps of: computing a second matrix relative to the
first matrix, approximating a secondary eigenvector of the




Us 7,379,947 B2

3

second matrix, and ordering the objects relative to the values
in the approximation to the secondary eigenvector.

In still another aspect, a computer-readable medium 1s
provided, including computer-executable istructions facili-
tating the ranking of objects in a collection of interconnected
objects, a description of the interconnection stored 1n a
memory according to a first ordering of the objects, the
computer-executable instructions performing the step of
re-ordering the objects relative to their proximity to the other
objects via the mterconnection.

BRIEF DESCRIPTION OF THE DRAWINGS

While the appended claims set forth the features of the
present invention with particularity, the mvention and its
advantages are best understood from the following detailed
description taken in conjunction with the accompanying
drawings, ol which:

FIG. 1 1s a simplified schematic illustrating an exemplary
architecture of a computing device for carrying out web
page ranking and searching, in accordance with an embodi-
ment of the invention;

FIG. 2 1s a diagram 1llustrating an arrangement ol com-
puting devices connected to the Internet for carrying out web
page ranking and searching, in accordance with an embodi-
ment of the invention;

FIG. 3 1s an example illustrating a collection of web
pages, 1n accordance with an embodiment of the invention;

FIGS. 4a and 4b are diagrams illustrating a graph of nodes
and edges corresponding to an interconnection of web
pages, 1 accordance with an embodiment of the invention;

FIG. 5 15 a flow diagram illustrating a method of per-
forming a search among a collection of web pages, 1n
accordance with an embodiment of the invention.

FIG. 6 1s a schematic diagram illustrating the relabeling
and sorting of an array of web page links, 1n accordance with
an embodiment of the invention;

FI1G. 7 1s a flow diagram 1llustrating a general method for
computing a re-ordering of web pages, in accordance with
an embodiment of the invention;

FIG. 8 1s a tlow diagram illustrating a method for com-
puting a matrix representing the influence of neighboring
web pages, 1 accordance with an embodiment of the
invention; and

FIG. 9 1s a flow diagram 1llustrating a method of com-

puting a secondary eigenvector, mn accordance with an
embodiment of the invention.

DETAILED DESCRIPTION OF TH.
INVENTION

L1

The methods and systems to elliciently compute page
rankings will now be described with respect to preferred
embodiments; however, the methods and systems of the
present invention are not limited to computing page rankings
of web pages. Moreover, the skilled artisan will readily
appreciate that the methods and systems described herein are
merely exemplary and that variations can be made without
departing from the spirit and scope of the invention.

The present mvention will be more completely under-
stood through the following detailed description, which
should be read in conjunction with the attached drawings. In
this description, like numbers refer to similar elements
within various embodiments of the present invention. The
invention 1s 1llustrated as being implemented 1n a suitable
computing environment. Although not required, the mnven-
tion will be described in the general context of computer-

5

10

15

20

25

30

35

40

45

50

55

60

65

4

executable instructions, such as procedures, being executed
by a personal computer. Generally, procedures include pro-
gram modules, routines, functions, programs, objects, com-
ponents, data structures, etc. that perform particular tasks or
implement particular abstract data types. Moreover, those
skilled 1n the art will appreciate that the invention may be
practiced with other computer system configurations,
including hand-held devices, multi-processor systems,
microprocessor based or programmable consumer electron-
ics, network PCs, minicomputers, mainirame computers,
and the like. The invention may also be practiced 1n distrib-
uted computing environments where tasks are performed by
remote processing devices that are linked through a com-
munications network. In a distributed computing environ-
ment, program modules may be located 1n both local and
remote memory storage devices. The term computer system
may be used to refer to a system of computers such as may
be found 1n a distributed computing environment.

FIG. 1 illustrates an example of a suitable computing
system environment 100 on which the mmvention may be
implemented. The computing system environment 100 is
only one example of a suitable computing environment and
1s not mtended to suggest any limitation as to the scope of
use or functionality of the invention. Neither should the
computing environment 100 be interpreted as having any
dependency or requirement relating to any one or combina-
tion of components illustrated in the exemplary operating
environment 100. Although one embodiment of the inven-
tion does include each component illustrated in the exem-
plary operating environment 100, another more typical
embodiment of the invention excludes non-essential com-
ponents, for example, mput/output devices other than those
required for network communications.

