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(57) ABSTRACT

A wavelet transform system and an 1nverse wavelet trans-
form system are disclosed that respectively implement a
wavelet transform and an mverse wavelet transform. Semi-
orthogonal standard wavelets are used as the basic wavelets
in the wavelet transform and the inverse wavelet transform.
As a result, two finite sequences of decomposition coetfi-
cients are used for decomposition 1n the wavelet transform.
Furthermore, two finite sequences of reconstruction coelli-
cients that are derived from the two finite sequences of
decomposition coeflicients are used for reconstruction in the
inverse wavelet transform. The finite sequences of decom-
position and reconstruction coeflicients are not infinite
sequences of coellicients that have been ftruncated.
Furthermore, 1n one embodiment, downsampling 1s not used
in the wavelet transform and upsampling 1s not used 1n the
inverse wavelet transform.

12 Claims, 19 Drawing Sheets
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SYSTEM AND METHOD FOR PERFORMING
WAVELET AND INVERSE WAVELET
TRANSFORMATIONS OF DIGITAL DATA
USING SEMI-ORTHOGONAL WAVELETS

This 1s a continuation-in-part of U.S. patent application
Ser. No. 08/921,141, filed Aug. 29, 1997.

The present 1invention relates generally to systems and
methods for processing digital data. In particular, 1t pertains
to a system and method for performing wavelet and inverse
wavelet transformations of digital data using semi-
orthogonal wavelets.

BACKGROUND OF THE INVENTION

The use of IWTs (integral wavelet transforms) and inverse
IW'TTs is well established in MRA (multi-resolution analysis)
processing of 1-D (one dimensional) digital data, such as
audio signals, and/or 2-D (two dimensional) digital data,
such as image data. A special feature of IW'Ts and 1nverse
IWTs 1s that they provide narrow windowing of short
duration high frequency data while also providing wide
windowing of long duration low frequency data. This 1s
generally described in Chui, C. K., “An Introduction to
Wavelets”, Academic Press, Boston, Mass., 1992, which 1s
hereby incorporated by reference. The following discussion
provides examples of how IWTs and inverse IWTs have
been implemented 1n the past.

Wavelet Transform System Using Dual Wavelets {
Y,.x (X)} as Basic Wavelets

FIG. 1 shows a 1-D wavelet transform system 100, which
1s an 1mproved version of the wavelet transform system
shown 1n “An Introduction to Wavelets.” This system 100
Incorporates some aspects of the present invention, but first
we will first explain the conventional aspects of this system.
The wavelet transtorm system 100 implements a 1-D IWT
that, for each resolution level m at which a decomposition is
made, uses dual wavelets {y,, . (x)} to correspondmg stan-
dard wavelets {y,,, (X)} as the basic wavelets in the 1-D
IWT and uses dual ‘scaling functions 19,. 2 (X)} to corre-
sponding standard scaling functions {¢,, - (}5} as the basic
scaling functions 1n the 1-D IWT. Each standard wavelet
y,,.» (x) and standard scaling function ¢, , (x) is given by:

W, ()=2""p (27 %k,

(1)

where k 15 a corresponding index for the resolution level m
and the normalization factor 2"/ will be suppressed here-
after for computational efficiency.

In performing the 1-D IWT, the wavelet transform system
100 decomposes a 1-D set of original data samples ,, at an
original resolution level m=M mto a 1-D set of standard
scaling function coefficients c,, 1n an L (low) frequency band
at the resolution level m=N and 1-D sets of standard wavelet
coefficients d,, ; to d, in H (high) frequency bands at
respectively the resolution levels m=M-1 to N.

