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HINGED SUBSTRATE FOR
LARGE-APERTURE, LIGHTWEIGHT,
DEFORMABLE MIRRORS

FIELD OF THE INVENTION

This mvention relates generally to deformable mirrors
and, m particular, to a hinged, as opposed to a monolithic,
substrate for deformable mirrors.

BACKGROUND OF THE INVENTION

Existing deformable mirror technologies make use of a
monolithic substrate to support the mirror face sheet, which
1s either bonded to the substrate or 1s an 1ntegral part of the
substrate itself.

FIG. 1A shows a prior-art surface normal actuator (SNA)
design, and FIG. 1B shows a prior-art surface parallel
actuator (SPA) design. In FIG. 1A, the deformation of the
mirror face sheet 102 1s achieved using actuators 104 which
react against a rigid back plane 106. In FIG. 1B, the
actuators 114 are parallel to the mirror face sheet 112. The
actuators 114 deform the substrate structure 1tself, but do not
require a rigid back plane.

The SNA design requires a stiff monolithic back plane,
which limits the extent to which the substrate can be light
welghted, especially for large aperture mirrors. The SPA
design, on the other hand, requires the deformation of the
monolithic substrate itself, resulting 1n high stress levels and
stress concentrations 1n the substrate, which limit the extent
to which the substrate can made lightweight. Typically, the
SNA design 1s heavier than the SPA design, but it can
provide optical correctability to higher spatial frequencies;
as such, more actuators can be used per unit surface area of
the mirror.

The stresses induced 1n the mirror face sheet itself, due to
bending and hoop stresses, also influence the design and the
achievable weight. Past and current deformable mirror tech-
nologies have typically used glass face sheets, which cannot
be thinned below about 1 mm. New mirror face sheet
technologies such as the nano-laminate and membrane
approaches are producing extremely thin face sheets, typi-
cally less than about 0.05 mm, which are extremely light
(small fractions of kg per square meter), and which also have
extremely low bending stiffness.

There 1s also a hybrid deformable mirror technology
under development that combines the nano-laminate tech-
nology with the monolithic substrate SPA technology. This
combination 1s expected to push mirror weight down to
values smaller than the current glass technologies, but much
heavier than the nano-laminate itself. If it becomes neces-
sary to push the light weighting down further, a further
evolution of substrate and actuation technologies would be
required to enable extremely large aperture designs, for a
grven mirror weight.

There are research efforts aimed at eliminating the dis-
tributed support (substrate) structure altogether and deform
the mirror face sheet with some distributed actuation scheme
such as distributed “patch” actuators or electrostatic actua-
fion using some charge deposition scheme using electron
oun. However, all such schemes suffer from a fundamental
difficulty due to the lack of rigidity of the mirror. In addition
to being able to deform the mirror, 1t 1s necessary to provide
some rigidity to the mirror, not only to withstand distur-
bances but also to ensure that the response to a given set of
actuator commands 1s unique.
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A major design constraint in the prior art mirror designs
is the effect of the Coefficient of Thermal Expansion (CTE)
mismatch between the face sheet and its supporting sub-
strate, which drives the design to (a) minimize CTE mis-
match, or reduce CTE to almost zero, and (b) impose
temperature control with tight tolerances.

SUMMARY OF THE INVENTION

This 1nvention resides 1 an 1mproved structure and
method for building large-aperture lightweight deformable
mirrors using a hinged as opposed to monolithic substrate.
In addition to reduced weight, the approach provides rigidity
to the mirror, which 1s necessary for the accurate response to
actuator commands and tolerance to disturbances. A major
claim of this invention 1s that the actuated hinged substrate
allows tolerance of large CTE mismatch between the face
sheet and the substrate, under severe temperature conditions.
This invention accomplishes this CTE mismatch tolerance
by being able to deform the substrate 1n the tangential
(in-plane) directions of the face sheet, in addition to the
direction normal to the face sheet. By adjusting the tangen-
tial locations of the substrate’s support points of the face
sheet by actuation, the effects of CTE mismatch are elimi-
nated. This capability 1s unique to this mnvention.

No stresses are 1nduced in the substrate due to the
commanded deformation of the substrate, regardless of the
magnitude of the deformation. Any stresses in the substrate
structure are those induced due to forces in the face sheet,
which are likely to be small using advanced nano-laminate
and membrane face sheet technologies.

The magnitude of the deformation (dynamic range) is
limited only by the actuator stroke, and not by the stresses
induced i1n the substrate. The design therefore accommo-
dates small-force, large-stroke actuators, as opposed to the
current designs that use large-force, small-stroke actuators.

The 1nvention finds utility in numerous applications,
including lightweight large aperture mirror substrate and RF
reflector structures.