With reference to FIG. 1, an exemplary system for imple-
menting the invention includes a general purpose computing
device 1n the form of a computer 110. Components of the
computer 110 may include, but are not limited to, a pro-
cessing unit 120, a system memory 130, and a system bus
121 that couples various system components including the
system memory to the processing unit 120. The system bus
121 may be any of several types of bus structures including,
a memory bus or memory controller, a peripheral bus, and a
local bus using any of a variety of bus architectures. By way

of example, and not limitation, such architectures include
Industry Standard Architecture (ISA) bus, Micro Channel

Architecture (IMCA) bus, Enhanced ISA (FISA) bus, Video
Electronics Standards Association (VESA) local bus, and
Peripheral Component Interconnect (PCI) bus also known as
Mezzanine bus. Additionally, components of the computer
110 may include a memory cache 122. The processing unit
120 may access data from the memory cache more quickly
than from the system memory 130. The memory cache 122
typically stores the data most recently accessed from the
system memory 130 or most recently processed by the
processing unit 120. The processing unit 120, prior to
retrieving data from the system memory 130, may check it
that data 1s currently stored in the memory cache 122. It so,
a “cache hit” results and the data 1s retrieved from the
memory cache 122 rather than from the generally slower
system memory 130.

The computer 110 typically includes a variety of com-
puter readable media. Computer readable media can be any
available media that can be accessed by the computer 110
and includes both wvolatile and nonvolatile media, and
removable and non-removable media. By way of example,
and not limitation, computer readable media may comprise
computer storage media and communication media. Com-
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puter storage media includes volatile and nonvolatile,
removable and non-removable media implemented 1n any
method or technology for storage of information such as
computer readable instructions, data structures, program
modules or other data. Computer storage media includes, but
1s not limited to, RAM, ROM, EEPROM, flash memory or
other memory technology, CD-ROM, digital versatile disks
(DVD) or other optical disk storage, magnetic cassettes,
magnetic tape, magnetic disk storage or other magnetic
storage devices, or any other medium which can be used to
store the desired information and which can be accessed by
the computer 110. Communication media typically embod-
ies computer readable instructions, data structures, program
modules or other data 1n a modulated data signal such as a
carrier wave or other transport mechanism and includes any
information delivery media. The term “modulated data sig-
nal” means a signal that has one or more of its characteristics
set or changed 1n such a manner as to encode 1nformation 1n
the signal. By way of example, and not limitation, commu-
nication media includes wired media such as a wired net-
work or direct-wired connection, and wireless media such as
acoustic, RF, infrared and other wireless media. Combina-
tions of the any of the above should also be included within
the scope of computer readable media.

The system memory 130 includes computer storage media
in the form of volatile and/or nonvolatile memory such as
read only memory (ROM) 131 and random access memory
(RAM) 132. A basic mput/output system 133 (BIOS), con-
taining the basic routines that help to transfer information
between elements within computer 110, such as during
start-up, 1s typically stored in ROM 131. RAM 132 typically
contains data and/or program modules that are immediately
accessible to and/or presently being operated on by process-
ing unit 120. By way of example, and not limitation, FIG. 1
illustrates operating system 134, application programs 135,
other program modules 136 and program data 137.

The computer 110 may also include other removable/non-
removable, volatile/nonvolatile computer storage media. By
way of example only, FIG. 1 1llustrates a hard disk drive 141
that reads from or writes to non-removable, nonvolatile
magnetic media, a magnetic disk drive 151 that reads from
or writes to a removable, nonvolatile magnetic disk 152, and
an optical disk drive 155 that reads from or writes to a
removable, nonvolatile optical disk 156 such as a CD ROM
or other optical media. Other removable/non-removable,
volatile/nonvolatile computer storage media that can be used
in the exemplary operating environment include, but are not
limited to, magnetic tape cassettes, flash memory cards,
digital versatile disks, digital video tape, solid state RAM,
solid state ROM, and the like. The hard disk drive 141 1s
typically connected to the system bus 121 through a non-
removable memory interface such as interface 140, and
magnetic disk drive 151 and optical disk drive 155 are
typically connected to the system bus 121 by a removable
memory interface, such as interface 150.