The set of original data samples fM={an} fM(Z‘ n) is
given by a 1-D function f,/x), where x=2""n. The 1-D
function £, (x) approximates another 1-D functlon f(x) at the
original resolution level M. The set of original data samples
f,, extends 1 one spatial dimension, namely the x direction,
and 1s first pre-processed by a pre-decomposition filter 102
of the 1-D wavelet transform system 100. The pre-
decomposition filter has a transfer function ¢(z)~" for map-

. (x)=2mf2¢(2mx—km)

ping (i.e., converts) the 1-D set of original data samples f,,
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2

into a 1-D set of standard scaling function coeflicients c¢,, 1n
an L frequency band at the original resolution level M.

The transfer function ¢(z) " is obtained from the follow-
ing relationship at the resolution level m between a 1-D
function f,,(x), the standard scaling functions {¢,, . (x)} and

the set of standard scaling function coelflicients cm={cm?km}:

Jm(X) = Z Con ey Pty (X) (2)

K

where the 1-D function f_(x) approximates the function f(x)
at the resolution level m. The transfer function ¢(z)™" is the
inverse of a transfer function ¢(z). The transfer function ¢(z)
1s a polynomial that has the sequence of mapping coefli-
cients {9, }=1¢oo(n)} as its coefficients while the transfer
function ¢(z)~" is a rational function that has a correspond-
ing sequence of mapping coefficients {&S, } as its poles.
Thus, the pre-decomposition filter 102 comprises a 1-D IIR
(mﬁmte 1mpulse response) filter that applies the sequence of
mappmg coefficients {& | to the set of original data samples

rv=1fa ) to generate the set of standard scaling function
coeficients Crr=1Ct.te, )

Then, the decomposition filter 104 of the 1-D wavelet
transform system 100 decomposes the set of standard scal-
ing function coeflicients Car into the sets of standard scaling
function and wavelet coefficients c,, and d,, , to d,,. To do
this, 1n the present invention the decomposition filter 104 has
a corresponding decomposition filter stage 106 for each
resolution level m=M to N+1 at which a decomposition is
made. The decomposition filter stage 106 for each resolution
level m decomposes a 1-D set of standard scaling function
coefficients ¢, 1n an L frequency band at the higher reso-
lution level m 1nto a 1-D set of standard scaling function
coeflicients ¢, 1n an L frequency band and a 1-D set of
wavelet coefficients d _, in an H frequency band at the next
lower resolution level m-1.

This 1s done by the decomposition filter stage 106 accord-
ing to the function f (x) given in Eq. (2). Here, for each
resolution level m, the function f (x) further provides the
following relationship between the set of standard scaling
function coeflicients ¢, at each resolution level m and the
sets of standard scaling function and wavelet coeflicients
Croe1=1m-14 .4 and d,_;=1d,_,, } at the next lower
resolution level m-1:

Z ok Py (X) = de Ly W1k, (X) + (3)

km ml

Con—1,k,_ Pk, ¢ (X).

In Eq. (3), the set of standard scaling function coefficients
{cm_ljkm_l} has the indexes {k,__,}={(k,-1)/2} for odd
indexes 1k} and the set of standard wavelet coefficients
{dm—likm_l} has the indexes {k__,}={k_ /2} for even indexes
1

Furthermore, there exists two 1-D sequence of decompo-
sition coefficients {a_} and {b_} such that each standard
scaling function ¢,,, (x) at a higher resolution level m is
related to and can be decomposed 1nto the standard wavelets
and scaling functions {1, . (X)} and {¢,, . (x)} at the next
lower resolution level m-1. This decompogition relation 1s
orven as follows:
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ey (X) = Z Q2| Pk, 1 (X) + (4)

k

m—1

Din—2ic,, 1 Um-1,4,, | (X).

In view of Eqgs. (3) and (4), the sets of standard scaling
function and wavelet coefficients {c,,_,, }and {d, ;. }
at the resolution level m-1 are obtained according to the
decomposition sequences:

(3)

[t must be noted here that the dual wavelets 11, , (x)} and
the dual scaling functions {¢,,, r (x)} are used respectwely as
the basic wavelets and Scalmg functions 1n the 1-D IWT

since the 1-D IWT 1s defined by:

Cmiyy = fﬂ F08,, (Wdx

Ao = f F Oy, (V).