BRIEF DESCRIPITION OF THE DRAWINGS

FIG. 1A shows a prior art surface normal actuator (SNA)
design;

FIG. 1B shows a prior art surface parallel actuator (SPA)
design;

FIG. 2 shows a hinged substrate deformable mirror of the
present 1nvention;

FIG. 3 shows a non-rigid hinged structure;

FIG. 4A shows a minimally rigid hinged structure;

FIG. 4B shows an alternative minimally rigid hinged
structure;

FIG. SA shows a compact, minimally rigid hinged struc-
ture;

FIG. 5B shows the addition of a point to a minimally rigid
hinged structure;

FIG. 5C shows the addition of a pair of points to a
minimally rigid hinged structure;

FIG. 5D 1illustrates fundamental minimally rigid hinged
structure,

FIG. SE illustrates a different fundamental minimally
rigid hinged structure;

FIG. 5F 1llustrates adding a pair of points to the starting
minimally rigid hinged structure;

FIG. 6 shows a sample response to a single actuator
command;




US 6,984,049 B2

3

FIG. 7 1llustrates how an ultra lightweight actuator could
be used to implement the present invention;

FIG. 8 A illustrates an alternative method according to the
invention wherein, starting with three front side points, one
backside point 1s defined, forming a tetrahedron with six
beams;

FIG. 8B continues the process begun 1n FIG. 8A, wherein
one adjacent front side point 1s connected, adding one
backside point and six connecting beams, resulting 1n a
structure which 1s minimally rigid;

FIG. 9 1s a 3-D view of a minimally rigid structure built
using the method of FIGS. 8A and 8B; and

FIG. 10 1s a 2-D view of a minimally rigid structure built
using the method of FIGS. 8A and 8B.

DETAILED DESCRIPTION OF THE
INVENTION

This invention improves upon the existing art by provid-
ing a sufficiently rigid yet deformable mirror substrate with
extremely low (near zero) substrate stress levels, limited
only by the stresses resulting from the face sheet character-
istics, which can be made very low using the newly emerg-
ing nano-laminate and membrane technologies.

The hinges used 1n the description of this invention are
flexure hinges or pivots, explained as follows. The flexure
hinge or pivot consists of the flexures coming together at any
ogrven joint being welded or bonded together, so that the
angles between the tangents to the flexures at a given joint
remain constant. For small motions, when the flexures
undergo small deflections, 1t can be shown from geometrical
considerations that we can approximate the flexure hinge or
pivot joint with an 1deal hinge, with the beams along the
straight lines joining the pivot points in the substrate. Such
flexure hinges or pivots have been 1in widely used 1n optical
mounts for a long time, to approximate 1deal hinges, and the
ideal hinge approximation 1s a well-understood one. The
advantage of using flexure hinges 1s that 1t avoids the
disadvantages of using real hinges that use sliding contacts
(such as spherical ball and socket joints or universal joints),
namely the micro creep and micro lurch problems, and the
need to provide preloads. The following development of the
theory of the hinged substrate assumes i1deal hinges. In
practice, the flexures do bend a little, and so there 1s some
small moment transmitted across the joint, but that 1s neg-
ligible. Also, 1f necessary, the actuators 1n the substrate can
be commanded 1n such a manner as to control the bending
moments 1n the flexures at the support points of the face
sheet, thereby applying either zero bending moments or
some small desired bending moments, 1nto the face sheet.
This 1s because, in the design, there are sufliciently more
actuators (control degrees of freedom) in the substrate than
those needed to effect tangential and normal deformations at
the face sheet support points. Thus, even the small bending
moments 1n the flexures supporting the face sheet can be
zeroed, 1f needed.

A hinged structural substrate design according to the
invention 1s shown generally at 200 in the simplified dia-
oram of FIG. 2. In the preferred embodiment, the hinges
have zero dead-zone using appropriate techniques such as
flexure pivots. If the mirror face sheet 202 requires zero
(arbitrarily small) forces or torques to deform it, then the
hinged substrate will also require zero (arbitrarily small)
forces and stresses. The extremely low substrate force levels
mean that the actuators need not develop large forces. This
may drive the actuator design to technologies other than
those currently used, namely piezo- or electrostrictive or
magnetostrictive devices, which develop large forces but
have a very small stroke and are heavy.
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Broadly, the hinged structure 1s made up of a set of beams
(links) that are joined at certain points to form a structure. In
the preferred embodiment, all the joints are 1deal 1n the sense
that the torque transmitted across any hinge is identically
zero. A hinged structure 1s said to be rigid if there can be no
relative motion between any two of its points while main-
taining zero stress in the beams. When stress 1n the beams 1s
zero, the only motion possible for a rigid hinged structure 1s
the rigid body motion of the entire structure as a whole.

The property of rigidity 1s important for the hinged
structure to function as a mirror substrate, since otherwise
the mirror shape 1s not unique for given beam lengths, and
so the deformation resulting from a given command (beam
length change) may be quite different from what is expected.

A hinged structure 1s said to be a minimally rigid hinged
structure, if (a) it 1s rigid, and (b) the removal of any one
beam makes the structure non-rigid, that 1s, permits relative
motion between some points of the structure.