The drives and their associated computer storage media,
discussed above and illustrated 1n FIG. 1, provide storage of
computer readable instructions, data structures, program
modules and other data for the computer 110. In FIG. 1, for
example, hard disk drive 141 1s illustrated as storing oper-
ating system 144, application programs 145, other program
modules 146 and program data 147. Note that these com-
ponents can either be the same as or diflerent from operating,
system 134, application programs 135, other program mod-
ules 136, and program data 137. Operating system 144,
application programs 145, other program modules 146, and
program data 147 are given diflerent numbers hereto illus-
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6

trate that, at a minimum, they are different copies. A user
may enter commands and mformation into the computer 110
through 1input devices such as a tablet, or electromic digitizer,
164, a microphone 163, a keyboard 162 and pointing device
161, commonly referred to as a mouse, trackball or touch
pad. Other input devices (not shown) may include a joystick,
game pad, satellite dish, scanner, or the like. These and other
input devices are often connected to the processing unit 120
through a user mput interface 160 that 1s coupled to the
system bus, but may be connected by other interface and bus
structures, such as a parallel port, game port or a umiversal
serial bus (USB). A monitor 191 or other type of display
device 1s also connected to the system bus 121 via an
interface, such as a video interface 190. The monitor 191
may also be integrated with a touch-screen panel or the like.
Note that the monitor and/or touch screen panel can be
physically coupled to a housing in which the computing
device 110 1s incorporated, such as 1n a tablet-type personal
computer. In addition, computers such as the computing
device 110 may also include other peripheral output devices
such as speakers 197 and printer 196, which may be con-
nected through an output peripheral interface 194 or the like.

The computer 110 may operate in a networked environ-
ment using logical connections to one or more remote
computers, such as a remote computer 180. The remote
computer 180 may be a personal computer, a server, a router,
a network PC, a peer device or other common network node,
and typically includes many or all of the elements described
above relative to the computer 110, although only a memory
storage device 181 has been 1llustrated in FIG. 1. The logical
connections depicted 1n FIG. 1 iclude a local area network
(LAN) 171 and a wide area network (WAN) 173, but may
also include other networks. Such networking environments
are commonplace 1n oflices, enterprise-wide computer net-
works, intranets and the Internet. For example, 1n the present
invention, the computer 110 may comprise the source
machine from which data 1s being migrated, and the remote
computer 180 may comprise the destination machine. Note
however that source and destination machines need not be
connected by a network or any other means, but instead, data
may be migrated via any media capable of being written by
the source platform and read by the destination platform or
platiorms.

When used 1n a LAN networking environment, the com-
puter 110 1s connected to the LAN 171 through a network
interface or adapter 170. When used 1n a WAN networking
environment, the computer 110 typically includes a modem
172 or other means for establishing communications over
the WAN 173, such as the Internet. The modem 172, which
may be 1nternal or external, may be connected to the system
bus 121 via the user mput intertace 160 or other appropnate
mechanism. In a networked environment, program modules
depicted relative to the computer 110, or portions thereof,
may be stored 1n the remote memory storage device. By way
of example, and not limitation, FIG. 1 illustrates remote
application programs 185 as residing on memory device
181. It will be appreciated that the network connections
shown are exemplary and other means of establishing a
communications link between the computers may be used.

Turning to FIG. 2, a simple example of a computing
environment 1s depicted wherein the invention 1s potentially
exploited. In the illustrative environment, a computer 200
includes a network interface card (not specifically shown)
facilitating communications over a communications
medium. In the particular example depicted in FIG. 2, the
computer 200 commumnicates with a local area network 206
via physical connection. Alternatively, the computer 200
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could communicate with the local area network 206 via
WWAN or WLAN media, or via other communications
media.

The user of the computer 200, as a result of the supported
network medium, 1s able to access the Internet 202. For
example, the computer 200 accesses resources on the LAN
206 directly via physical connection to the LAN 206. The
LAN 206 1n the 1llustrative example 1s assumed to 1nclude
network access and proxy servers that enable a properly
authenticated user of the computer 200 to access resources
of the Internet 202.