(6)

Thus, the transfer functions A(z) and B(z) of the decompo-
sition filter stage 106 are polynomials that respectively have
the sets of decomposition coefficients {a,} and {b, } as their
coellicients.

As is well known, when the standard wavelets {y,,, , (X)}
are s.0. wavelets, the dual wavelets {1, , (X)} are also s.0.
wavelets. In this case, the sequences of decomposition
cocfficients {a_} and {bn} arc infinite. This is described in
detail for a subset of s.0. wavelets known as spline wavelets
i “An mntroduction to Wavelets” and 1n Chui, C. K. et al.,
“Spline-Wavelet Signal Analyzers and Method for Process-
ing Signals”, U.S. Pat. No. 5,262,958, 1ssued Nov. 16, 1993,
which 1s hereby mcorporated by reference.

Referring to FIG. 2, when the standard wavelets {1y &
(x)} are s.0. wavelets, the sequences of coefficients may be
truncated {a,} and {b”} in order to use FIR (finite impulse
response) filters 108 and 110 in the decomposition filter
stage 106 for each resolution level m, as described 1n U.S.
Pat. No. 5,262,958. The filters 108 and 110 respectively
perform the transfer functions A(z) and B(z) on the set of
standard scaling function coeftlicients ¢ at the resolution
level m. This 1s done by applying the sequences of decom-
position coefficients {a,} and {b,} to the set of standard
scaling function coefficients ¢, =1{c,, i ! to respectively gen-
erate sets of intermediate coefficients {c,, | +tand {d,_;
+ }. The sets of intermediate coefficients {c__. &) and
{mdm 1k | are then downsampled by the downsamplers 112
of the decomposmon filter stage 106 to respectively generate
the sets of standard scaling function and wavelet coeflicients
Croe1=1Sm-14 .t andd, _,={d,,_; . } at the resolution level
m-—1.

Inverse Wavelet Transform System Using Standard
Wavelets {1, , (X)} as Basic Wavelets

Conversely, FIG. 3 shows an inverse wavelet transform
system 120 corresponding to the system shown i FIG. 1.
The wavelet transform system 120 implements a corre-
sponding 1-D mverse IWT to the 1-D IWT just described.

Thus, the standard scaling functions and wavelets {¢,, ; (X)}
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4

and {1, k (x)} are used as the basic scaling functions and
wavelets 1n the 1-D 1nverse IWT to reconstruct the 1-D sets
of standard scaling function and wavelet coetlicients ¢, and
d,, ; to d,, mto a 1-D set of reconstructed data samples f,,.

In order to do so, the reconstruction filter 122 of the
inverse wavelet transform system 120 first reconstructs the
1-D set of standard scaling function and wavelet coeflicients
c,y and d,, , to d,, into the 1-D set of standard scaling
function coefficients c¢,,. In particular, for each resolution
level m=N to M-1 at which a reconstruction 1s made, the
reconstruction filter 122 has a corresponding reconstruction
filter stage 124 that reconstructs the sets of standard scaling
function and wavelet coeflicients ¢,, and d_ 1n the L and H
frequency bands at the lower resolution level m 1nto the set
of standard scaling function coeflicients c¢_ ., 1 the L
frequency band at the next higher resolution level m+1.

This 1s done by the reconstruction filter stage 124 for each
resolution level m with two 1-D sequences of reconstruction
coefficients {p, } and {q,,}. Here, in one two-scale relation,
cach standard scaling function q)m + (X) at a lower resolutlon
level m is related to and can be reconstructed into the
standard scaling functions {q)mﬂ?kmﬂ(x)} at the next higher
resolution level m+1 with the sequence of reconstruction
coefficients {p, }. Similarly, in another two-scale relation,
each standard wavelet ., (x) at a lower resolution level m
is related to and can be reconstructed into the standard
scaling functions {¢, .. kmﬂ(x)} at the next higher resolution

level m+1 with the sequence of reconstruction coetficients
{qn}. These two-scale relations are given by:

Py (X) = Z Plops 1 Pl 2y 1 (X) (7)

m+l

W im ey (X) = Z i, | Pl 2oty | (X)-

m+l

From Egs. (3) and (7), each scaling function coefficient

C...z . 1s obtained according to the reconstruction
>+l

SCYUCIICC.