In a minimally rigid hinged structure, there are no over-
constraints, and so there are no stresses 1n the beams of the
structure even 1f the lengths of the beams are changed
arbitrarily, as long as there are no external forces acting on
the structure. If there are over-constraints, on the other hand,
as the lengths of the beams are changed arbitrarily, in
ogeneral, there will be stresses 1n the beams even when there
are no external forces acting on the structure. When over-
constraints are present, in order to make the stresses zero, the
changes in the beam lengths must be according to a precise
relationship among them, and not arbitrary.

If the length of a beam of a mimmally rigid hinged
structure 1s changed, then the shape of the structure changes
but there are no stresses induced 1n the structure. That 1s, the
structure 1s deformed with zero stresses 1n its constituent
beams. This property of zero stress 1s attractive 1n the design
of lightweight deformable optical mirrors and RF reflectors.
It will seen, however, that in the case of optical mirrors (and
in the case of RF reflectors which use a continuous face
sheet for reflecting surface), this ideal of zero stress in the
substrate structure can be approached but not reached, due
to some stresses that are inevitable 1n deforming the thin face
sheet. Still, 1t 1s very attractive to be able to reduce the

stresses to the bare minimum, and to work this bare mini-
mum stress levels down through improvements in the face
sheet technology.

Let n=the number of points 1n the structure. In the absence
of any beams, the n points have 3n degrees of freedom
(DOFs). Let m=the number of beams. The beam connecting
two points at {X,, V;, Z;} and {X, y;, Z;} introduces a
constraint:

(xi_xj)2+(y.i_yj)2+(z.i_zj)zz(Lf,j) : (1)
where L; ; 1s the length of the beam between points 1 and j.
The m beams therefore introduce m constraints. If 3n-m>6,
it means that there are more degrees of freedom than the six
rigid body degrees of freedom, and so the structure will not
be rigid. If 3n—-m<6, there are over constraints. Therefore, a
necessary (but not sufficient) condition for the hinged struc-
ture to be minimally rigid 1s:

m=3n-6 (2)
If the m constraints are independent, then this condition 1s
also sufficient. For small displacements of points, the con-

straint equation becomes:

(xf—xﬁ £dxf—dxj)+(yf—y j.) (dy —dy j.)+(zi.—zj.) (dzf—dzj):L i
£.f

(3)
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A 3n element column vector made up of the small
displacements of the n points can be defined as:

dxyz={dx, dy, dz, i=1 .. (4)

. n}!, T for transpose.

Equation (3) can be written in matrix form as:

H1 dxyz={dL,, k=1 . ..

is a (mx3n) matrix

m}’ where dL,=dL,; and H1
(5)

The small displacements of the six rigid body degrees of
freedom, {dx0, dy0, dz0, dox0, dOy0, d6z0}, are related to
the corresponding small displacements of the points by the
following relationships, dx =dx0+z, dOy0-y. d0z0,1=1 .. . n,

cyi—dyO +x.d0z0 -z, dOx0,1=1 . . . n, dz,=dz0, +y, dEIXO—X
doy0,1=1 .. . n, Wthh can be wrltten in matrix form as:
dxyz=R{dx0, dy0, dz0, d0x0, doy0, d0z0}*, where R is a
(3nx6) matrix, from which we get:

{dx0, dy0, d=0,
Ridxyz=H2dxyz

d6x0, doy0, doz0}'=(R"R)™

(6)

which, for an arbitrary displacement vector dxyz, defines the
least squares best {it rigid body motion of the entire struc-
ture. The rank of matrix H2 is 6, because {dx0, dy0, dz0,
d6x0, dOy0, d6z0} are six independent variables. Equations
(5) and (6) can be combined as:

(7)

Where H is the ((m+6)x3n) matrix whose first m rows are
the rows of matrix H1, and the last six rows are the rows of
matrix H2, and cmd is the (m+6) column (command) vector
whose first m elements are the m changes in the beam
lengths {dL,, k=1 ... m}" and the last six elements are the
six rigid body motions {dx0,dy0,dz0,d6x0,d0y0,d6z0}".
When the necessary condition for minimal rigidity, m=3n-6

(equation (2)), is satisfied, the matrix H has dimensions
(3nx3n).

The condition that the m constraints (equation (3)) be
independent 1s equivalent to the condition that the rank of
matrix H1 must equal m, which in turn must equal (3n-6).
Therefore, the necessary and sufficient condition for the
orven hinged structure to be minimally rigid 1s that the
matrix H1 must have size (3n-6)x3n and rank equal to
(3n-06).