The Internet 202 1s presented to the user of the computer
200 1n the form of web pages. A web page contains content
and 1instructions to be processed and displayed by a web
browser application 208 residing on the computer 200.
Alternatively, the web browser application 208 resides on a
networked computer 210, and 1s graphically displayed on
the computer 200 via a remote display program. Web pages
also contain hyperlinks to other web pages, allowing a user
to easily navigate from a displayed page to related pages by
selecting a presented hyperlink. In this way, the hyperlinks
on pages create a “web” of mterconnected pages, whereby
a user can navigate from one page to any of millions or
billions of pages by a series of hyperlink selections.
Although there may be several billion interconnected web
pages accessible over the Internet 202, it 1s useful for
purposes of the present invention to consider the pages as an
ordered set of pages 212 numbered 1 to n, where n 1s the total
number of pages accessible on the interconnected network
of web pages. To aid users in keeping track of interesting
web pages, web browser applications, can contain a “Favor-
ites” or “Bookmarks” feature 214, whereby the user 1s able
to store a list of web pages he 1s likely to access frequently,
enabling easy navigation to those pages in the future.

Although a user 1s able to navigate to web pages merely
by selecting hyperlinks, tools such as search engines exist to
aid the user 1n finding particular information contained 1n
web pages. In a typical scenario, the search engine 220 1s
housed 1n a server 222 connected to the Internet 202, and 1s
also connected to a database 224 containing indices and
information 226 about web pages on the Internet. In a typical
search engine, the user 1s presented with a web page on

which he enters search parameters, usually i the form of

search terms. The search engine 220 uses 1ts database 224 to
process the user request and in turn present the user with a
new web page containing links to other pages that satisfied
the parameters of the user’s request.

When a large number of pages satisty the search param-
eters, presenting the search results to the user 1n an organized
manner may be problematic. A list of thousands of web
pages 1n no particular order forces the user to painstakingly
manually sort through the entire list to find relevant pages.
Therefore, modern search engines oiten grade or “rank™
pages based on presumed relevance to the user by using, for
example, an incorporated page ranking engine 228. The web
pages satistying the search can then be sorted by presumed
relevance, so that the user i1s presented with the most
relevant results at the top of the result list.

Determining the relevance of any particular web page,
however, 1s not a trivial task. One approach to determinming
relevance looks at the structure of interconnectivity amongst
pages on the Internet, to discover which pages are “popular”
in that many other web pages contain hyperlinks leading to
that page. The structure of interconnectivity can be stored on

an “connectivity matrix”’, where entry [1.j] in the matrix
indicates the presence of a hyperlink from page j to page 1.
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An example of a connectivity matrix used to describe the
interconnectivity among web pages, as used 1n an embodi-
ment of the present ivention, 1s now described with refer-
ence to FIG. 3. The universe of web pages 1in the example of
FIG. 3 consists of only five web pages, for illustrative
purposes. Pagel 301 contains hyperlinks to page2 302,
page3 303 and paged 304. Page2 302 contains hyperlinks to
pagel 301 and paged 304. Page3 303 contains only one
hyperlink to paged 304. Page4 contains hyperlinks to pagel
301 and page2 302. Page5 contains hyperlinks to page3 303
and paged4 304. In the example, this interconnectivity 1is
described by the connectivity matrix

01 0 1 0°
1 00 1 0
00 0 1
1 1101
00000,

where an element at row 1, column 7 1s 1 1f an only it there
1s link from page 7 to page 1. If a hyperlink 1s chosen
uniformly at random from a page, then there is a corre-
sponding probability p(i,1) of going from page 1 to page 1
when a hyperlink 1s chosen. The corresponding random walk
transition matrix A 1s:

(0 050 05 0
033 0 0 05 0
A=1033 0 0 0 05|
033 05 1 0 05
0 0 0 0 0,

The sum of each column of matrix A equals 1. The present
invention 1s not limited, however, to choosing a hyperlink
uniformly at random within a page. Any arbitrary probabil-
ity distribution may be applied to the choosing of hyperlinks
within any particular page. For example, 11 statistical data 1s
known about actual usage patterns, that information can be
applied 1n assigning the probabilities contained in A.

Given that the Internet currently comprises billions of
pages, and the vast majority of these pages do not contain
hyperlinks between them, matrix A as used 1n practice
outside this example will be a sparse matrix containing
mostly zero-entries. The sparseness property 1s useful
because 1t allows for compression techniques to store the
matrix efliciently. In addition to sparseness, another impor-
tant matrix concept 1s the “rank™ of a matrix, a mathematical
term unrelated to a web page’s “pagerank™ or “rank™ of an
individual web page. The rank of a matrix 1s the number of
linearly independent columns (or rows) of the matrix. For
practical purposes, matrices of lower rank can be stored
more etliciently than matrices of higher rank—a nxn matrix
of rank-k contains information requiring on the order of kn
storage, rather than the order of n® storage potentially
required by a matrix of rank-n.