- Z (pkm+l_2km - + ka+l —2U 3, dm,km ) (8)

m

Cm+Lk,,. |

By combining Egs. (3) and (8), it can be seen that the
standard scaling functions and wavelets {¢,, . (x)} and
W s (X)} are used as the basic scaling functions and
wavelets in the 1-D inverse IWT.

As described 1 “An Introduction to Wavelets” and U.S.
Pat. No. 5,262,958, the sequences of reconstruction coeili-
cients {p,.} and {q,} are finite when the standard wavelets
{W,nr (X)} are the basic wavelets in the 1-D inverse IWT
and are spline wavelets. Similar to the corresponding 1-D
IWT, this 1s also true for the more general case where the
standard wavelets {1, , (X)} are s.0. wavelets.

Therefore, in the case where semi-orthogonal standard
wavelets {,, , (X)} are used in the 1-D inverse IWT, each
reconstruction filter stage 124 has transfer functions P(z) and
Q(z). These transfer functions P(z) and Q(z) are polynomials
that respectively have the sets of decomposition coefficients
{p,.} and {q,} as their coefficients.

Referring to FIG. 4, 1n order to perform the transfer
functions P(z) and Q(z), the reconstruction filter stage 124 at
cach resolution level m has upsamplers 126. The upsamplers
126 respectively upsample the sets of scaling function and
wavelet coefficients c,,={c,, ; } and d,,={d,, . } at the reso-
lution level m to respectivelym generate the sets of interme-
diate coefficients {c,,, } and {d, . }.

m+1
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The reconstruction filter stage 124 at each resolution level
m also 1ncludes FIR filters 130 and 132. The filters 130 and
132 respectively perform the transfer functions P(z) and
Q(z) by applying the sequences of decomposition coeffi-
cients {p, } and {q, } respectively to the sets of intermediate
coefficients {c,,, } and {d, , } to respectively generate
the sets of intermediate coefficients Wos1e .y and 1z, o
+ 1. The sets of intermediate coe: ficients Qymﬂ % .y and
{mz},;,pI+1 kmﬂ} are then component-wise summed (i.e., each
mtermediate coethicient y,,,; , 18 summed with the COITE-
sponding intermediate coefficient z,,,,, , ) by the summing
stage 134 to generate the set of standard scaling function
coefficients ¢, ,,={C,,,1+ .} at the resolution level m+1.

Referring back to FIG. 3, the post-reconstruction filter
136 of the inverse wavelet transform system 120 then maps
the set of standard scaling function coefhicients c,, into the
set of reconstructed data samples 1,, in accordance with Eq.
(2). The post-reconstruction filter 136 comprises an FIR
filter and has a transfer function ¢(z) that is the inverse of the
transfer function ¢(z)™" of the pre-decomposition filter 102.
Thus, the sequence of coefficients {¢, } are applied to the set
of standard scaling function coelflicients c,, to generate the

set of reconstructed data samples f,,.