In the 3n dimensional space spanned by the vector dxyz,
all the points 1 the 6 dimensional subspace spanned by H2
dxyz correspond to rigid body motions of the entire struc-
ture, that 1s, with zero relative motion between the n points,
with zero changes 1 the beam lengths. Thus, the subspace
spanned by H2 dxyz is orthogonal to the remaining (3n-6)
dimensional subspace. Therefore, for a mimmally rigid
structure, since the rank of H1 is (3n-6), and the rank of H2
1s 6, 1t follows that the rank of matrix H 1s 3n. Therefore,
another necessary and sufficient condition for the given
hinged structure to be minimally rigid 1s that the rank of
matrix H must equal 3n. When the hinged structure satisfies
this condition (rank H=3n), H can be inverted to get:

H dxyz=cmd,

dxyz=G cmd where G=H " (8)

Equations (7) and (8) define the relationship between
beam length changes and the motion of the points of the
minimally rigid hinged mirror substrate, including rigid
body motions. The six rigid body motions require six
external actuators, such as a set of three bipods attached to
a fixed reference platform.

Because the vector dxyz spans all possible combinations
of the small motions of all the points, 1t follows that the
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6

minimally rigid hinged structure can be commanded to make
its front surface conform to any desired deformed shape,
subject only to the spatial sampling by the points on the front
surface. Interestingly, the points on the mirror surface can be
commanded to move 1n directions that are tangential as well
as normal to the mirror surface, and so can accommodate not
only wave front corrections, but also CTE (coefficient of
thermal expansion) mismatch between mirror face sheet and
the substrate.

The face sheet should have adequate stiffness to maintain
its local smoothness between the adjacent support (substrate
pivot) points. The points of the hinged structure shown in
FIG. 3 are on a paraboloidal surface. For this structure, the
number of points (n) is 91, and the number of beams (m) is
240, and so (3n-6)=267 is greater than m and so this
structure 1s not rigid. This means that for any given set of
values of the lengths of the m beams, some points can move
relative to each other, which means that the shape of the
structure 1s not unique.

This flexibility of the structure for given lengths of the
beams means that the mirror shape cannot be held 1n any
grven configuration by merely adjusting the beam lengths.
Therefore this 1s not an acceptable structure for the mirror.
Even though the surface 1s a curved surface, 1t lacks rigidity.

If one were to define such structures using quadrilaterals
or pentagons or hexagons as the basic geometrical elements
instead of the triangles, the difference (3n-m) will be even
oreater than that for the above triangular cases, which makes
the problem of non-rigidity even worse. This lack of rigidity
1s the reason that such single layer unsupported structures
will not work for the purpose of controlling the mirror
surface shape. It therefore appears that support from behind
the mirror, a substrate of some sort, will be required, to
provide rigidity to the whole mirror assembly.

It 1s 1nteresting to note that as the size of the elemental
triangle 1n this structure 1s made small, keeping the aperture
size the same, that 1s, as the aperture 1s more densely
populated by the triangles, then this structure may approxi-
mate, 1n some sense, a continuous thin face sheet such as a
membrane which has negligible bending stifiness. Some
proposed membrane mirror structures use a rigid ring sup-
porting the boundary of the mirror at the periphery. This kind
of rigidization at the boundary may help, but will severely
restrict the range of shapes to which the mirror can be
deformed.

If such restrictions on deformable shapes due to such
rigidization are acceptable, such as by using only a smaller
diameter aperture within the ring and obscuring the rest, then
the above theory can help properly define the boundary
conditions. For example, if p of the points (p>2) are made
permanently rigid with respect to each other (such as at the
periphery), this would replace 3p degrees of freedom of
these p points with 6, since these p points must always move
as a rigid body. If there are g beams whose both end points
are among these p points, then the number of beam con-
straints 1s reduced by q. This changes the necessary condi-
tion for minimal rigidity from 3n-6=m to (3n-3p)=(m-q).
Still, the necessary and sufficient condition must be satisfied,
that the rank of the new H1 matrix with (m-q) rows and
(3n-3p) columns equal (m-q). For the membrane design
with a rigid boundary ring, this condition must be satisiied
as the size of the basic triangle 1s made arbitrarily small. The
fixed boundary condition, however, severely restricts the
shapes achievable.
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Even small hinged structures of this type lack rigidity, as
shown below:

<V R

n=6m=10 n=7,m=12, (3n-6)>m

n=5m=2~8

Thus, the only hinged structures that have rigidity and are
based on this single layer topology, which has a topological
mapping on to a plane 1n which the beams do not 1ntersect,
appear to be the planar triangle and the triangular pyramid:

FANIAN

n=3,m=3 n=4,m=6,(3n-6)=m

The topology of such hinged structures has the property
that they all have a topological mapping of the structure onto
a plane such that 1n that plane none of the beams intersect
cach other, similar to the planar circuit topology familiar to
the electrical engineers.

The hinged structure shown 1n FIG. 4A has 90 points on
the front surface and 90 on the back surface, for a total of
180 points, that 1s, n=180. The front surface points are on a
paraboloid, except that this example has a central obscura-
tion hole 1n the middle. The central obscuration 1s included
in this example only to show that 1t presents no problem.
There are 534 beams, that 1s m=534, which satisty the
necessary condition for rigidity, namely (3n-6)=m. The H
matrix for this structure has a rank of 540, verifying that it
1s a minimally rigid structure.