Alternatively, the connectivity among the pages may be
considered 1n the form of a graph containing vertices and
directed edges. In this manner, each vertex represents a web
page, and each directed edge represents a hyperlink between
pages. By assigning weights to the edges, a probability
distribution among a page’s hyperlinks can be represented.
An example of a graph corresponding to the interconnection
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of web pages shown 1n FIG. 3 1s now described with respect
to FIGS. 4a-4b. In FIG. 4a depicts a set of vertices corre-
sponding to web pages and a set of edges connecting the

vertices. For example, directed edge 402 corresponds to the
link from Pagel 404 (corresponding to Pagel 301 in FIG. 3)

to Page2 406 (i.e., Page2 302 in FIG. 3). The directed graph
of FIG. 4a 1s consistent with the interconnectivity matrix
given above. An embodiment of the present mvention con-
siders graphs with undirected edges, as shown 1n FIG. 4b6. In
an undirected graph, an edge 410 between Pagel 404 and
Page2 406 corresponds to erther a link from Pagel 301 to
Page2 302, or a link from Page2 302 to Pagel 301, or both.
The corresponding interconnectivity matrix to an undirected
graph 1s generally a symmetric matrix, such that the entry 1n
column 7, row 1 1s equal to the entry 1n row j, column 1. The
symmetric matrix corresponding to the graph of FIG. 4b 1s

(001 1 1 0
1 00 10
00 1 1]
1 1101
00110,

Turning to FIG. 5, 1n accordance with one embodiment, a
user enters search terms at step 504 and sends the query to
the search engine at step 506. A page ranking engine, prior
to recerving the query, has computed page ranks for pages at
step 508 based on the interconnectivity (and possibly other
statistical data) of web pages on the Internet. After receiving
the query, the search engine performs the search on the given
search terms and obtains the results at step 510. The search
engine then sorts the results by pagerank at step 512. The
sorted results are returned to the user at step 514.

Several existing methods for ranking web pages utilize
the notion of a theoretical “random walk” among the web
pages ol the Internet. Generally, a random walk can be
thought of as starting at some web page k and then selecting,
a hyperlink to page 1 with some probability A[j, k]. The walk
continues from page ] by selecting a hyperlink to another
page 1, with some probability Af1, j], or by randomly
‘teleporting’ to another page to avoid dead-ends. The theo-
retical random walk continues indefinitely. By performing
mathematical mamipulations on the random walk transition
matrix A, a search engine can rank a page based on the
probability or arriving at the page at a step of the random
walk. Existing page ranking algorithms compute the page
rank of a page by computing the stationary distribution of a
Markov chain represented by A or a related transition matrix.
This may correspond to finding the principal eigenvector of
a transition matrix (1.e., the eigenvector whose correspond-
ing eigenvalue 1s maximal). Several techniques are known
for computing page rankings in this manner.

As 1s typical with existing page ranking methods, embodi-
ments of the invention store data regarding the interconnec-
tion of web pages in a memory with a particular data
structure. An exemplary data structure i1s described with
reference to FIG. 6. An array 602 contains one entry for each
edge 1n the corresponding web graph (1.¢., for each nonzero
clement 1n the connectivity matrix), as shown in FIG. 4a.
Each array element 1s of a uniform size, and the array 602
occupies a contiguous block of memory. By storing infor-
mation only about the actual edges, and not the non-edges,
much less memory 1s required than 1f the entire connectivity
matrix (1.e., including the zero entries) was stored. An array
clement contains an edge description (1,1), representing the
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link from page 1 to page j. In the example of FIG. 6, the
clements 1n the array 602 are sorted by the first value of the
pair, which represents the web page from which the link 1s
outgoing. The index used to sort the exemplary array 602 1s
arbitrary, and there 1s no significance to the relative order or
labeling of the pages.

Typically, a page ranking method will access data struc-
tures such as the example 1n FIG. 6 sequentially, processing
one element after another. Additionally, typical page ranking
methods use an additional data structure for maintaiming
page ranking information corresponding to pages. A typical
data structure for maintaining page ranking information 1s a
single-dimensional array, with one array element per page.
Such an array of page ranking information 1s generally
accessible via random access, by retrieving the element for
a particularly specified index.