Wavelet Transform System Using S.0O. Standard
Wavelets {1, , (X)} as Basic Wavelets

FIG. 5 shows a 1-D wavelet transtorm system 140 in
which standard scaling function {¢,, ; (x)} and s.o. standard
wavelets {104 & (X)} are used as the basic scaling func-
tions and wavelets in the 1-D IWT. As will be explained
shortly, this 1s done in order to take advantage of the fact that
the finite sequences of coefficients {p,.} and {q,.} are used as
the sequences of decomposition coellicients 1n this 1-D IW'T
instead of the infinite sequences of coefficients {a, } and
{b, }. This concept is described in Chui, C. K. et al., U.S. Pat.
No. 5,600,373, enfitled “Method and Apparatus for Video
Image Compression and Decompression Using Boundary-
Spline-Wavelets”, 1ssued Feb. 4, 1997, which 1s hereby
incorporated by reference, for the specilfic case where the
standard wavelets {1,, . (x)} are boundary spline wavelets
in a 2-D IWT which uses banded matrices for the SEqUENCES
of coefficients {p,} and {q, }. However, in accordance with
the present invention, it may be extended to the more general
case where the standard wavelets {wm?km(x)} are semi-

orthogonal wavelets. For simplicity, this more general case
will be described hereafter for the 1-D IWT.

Like the 1-D wavelet transform system 100 described
carlier, the 1-D wavelet transtorm system 140 includes a
pre-decomposition filter 142. However, the pre-
decomposition filter 142 has a transfer function ¢(z) 'a(z)
for mapping the 1-D set of original data samples t,, 1nto a

1-D set of dual scaling function coefficients c¢,, in an L
frequency band at the resolution level M.

Referring to FIG. 6, in order to do this, the pre-
decomposition filter 142 of the present invention includes as
a mapping {ilter stage 102 the same pre-decomposition filter
102 as that shown 1n FIG. 1. Thus, with the transfer function
¢(z)~', this mapping filter stage 102 maps the set of original
data samples f,, mnto the set of standard scaling function
coethicients c,,.

The pre-decomposition filter 142 of the present invention
also has a mapping filter stage 144 that maps the set of
standard scaling function coethcients c,, to the set of dual

scaling function coefficients c,,. This generates a change of
bases so that the standard scaling functions {¢,,, (x)} and
the semi-orthogonal standard wavelets {1 & (}{)} are used
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6

as the basic scaling functions and wavelets in the 1-D IWT
instead of the dual scaling functions and wavelets {¢_ % (x)}

and {wmk (X)}-

In order to do this, it 1s important to note that the 1-D
function f (x) given in Eq. (2) is also related to the dual
scaling functions {q)m - (x)} and a 1-D set of dual scaling

function coeflicients c —{cm - 1 at the resolution level m
according to the following relatlonshlp

) =" Cone By ) (9)

im

Moreover, each dual scaling function coefficient c,, % and
the set of standard scaling function coefficients {c,, k"} are
related by a sequence of mapping coellicients {(1 1 as
follows:

Condyy = E |wncm,km—n
n

(10)

where each mapping coelfficient o 1s given by the following
change of bases formula:

©oa 11
o, = f B0 (F)bmn () dx. )

The transfer function a(z) for the mapping filter stage 144
1s a polynomial that has the sequence of mapping coefli-
cients {a } as its coefficients. Thus, for m=M in Egs. (9) to
(11), the mapping filter stage 144 is an FIR filter and
performs the transfer function a(z) by applying the sequence
of mapping coefficients {c., } to the set of standard scaling
function coefficients c,,={c,, - !} to generate the set of dual

scaling function coefficients CM—{CM iy} -
Then, referring back to FIG. 5, the decomposition filter
146 of the 1-D wavelet transform system 140 decomposes

the 1-D set of dual scaling function coefficients c,, in the L
frequency band at the original resolution level M 1nto a 1-D

set of dual scaling function coefficients c¢,, in an L frequency
band at the resolution level N and 1-D sets of dual wavelet

coefficients d,, , to d, in H frequency bands at respectively
the resolution levels M-1 to N. To do so, the decomposition
filter 146 has a corresponding decomposition filter stage 148
for each resolution level m=M to N+1 at which a decom-
position 1s made. The decomposition filter stage 148 for each
resolution level m decomposes a 1-D set of dual scaling

function coefficients ¢, in an L frequency band at the higher
resolution level m into a 1-D set of dual scaling function

coefficients ¢, _, in an L frequency band and a 1-D set of

dual wavelet coefficients d,_, in an H frequency band at the
next lower resolution level m-1.