The hinged structure shown 1n FIG. 4B also has 90 points
on the front surface and 90 on the back surface, for a total
of 180 points, that 1s, n=180, exactly the same as in the
example above. There are 534 beams, that 1s m=534, which
satisfy the necessary condition for rigidity, namely (3n-6)
=m. The H matrix for this structure has a rank of 540,
verifying that i1t 1s a mimimally rigid structure. The only
difference between this and the one shown 1n FIG. 4A 1s that
the sequence used in the method of construction 1s different.
This example 1illustrates how the topology of a hinged
minimally rigid structure may have gaps that may affect
other properties of the structure such as the natural frequen-
cies. In spite of such a large gap, this structure 1s rigid. This
example also serves to 1llustrate that for a given set of points,
the minimally rigid hinged structure 1s not unique.

In either of the two examples shown 1n FIGS. 4A and 4B,
if we were to bridge the gaps that are there with additional
beams, then the structure would become over constrained. If
we have perfect knowledge of the geometry of the system,
then we can change the lengths of all beams, including the
lengths of the additional (gap bridging) beams, such that the
resulting deformed structure still has zero stresses. Thus, any
stresses developed will be due to the imperfect knowledge of
the geometry of the structure, and of the actuation (changes
imparted to the beams), and can be kept at low levels by
requiring good knowledge of the geometry of the structure.

We will now develop a step-by-step method to construct
a minimally rigid mirror substrate structure given a set of
points. It 1s important to choose the set of points such that
it permits a clear front surface that can support the mirror
face sheet. For example, 1f a single layer of points repre-
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senting just the front surface 1s chosen as 1n the example of
the non-rigid hinged structure shown in FIG. 3, then, to
rigidize it, cross beams may be required that would be 1n
front of the mirror surface. Therefore, 1t 1S necessary to
define an appropriate set of points behind the front surface
as well, so that support from behind the mirror to rigidize the
structure becomes feasible. In the absence of the knowledge
of how to place the points behind the front surface in
general, one specific intuitive method 1s to define a set of
points for the back surface that 1s a replica of the front
surface. This method 1s used in constructing the examples
shown 1n FIGS. 4A and 4B.

This method 1s very general and 1s applicable to any
minimally rigid hinged structure, but we will use for our
examples the structures whose geometry 1s particularly
well-suited for use as mirror substrates. We will start with a
primitive small minimally rigid hinged structure, and then
oo on adding to it points and beams until all the given points
are covered. The development of this approach given here 1s
mostly by inspection, but it 1s equivalent to mathematically
verifying that the rank of matrix H1 at each step meets the
criterion for the minimally rigid hinged structure, as we add
more points and beams.

Consider the smallest minimally rigid hinged structure
that has a non-zero area, the hinged triangle shown 1n FIG.
SA. This 1s a rigid structure, because any motion of a point,
keeping the lengths of the three sides fixed, will be a rigid
body motion of the triangle as a whole, with no relative
motion between the three points.

This has three points and so has 3x3=9 degrees of
freedom (DOFs) in the absence of beams. It has three beams,
which provide 3 constraints, and so this structure has 9-3=6
DOFs, which are precisely the 6 rigid body DOFs of this
structure. Removal of any one beam makes it possible for
two of the points to move relative to each other. Hence, this
1s a minimally rigid hinged structure.

Let points k1, k2 and k3 be three non-co-linear points that
are part of a minimally rigid hinged structure with n points
and m beams, as shown in FIG. 5B (the entire structure is not
shown, and the structure can be of any size). We add a point
(n+1), not in the plane of points {k1,k2,k3}, to the structure
by joining 1t to the three points using three hinged beams, as
shown. Then the resulting (n+1) point hinged structure with
(m+3) beams is minimally rigid.

As proof, the point (n+1) must be at the intersection of
three spheres centered at the points k1, k2 and k3, with radu
L1 ie1y Laznenys Lis ey TESPectively. There are only two
such intersection points when the three points k1, k2 and k3
are not co-linear. These two points are mirror images of each
other with respect to the plane containing the three points ki1,
k2 and k3, and are not in the neighborhood of each other.
Therefore, the point (n+1) cannot move relative to the points
k1, k2 and k3 (and hence relative to any other point of the
structure which 1s rigid prior to adding the point (n+1)),
without altering the lengths L;; ., 1y, Lao iy OF Lys iy
Therefore the new structure with (n+1) points is rigid. If we
remove any one of the three new beams Ly, ., 1y, Lo (1041 OF
L5, (+1y> then the point (n+1) can move in a circle in a plane
perpendicular to the line joining the two points to which the
remaining two new beams are connected by hinges. There-
fore, the new structure with (n+1) points and (m+3) beams
is minimally rigid. We can also verify that 3(n+1)-6=(m+3),
because 3n—6=m, thus satisfying the necessary condition for
minimally rigid hinged structure.