As previously mentioned, one contributing factor to the
amount ol time necessary to perform page ranking 1s the
number of memory accesses required by the processor. Each
access to memory adds an amount of time (about 100
nanoseconds) that 1s very large relative to the processor’s
speed. A processor cache, however, requires significantly
less time to be accessed. Embodiments of the invention use
caches and either or both of two related but independent
techniques to reduce the number of accesses required of
memory. First, nodes (web pages) are relabeled 1n accor-
dance with an optimized ordering. Although the edges may
not be physically rearranged in memory, changing the 1den-
tifiers of the pages’ associated nodes changes the pattern of
access to an array of page ranking information. For example,
if the nodes corresponding to two pages that are frequently
both linked-to by other pages are relabeled to have adjacent
indices, then many accesses to the page ranking information
array element for the second page will be preceded by an
access to the element for the first page. Because caches store
chunks of contiguous memory (and store recently accessed
data), an access for the first page may bring the ranking data
associated with both pages into the cache. Without relabel-
ling, the access to the two pages are to distinct regions of
memory and may occur at very different times, so the cache
may not be able to service the second access more efliciently.
By relabeling the nodes, it becomes more likely that page
ranking data corresponding to adjacent nodes are in the
cache at the same time, reducing the likelihood of having to
retrieve that data from memory. This advantage 1s particu-
larly seen when performing indexed accesses to the data
structure storing the page ranking information.

In the second technique, page link data 1s sorted 1n an
optimized order for the particular web graph represented.
That 1s, 11 a first block of memory contains array elements
corresponding to outgoing edges from a first node (web
page), then a contiguous second block of elements 1n the
array corresponds to outgoing edges from a second node,
and the first and second nodes are “near” each other 1n the
web graph. Arranging the array elements by the proximity of
nodes 1n this manner increases the efliciency of reading links
sequentially from a data structure such as that shown 1n FIG.
6; when reading through the data structure and encountering,
outgoing edges for a page 1, the likelihood i1s increased that
information for page j has already been processed with
respect to some edge (1,1) for an earlier page 1. This conse-
quently increases the likelihood that page ranking informa-
tion for page j 1s presently stored in a cache, resulting 1n a
speed 1ncrease 1 page rank computation. Furthermore, this
technique increases the likelihood that, when following a
link from one page to another 1n an exploration of the links
(1.e., traversing the array of edge information non-sequen-
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tially), the next page’s links are not too far away in memory.
This provides an advantage, since i1 a large chunk of
contiguous memory containing edge imformation 1s read at
once mmto a cache, 1t 1s less likely that a second chunk will
need to be read soon thereatter. Generally, the nodes are also
relabeled, as in the first technique described above, and
those advantages are additionally obtained.

Results of applying the two techniques described above
are 1llustrated 1n FIG. 6. In the example, a relabeling of the
web pages 1s performed by permuting the labels according
to the permutation

2 3 4 5

1
604,
4}' 5}' 2}' 3}' 1}'

so that Pagel 1s relabeled as Paged', Page2 is relabeled as
PageS', etc. Array 606 1illustrates the array with relabeled
clements. In one embodiment, elements of the array are not
themselves relabeled, however. Instead, the relabeling 1s
performed external to the array elements; the edges repre-
sented by the relabeled array 606 are not sorted, so conse-
quently, there may not be any physical change to the
contents of array 602. This corresponds to the first technique
described above. Continuing with the example, the second
technique described above 1s applied to sort the array
clements according to their relabeling. This results 1 a
rearranging ol array elements to yield the exemplary array
608. The elements of array 608 are physically sorted accord-
ing to the relabeling, although the actual content of an array
clement 1s not relabeled. Thus, element 610 of resorted array
608 actually contains a value “(1,4)”, rather than a relabeled
value “(2', 3')"—a page ranking method making use of
resorted array 608 preferably performs on-the-tly relabeling
of the edges, using the relabeled indices to access an array
ol page ranking information for the pages.

Turning to FIGS. 7-9, a method 1s described for comput-
ing a re-ordering ol web pages to increase the speed with
which page rankings are calculated, as used 1n an embodi-
ment of the invention. Generally, the method takes an 1nitial
ordering for a set of web pages at step 702, constructs a
matrix representing the weighted intluence that pages have
on their neighbors at step 704, and finds the secondary
eigenvector of this matrix (1.e., the eigenvector whose cor-
responding eigenvalue 1s the second greatest) at step 706.
The web pages are relabeled and sorted at step 708 accord-
ing to the values 1in the eigenvector.