This 1s done 1n view of the fact that, when a change of
bases is made and the standard scaling functions {¢,, . (X)}
and the semi-orthogonal standard wavelets {,, %, (X)? are
used as the basic scaling functions and wavelets 1n the 1-D
IW'T, the relationships in Egs. (1) to (8) are switched (i.e.,
interchanged) with those for when the dual scaling functions
and wavelets {¢,, . (x)} and {,, , (X)} are the basic wave-
lets in the 1-D IWT. More Specifﬁ:ally, at each resolution
level M, the standard scaling functions {¢,, , (x)} and the
semi-orthogonal standard wavelets {,, 4 (X)T'é are respec-
tively switched with the corresponding dual scaling func-

tions and wavelets 19,,, (x)} and {1, . (X)} the sets of
standard scaling function and wavelet coefficients ¢, ¢

M =12
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and d__, are respectively switched with the corresponding
sets of dual scaling function and wavelet coefficients c, ,

c,._1, and d__,, and the sequences of coefficients {a_} and
Ib, } are respectively switched with the sequences of coef-
ficients {p,} and {q,}. This is further described in “An
Introduction to Wavelets”.

Thus, the decomposition filter stage 148 at each resolution
level m has the transfer functions P(z) and Q(z). The
decomposition filter stage 148 performs the transfer func-
tions P(z) and Q(z) on the set of dual scaling function

coellicients ¢, to generate the sets of dual wavelet and

scaling functions coefficients ¢, _, and d,,_,.

More specifically, as shown 1 FIG. 7, in accordance with
the present invention the decomposition filter stage 148 at
cach resolution level m has the same filters 130 and 132 as
those shown m FIG. 4 for each reconstruction {filter stage
124 of the mverse wavelet transform system 120 of FIG. 3.
In this case, the filter stages 130 and 132 respectively
perform the transfer functions P(z) and Q(z) (which are
generally shorter, and thus more computationally efficient,
than A(z) and B(z) of the system shown in FIG. 1) by
respectively applying the sequences of decomposition coel-
ficients {p, } and {q,} to the set of dual scaling function

coethicients Em={ém?km} to respectively generate the sets of
dual wavelet and scaling functions coefficients {d 1;_}%}> and
{Cp_14 - The sets of dual wavelet and scaling functions
coefficients {d,,_,, } and {c,_;, } are then respectively

Fi

downsampled by the downsamplers 112 of the decomposi-
tion filter stage 146 to respectively generate the sets of

standard wavelet and scaling functions coefficients d__,={

oy

d,_1s tyandc, ,={c,_,, } The downsamplers 112 are
the same as those shown 1n FIG. 2 for each decomposition
filter stage 106 of the wavelet transform system 100 of FIG.
1.

Inverse Wavelet Transform System Using Standard
Wavelets 1, . (X)} as Basic Wavelets

FIG. 8 shows an 1mverse wavelet transform system 160
that implements a corresponding 1-D inverse IWT to the 1-D
IWT 1mplemented by the wavelet transform system 140 of
FIG. 5. Like the 1-D mverse IWT performed by the inverse
wavelet transform system 120 of FIG. 3, the 1-D 1nverse
IWT mmplemented by the inverse wavelet transform system
160 uses the standard scaling functions {¢,, . (x)} and the
semi-orthogonal standard wavelets {,, 4 (X)}m as the basic
scaling functions and wavelets in the 1-D inverse IWT.