If the three points k1, k2 and k3 were co-linear, then the
new point (n+1) can move along a circle in a plane perpen-
dicular to the line joining the three points, relative to the rest
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of the structure, and so the new structure would not be rigid.
If the new point (n+1) is in the plane of the three points {k1,
k2, k3}, then the new point (n+1) can move infinitesimally
small distance 1n a direction normal to the plane, and so the
new structure will not be strictly rigid, though almost rigid.

Because we wish to develop a structure with a front
(mirror) surface and a back surface, we wish to add pairs of
points at a time, one to the front surface, and one to the back
surface. As shown 1n FIG. 5C let points k1, k2, k3 and k4 be
the four points that are part of a minimally rigid hinged
structure with n points and m beams, and let (n+1) and (n+2)
be the two new points (the entire structure is not shown, and
the structure can be of any size), with each of the two triplets
{k1,k2,k3} and {k3,k4,(n+1)} not co-linear, with point
(n+1) not in the plane of {k1,k2,k3}, and point (n+2) not in
the plane of {k3,k4,(n+1)}. We join the two points (n+1) and
(n+2) to the four points {k1,k2,k3k4} using six hinged
beams, as shown. Then the resulting (n+2) point hinged
structure with (m+6) beams is minimally rigid.

As proof, because {k1,k2,k3} are not co-linear and (n+1)
is not in the plane of {k1,k2,k3}, the structure formed by
adding the point (n+1) and the beams L, .1y, Lis i1ys
L;5 .41y 18 minimally rigid (see 4.2 above). Therefore, the
three points {k3,k4,(n+1)} are part of a minimally rigid
hinged structure. Because {k3,k4,(n+1)} are not collinear
and point (n+2) is not in the plane of {k3,k4,(n+1)}, by using
the result of 4.2 again, the resulting structure 1s minimally
rigid. We also verify that 3(n+2)-6= (m+6), because
3n-6=m, thus satisfying the necessary condition for mini-
mally rigid hinged structure.

The advantage of this construction step i1s that we can
cover the front and back surfaces simultaneously as we go
along, and as a consequence the sizes of all beams are
comparable to the size of the basic triangle.

In order to be able to apply the above result repeatedly to
cover all the points, we first need to define an 1nitial small
minimally rigid hinged structure to provide the starting
point. Consider the hinged structure shown 1n FIG. 5D, with
6 points and 12 beams. (Verify that 3x6-6=12, satisfying the
necessary condition).

Points {1,3,5} are on the front surface, not co-linear, and
points {2,4,6} are on the back surface. The hinged structure
with points {1,3,5} and beams {L, 5, L 5, Ls ;} is minimally
rigid. Therefore, from section 4.2, the hinged structure with
points {1,3,5,2} and beams {L; 5, L5 5, Ls , Ly 5, Ly, Ls 5}
is minimally rigid. Since points {2,3,5} are part of a mini-
mally rigid hinged structure, again using result from 4.2, the
hinged structure with points {1,3,5,2,4} and beams {L, ;,
Lis,Ls, L0, 05,5, Ls5, Ly 4, Ly, Ls 4} is minimally rigid.
Since points {2,4,5} are part of a minimally rigid structure,
again applying result of section 4.2, the structure shown 1s
minimally rigid.

It turns out that the initial hinged structure shown 1n FIG.
SE 1s also minimally rigid. The only difference between this
and the previous one is that the beam between points {2,5}
has been replaced with the beam between points {1,6}. As
a result, there 1s no point from which three beams proceed
to the vertices of a triangle that has beams on 1ts three sides.
Therefore, the above proof will not work. The proof must
rely on computing the rank of matrix H1 for this structure.
It can be verified by writing a computer program.

Starting with either initial structure (or any other mini-
mally rigid hinged structure with corresponding front and
backside points) we can add the next pair of points {7,8} as
shown 1 FIG. 5F, using the construction step developed in
section 4.3.
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Note that the crossbeam between points {6,7} could be
replaced with a crossbeam between points {5,8} or one
between {1,8} or one between {2,7}. Also, we could start
with the initial structure (which itself is not unique) in a
different part of the mirror. Also, at any stage of the
construction, we could proceed 1n any one of several direc-
tions. These considerations show that the minimally rigid
hinged structure for a given set of points 1s not unique.

The first of the two examples of minimally rigid hinged
mirror substrate structures described above were generated
by writing a computer program to automatically select the
next step 1n the construction process. The second example
(with a large gap) was generated deliberately by defining the
steps 1n a particular (manually selected) sequence.