In more detail, FIG. 8 shows a method of constructing a
matrix representing the weighted intluence that pages have
on their neighbors, as used 1n an embodiment of the inven-
tion. The method begins by reading a list of links between
pages at step 802. A first symmetric matrix 1s constructed
representing the links between the pages at step 804. Alter-
natively, a symmetric matrix 1s not constructed, and the
method considers only mcoming, or only outgoing links
from pages. A diagonal matrix D 1s then constructed at step
806, where a diagonal entry DJi1, 1] 1s set to the number of
links entering or leaving the corresponding page 1. For the
exemplary set of web pages in FIGS. 3 and 4, the diagonal
matrix 1s:
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(30 0 0 0©
02000
00300
000 40
0000 2,

A new matrix 1s constructed at step 808 by averaging the
clements of the first matrix and the diagonal matrix D.
Embodiments of the invention perform this step 808 to
ensure that various degenerate conditions do not arise later
when computing the secondary eigenvector. The method
continues at step 810 by multiplying the inverse of diagonal
matrix D by the new matrix in order to compute a matrix W

representing the weighted pull of page neighbors. In the
example of FIGS. 3 and 4, matrix W 1s:

(033 0 0 0 0y (15050505 0>
0 05 0 0 O 0.5 1 0 05 0
w= 0 0 033 0 0 |x|05 0 1.5 05 05]=
0 0 0 025 0O 0.5 05 05 2 0.5
0 0 0 0 05,0 0 0505 1,
(0.5 0.167 0.167 0.167 0
025 05 0 025 O
0.167 0 0.5 0.167 0.167 |.
0.125 0.125 0.125 0.5 0.125
L0 0 025 025 05,

Turning to FI1G. 9, a method of computing a reordering for
web pages 1s described 1n terms of computing a secondary
eigenvector of a matrix, as used in an embodiment of the
invention. The method takes as input a matrix W represent-
ing the weighted intluence of neighboring web pages, such
as that computed with the method of FIG. 8, at step 902.
Values are imitially arbitrary chosen and assigned to each
web page to form an 1nitial vector at step 904. An example
initial vector is

The vector 1s multiplied by W at step 906 to yield a new
vector representing the approximate average of the values of
a page’s neighbors:

(4N (19.83
1 26.25
wl 7 |=] 21
09 | | 51.25
2 ) 275,
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The new vector 1s centered at step 908 by adding a sutilicient
fixed amount to each value 1n the new vector 1n order that the
average of the values 1s zero:

(19.83Y (-=29.17Y {-9.33"
2625 | | =29.17 | | -2.92
21 |4+ -29.17 [ =] -8.17 |.
51.25 | | =29.17 22.08
275 ) \=-29.17) | -167,

The vector 1s then normalized at step 910 to keep the
magnitude of the new vector constant:

(—9.33Y (-0.37"
-2.92 —0.11

normalize | —8.17 | =| —0.32 |.
22.08 (.86

—1.67) \-0.07,

At step 912, a termunation condition i1s checked. In one
embodiment of the invention, the termination condition 1s
whether values 1n the new vector differ significantly from
values 1n the previous iteration’s vector. In another embodi-
ment, the termination condition 1s whether a certain number
of 1terations have been performed. In another embodiment,
the termination condition 1s whether the mner product
between vectors from one iteration to the next 1s close to 1.
In still another embodiment, the termination condition 1s
whether the relative ordering of the values of the vector has
not changed for some number of iterations. If the termina-
tion condition 1s satisfied, the method ends, outputting the
vector as the secondary eigenvector at step 914. Otherwise,
another 1iteration takes place by returning to step 906 for
multiplication of the new vector by W. In the above example,
the vector settles to

(034
_0.62
0.34
0.00
L 0.62

after about twenty iterations. This vector 1s approximately
the secondary eigenvector of the matrix W given above.