In order to 1implement the 1-D inverse IW'T, the inverse
wavelet transform system 160 includes a reconstruction
filter 162. The reconstruction filter 162 reconstructs the sets

of dual scaling function and wavelet coeflicients EN and d A1

to d,, into the set of standard scaling function coefficients c,,.
In order to do so, the reconstruction filter 162 includes a
corresponding reconstruction filter stage 163 for the first
resolution level m=N at which a reconstruction 1s made and
a corresponding reconstruction filter stage 164 for every
other resolution level m=N+1 to M-1 at which a reconstruc-
fion 1s made. The reconstruction {filter stage 163 has the
transfer functions Q(z)B(z)™' and P(z)a(z)™' while each
reconstruction filter stage 164 has the transfer functions
Q(z)B(z)~" and P(z).

Referring to FIG. 9, the reconstruction filter stage 163
includes a mapping filter substage 166 which has the transfer
function o(z)™'. The mapping filter substage 166 uses the
transfer function a(z)™' to map the set of dual scaling

function coeflicients c,, to the set of standard scaling func-
fion coelflicients c,, at the resolution level N. Furthermore,
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referring to FIGS. 9 and 10, each reconstruction filter 163
and 164 includes a mapping filter substage 168 that has a
transter function B(z)~" for mapping the set of dual wavelet

coellicients d_ to the set of standard wavelet coeflicients d_
at the corresponding resolution level m. In this way, a
change of bases 1s made so that the standard scaling func-
tions {¢_, (x)} and the semi-orthogonal standard wavelets
W s (x)! are used as the basic scaling functions and
wavelets in the 1-D inverse IWT rather than the dual scaling
functions and wavelets {¢,,, (x)} and {y,,, (X)}.
Referring back to FIG. 9, the transfer function a(z)™" of
the mapping filter substage 166 1s the 1nverse of the transfer
function o(z) described earlier. Thus, the transfer function
a(z)™' is a rational function which has a sequence of
mapping coefficients {A_} as its poles. Thus, the mapping
filter substage 166 1s an IIR filter that applies the sequence
of mapping coefficients {A_} to the set of dual scaling

function coeflicients c¢,, to generate the set of standard
scaling function coetlicients c,,.

Moreover, turning again to FIGS. 9 and 10, the transfer
function B(z)"* for each mapping filter substage 168 is
determined 1n view of the following relationship at the

corresponding resolution level m:

Z dm,km wm,km (X) = Z &m,km lzm,km (_x) (12)
Kim om

Furthermore, at this resolution level m-1, there exists a
sequence of mapping coefficients {f3,,} such that:

fgm,km (x) = Z Brdmi,,—n(X) (13)

where each mapping coefficient 3, 1s given by:

1811 — fm'ubm,ﬂ(x)'ubm,n(x) dx. (14)

The transfer function ((z)™' is the inverse of a transfer
function P(z). The transfer function (z) 1s a polynomial that
has the sequence of mapping coefficients {3, } as its coef-
ficients. Thus, the transfer function P(z) " is a rational
function which has a corresponding sequence of mapping
coefficients {0, } as its poles. As result, the mapping filter
substage 168 1s an IIR filter and applies the sequence of
mapping coefficients {8, } to the set of dual wavelet coef-

ficients d_ to generate the set of standard wavelet coeffi-
cients d_ .

Referring to FIGS. 9 and 10, each reconstruction filter
stage 163 and 164 includes a reconstruction filter stage 124
for the corresponding resolution level m. In accordance with
the present mnvention, this reconstruction filter stage 124 1s
the same as the reconstruction filter stage 124 shown 1n FIG.
4 for the inverse wavelet transform system 120 of FIG. 3.
Thus, this reconstruction filter stage 124 has the transfer
functions P(z) and Q(z) for reconstructing the sets of stan-
dard scaling function and wavelet coetficients ¢, and d_ at
the lower resolution level m 1nto the set of standard scaling
function coefficients ¢ at the next higher resolution level
m+1.