The deformation of the face sheet results 1n stresses 1n the
face sheet 1tself, and these stresses can be minimized, but not
eliminated, because the face sheet has a non zero modulus
of elasticity. When the face sheet thickness 1s extremely
small, as 1n the case of nano-laminates and membranes,
which have thickness of the order of just a few tens of
microns, the bending stifiness, which varies as the cube of
thickness, becomes vanishingly small. While this very small
bending stiffness seems attractive, there 1s a difficulty asso-
ciated with extremely flexible face sheets. This 1s due to the
hoop stress that develops when the face sheet deformation
involves a change 1n the radius of curvature 1n two dimen-
sions such as due to focus deformation, when the length of
a closed loop circumierential path on the surface of the
mirror changes. Even when the 2D radius of curvature is
local, and this 1s common 1n many deformation profiiles, the
hoop stresses are there, locally.

When the hoop stress 1s compressive, the face sheet must
accommodate this hoop stress without buckling (wrinkling).
If the face sheet 1s too thin, such wrinkling can take place,
or the face sheet may delaminate or debond. To prevent this
from happening, either the face sheet must have suflicient
thickness, or the face sheet must be biased in tension so that
compressive stresses are avoilded. From this viewpoint, it 1s
preferable to have a low modulus of elasticity for the face
sheet consistent with the need to maintain 1ts shape.

An advantage of the hinged substrate is that the beams can
be commanded to move the points on the front surface 1s any
manner, including tangential directions. Keeping the radius
of curvature the same, the structure can be commanded to
expand the mirror surface tangentially, thereby increasing
the hoop lengths, causing tensile hoop stress. Thus, 1f a
decrease 1n radius of curvature 1s required, then by com-
manding also an increase in the tangential size along with
the decrease 1n radius of curvature, the resulting compres-
sive hoop stresses can be minimized, or replaced with tensile
Siresses.

Thus it seems 1nevitable that in general some stresses will
exist 1n the face sheet, though reduced by proper design.
These stresses will cause some reaction forces 1n the sub-
strate structure. The stresses induced 1n the substrate are thus
driven by the face sheet, and not by the substrate, and can be
made as small as the face sheet permits.

By accommodating the tangential deformation of the face
sheet (which may be caused as a result of bulk temperature
changes) by the tangential actuation of the substrate, and
accommodating the resulting focus shift by de-spacing the
secondary mirror of the telescope, the net resulting correc-
five deformation of the face sheet has component mostly in
a direction normal to the face sheet. This greatly minimizes
the hoop stresses involved. If the hoop stresses in the
deformation are still significant, then, optionally, 1n an
optional embodiment of the invention, a method to support
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hoop stresses 1s shown 1n FIG. 7. An optional active layer,
with distributed actuation using materials such as PVDE, 1s
bonded to the backside of the face sheet, and so the
tangential force exerted by the active layer can support the
hoop stresses. The disadvantage of using the active layer 1s
that 1t will have to match the tangential changes of the face
sheet also, as otherwise 1t will introduce back the CTE
mismatch problem. For this reason, this 1s included as an
option, for completeness. In a given application of the
invention, a trade study will be made to weight the pros
(supporting hoop stresses, and minimizing quilting) and
cons (CTE matching deformations) of the optional active
layer, before using it.

FIG. 7 also shows how an ultra lightweight actuator, a
MEMS actuator developed by Jet Propulsion Labs (JPL)
could be used to implement this mvention. The MEMS
actuator 1s an example only, and this MEMS actuator itself
1s proprietary to JPL. The drive concept of using a bus
structure to address all actuators using just a four-wire bus
(2 wires for power, and 2 wires for command and data) is
part of this invention.

From equation (8), we can compute the deformation dxyz
when a single actuator 1s actuated, by zeroing all elements
except the selected beam 1n the vector cmd. For the first
example of a minimally rigid hinged structure shown in FIG.
4A, a sample of single actuator response 1s shown in FIG. 6.
The deformation in the z direction (normal to surface) is
exaggerated so that the deformation can be seen clearly.
Here a single cross beam was actuated. Notice how the back
surface point 1s also moved up along with the front surface
point. This illustrates the unique property of this hinged
structure, that unlike the conventional surface normal actua-
tor deformable mirror, the back surface also participates in
the motion, and unlike the surface parallel deformable
mirror with monolithic substrate the stresses 1n the substrate
due to the deformation of the substrate itself are zero.

When a given deformation of the front surface is to be
commanded, 1f we define the same deformation for the rear
surface also, the resulting actuator commands computed
from equation (7) will have zero values for all the normal
beams. The surface parallel beams, when actuated appro-
priately, allow this structure to accommodate circumieren-
tial changes due to radius of curvature changes, and so can
zero out the hoop stresses 1n the substrate structure. How-
ever, since the mirror face sheet 1s on top of this structure,
it will encounter hoop stresses, unless it 1s very elastic, and
will transmit them to the substrate.