Once the secondary eigenvector has been computed by
methods such as those described above, web pages are
relabeled and/or sorted 1n physical memory according to the
cigenvector. In the example above, the fifth value of the
secondary eigenvector 1s largest, so PageS 1s relabeled as
Pagel', and the indices of the connectivity matrix are rela-
beled accordingly. Similarly, Page3 is relabeled as Page?2',
Paged 1s relabeled as Page3', etc., following the ordering of
the values in the secondary eigenvector. A page ranking
technique 1s then used to rank the web pages, using the new
labels for the pages. Matrices with such relabeled pages
ellectively shift rows of the original matrix and columns of
the original matrix, so that rows near each other and columns
near each other represent web pages that are near each other
in the web graph. Since many page ranking techniques
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perform matrix operations by progressing through the rows
and/or columns of a matrix in labeled order, the relabeling
performed by embodiments of the imvention results in
increased efliciency of the page ranking techniques. The
methods described above for relabeling and sorting the
indices of web pages can thus be performed as a pre-
processing step, applicable to any number of page ranking
techniques.

The application of the present mvention 1s not confined to
ranking web pages. The mvention i1s equally applicable to
any set of mterconnected objects where a matrix 1s used to
represent the interconnections. For example, the mvention
could be applied in ranking individuals within a social
network, or in i1dentifying important resources on an elec-
trical grid or telecommunications network.

Additionally, the mnvention could be applied to finding an
ellicient distribution of resources across a distributed net-
work. One particular example of such a distribution of
resources 1s a virtual messaging service comprising many
users. A user typically logs on to one of the distributed
servers hosting the service and 1s notified of which of his
previously set list of associated users (“ifriends” or “bud-
dies™) 1s currently also logged into the service. Other users
who have included him 1n their lists are similarly notified of
his logging 1n. The users may then engage 1n direct com-
munication sessions between each other. In such a system, 1t
would be beneficial 1t users who are on each other’s lists
were served by the same one of the distributed servers, thus
reducing communication costs between servers on the dis-
tributed network. Applying the mvention to such a system
would thus reduce overall communications costs of the
system by helping ensure that users who communicate with
cach other are generally served by the same server, or by one
that 1s nearby.

In view of the many possible embodiments to which the
principles of the present invention may be applied, 1t should
be recognized that the embodiments described herein with
respect to the drawing figures are meant to be illustrative
only and should not be taken as limiting the scope of the
invention. For example, those of skill 1in the art will recog-
nize that the illustrated embodiments can be modified n
arrangement and detail without departing from the spirit of
the invention. Although the imnvention 1s described in terms
ol software modules or components, those skilled 1n the art
will recognize that such may be equivalently replaced by
hardware components. Therefore, the invention as described
herein contemplates all such embodiments as may come

within the scope of the following claims and equivalents
thereof.

What 1s claimed 1s:

1. A computer-implemented method of ordering objects
from a collection of interconnected objects, the interconnec-
tion ol objects represented by a first matrix, the method
comprising:

computing a second matrix relative to the first matrix;

approximating a secondary eigenvector of the second

matrix by selecting initial values for a first vector, and

repeating the steps of:

multiplying the second matrix by the first vector to
obtain a second vector:;

centering the second vector, wherein centering the
second vector comprises adding a fixed amount to
cach entry in the second vector till the average of the
second vector’s entries 1S zero; and

replacing the values of the first vector by the values of
the second vector:

until a termination condition 1s satisfied;
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ordering the objects relative to the values 1n the approxi-
mation to the secondary eigenvector; and
storing the objects according to the ordering relative to the
values 1n file approximation to the secondary eigen-
vector. 5
2. A computer-readable storage medium including com-
puter-executable 1nstructions facilitating the ordering of
objects 1 a collection of mterconnected objects, the inter-
connection ol objects represented by a first matrix, the
computer-executable instructions performing the steps of: 10
computing a second matrix relative to the first matrix;
approximating a secondary eigenvector of the second
matrix by performing the steps of:
selecting 1nitial values for a first vector, and repeating,
the steps of: 15
multiplying the second matrix by the first vector to
obtain a second vector:

16

centering the second vector, wherein centering the
second vector comprises adding a fixed amount to
cach entry in the second vector till the average of
the second vector’s entries 1s zero; and

replacing the values of the first vector by the values
of the second vector;

until a termination condition 1s satisfied:

ordering the objects relative to the values 1n the approxi-
mation to the secondary eigenvector; and

storing the objects according to the ordering relative to the
values 1n the approximation to the secondary eigenvec-
tor.
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