An Alternate Method of Constructing the Minimally Rigid
Hinged Substrate

In the methods described above, both front and back
surface points are defined initially, then the beams are
defined connecting the points in such a manner as to ensure
the property of minimal rigidity. The arrangement of beams
resulting from this method sometimes has gaps, which do
not cause any problem in terms of the property of rigidity,
but may lower the structural modal frequencies.

To remedy this situation, an alternate approach may be
used which produces beam arrangements without such gaps.
An 1llustrative example 1s given as follows:

Step 1: The front surface points are defined. (Note that in
this case the backside points are not defined at the begin-
ning)

Step 2: Starting with three front side points, one backside

point 1s defined, forming a tetrahedron with six beams
(which is minimally rigid), as shown in FIG. 8A.
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Step 3: Then one adjacent front side point 1s connected,
adding one backside point and six connecting beams, as
shown 1n FIG. 8B, and the resulting structure 1s minimally
rigid. Repeating step 3 appropriately, following a speciiic
sequence, all front side points are covered, resulting struc-
ture being mimmally rigid. FIG. 9 1s a 3-D of such a
structure, whereas FIG. 10 1s a 2-D plot. In this example:

Number of points on front surface=91
Number of points on back surface=89
Total number of points=180

Number of beams on front side=179
Number of beams on back side=88
Number of beams back-to-front=267
Total number of beams=534

Number of uncontrolled flexible dotfs=0

What 1s claimed 1s:

1. A deformable mirror assembly, comprising:

a substrate using a plurality of hinged beams to form a
minimally rigid structure defining a two-dimensional
surface;

the minimally rigid structure being characterized 1n that:
a) the structure is rigid, and

b) the removal of any one of the hinged beams permits
relative motion between some points of the structure;

a face sheet physically coupled to the substrate; and

further including an actuator operative to command one or
more of the beams to deform the face sheet.

2. The deformable mirror assembly of claim 1, wherein
the beams can be commanded to deform the face sheet in
any manner, including tangential directions.

3. The deformable mirror assembly of claim 1, wherein
the actuator 1s a piezoelectric, electrostrictive or magneto-
strictive device.

4. The deformable mirror assembly of claim 1, wherein
the structure 1s substantially ideal in the sense that the torque
transmitted across any hinge 1s identically zero.

5. The deformable mirror assembly of claim 1, wherein
the structure made up of planar triangles, triangular pyra-
mids or a combination thereof.

6. The deformable mirror assembly of claim 1, wherein:
the face sheet 1s curved; and

the structure contains one of more gaps to avoid being
over-constrained.

7. The deformable mirror assembly of claim 6, wherein
the face sheet 1s a paraboloid.

8. The deformable mirror assembly of claim 1, wherein
the face sheet 1s sufficiently thick or biased in tension to
avold compressive stresses.

9. The deformable mirror assembly of claim 1, wherein
the face sheet has a modulus of elasticity which 1s sufli-
ciently low to maintain its shape during deformation.

10. The deformable mirror assembly of claim 1, wherein
the face sheet has a thickness of less than 0.10 mm.

11. The deformable mirror assembly of claim 1, wherein
the face sheet 1s a nano-laminate.

12. The deformable mirror assembly of claim 1, wherein
the face sheet 1s a membrane.

13. An optical mirror using the assembly of claim 1.
14. An RF reflector using the assembly of claim 1.
15. A method of deforming a mirror, comprising the steps

of:

providing the assembly of claim 1; and
changing the length of one or more of the beams.
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16. A deformable mirror, comprising:

a substrate using a plurality of hinged beams to form a
minimally rigid structure defining a two-dimensional
surface based upon planar triangles, triangular pyra-
mids or a combination thereof;

the minimally rigid structure being characterized in that:
a) the structure is rigid, and
b) the removal of any one of the hinged beams permits

relative motion between some points of the structure;

a face sheet physically coupled to the substrate; and

an actuator operative to command one or more of the
beams to deform the face sheet.

17. The deformable mirror of claim 16, wherein the beams
can be commanded to deform the face sheet 1n any manner,
including tangential directions.

18. The deformable mirror of claim 16, wherein the
actuator 1s a piezoelectric, electrostrictive or magnetostric-
five device.

19. The deformable mirror of claim 16, wherein the
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20. The deformable mirror of claim 16, wherein:
the face sheet 1s curved; and

the structure contains one of more gaps to avoid being
over-constrained.

21. The deformable mirror of claim 20, wherein the face
sheet 1s a paraboloid.

22. The deformable mirror of claim 16, wherein the face
sheet 1s sufficiently thick or biased in tension to avoid
Compressive stresses.

23. The deformable mirror of claim 16, wherein the face
sheet has a modulus of elasticity which 1s sufficiently low to
maintain 1ts shape during deformation.

24. The deformable mirror of claim 16, wherein the face
sheet has a thickness of less than 0.10 mm.

25. The deformable mirror of claim 16, wherein the face
sheet 1s a nano-laminate.

26. The deformable mirror of claim 16, wherein the face
sheet 1S a membrane.
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