Referring back to FIG. 8, the inverse wavelet transform
system 160 further includes the same post-reconstruction
filter 136 as that shown 1n FIG. 4 for the inverse wavelet
transform system 120 of FIG. 3. Thus, as described earlier,
the post-reconstruction filter 136 maps the set of standard

i1
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scaling function coeflicients c,, mnto the set of reconstructed
data samples {,,.

As those skilled 1n the art will recognize, the concepts just
described may be extended to a 2-D IWT and a correspond-
ing 2-D mverse IWT. This extension 1s straight forward and
therefore will not be described at this point. However, it
must be noted here that the sequence of mapping coellicients
16, } is large. Thus, unfortunately, the transfer function
B(z)~" is computationally complex and difficult to imple-
ment. For example, 1n the 2-D mverse IWT described in U.S.
Pat. No. 5,600,373, the sequence of mapping coellicients
{6, } are provided as a banded matrix with many non-zero
bands. This results 1in the 2-D mverse IWT being slow and
inefficient when used to decompress 2-D 1mage data.

SUMMARY OF THE INVENTION

In summary, the present invention comprises a wavelet
fransform system that implements a wavelet transform.
Semi-orthogonal standard wavelets are used as the basic
wavelets 1n the wavelet transform and related standard
scaling functions are used as the basic scaling functions 1n
the mverse wavelet transform. The standard scaling func-
tions at a lower resolution level m are related to the standard
scaling functions at a next higher resolution level m+1 by a
first finite sequence of coeflicients 1 a {first two-scale
relation. Similarly, the semi-orthogonal standard wavelets at
the lower resolution level m are related to the standard
scaling functions at the next higher resolution level m+1 by
a second finite sequence of coeflicients 1n a second two-scale
relation.

The wavelet transform system 1ncludes a pre-
decomposition filter. The pre-decomposition filter maps a set
of original data samples into a set of dual scaling function
coellicients at a resolution level m=M. The set of original
data samples are given by a first function f_(x) that approxi-
mates a second function f(x) at the resolution level m=M.

The wavelet transform system further includes a decom-
position filter that decomposes the set of dual scaling
function coetlicients at the resolution level M 1nto a set of
dual scaling function coeflicients at a resolution level m=N
and sets of dual wavelet coeflicients at respective resolution
levels m=M-1 to N. The decomposition filter includes a
corresponding decomposition {ilter stage for each resolution
level m=M to N+1 at which a decomposition 1s made.

The decomposition filter stage at each resolution level m
decomposes a set of dual scaling function coefficients at the
higher resolution level m 1mnto a set of dual scaling function
coellicients and a set of dual wavelet coeflicients at the next
lower resolution level m-1. In doing so, the first finite
sequence of coeflicients 1s applied to the set of standard
scaling function coeflicients at the higher resolution level m
to generate the set of dual scaling function coeflicients at the
resolution level m—1. Similarly, the second finite sequence
of coellicients 1s applied to the set of standard scaling
function coefficients at the higher resolution level m to
ogenerate the set of dual wavelet coetlicients at the resolution
level m-1.

The present invention also comprises an inverse wavelet
fransform system that implements an imnverse wavelet trans-
form. The inverse wavelet transform corresponds to the
wavelet transform implemented by the wavelet transform
system just described. As 1n the wavelet transform, the
semi-orthogonal standard wavelets are used as the basic
wavelets 1n the inverse wavelet transform and the related
standard scaling functions are used as the basic scaling
functions 1n the iverse wavelet transform.
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The mverse wavelet transform system includes a recon-
struction filter that reconstructs a set of dual scaling function
coellicients at a resolution level m=N and sets of dual
wavelet coellicients at respective resolution levels m=N to
M-1 1nto a set of dual scaling function coefficients at a
resolution level M. The reconstruction filter includes a
corresponding reconstruction filter stage for each resolution
level m=N to M-1 at which a reconstruction 1s made.

The reconstruction filter stage for each resolution level m
reconstructs a set of dual scaling function coeflicients and a
set of dual wavelet coeflicients at the lower resolution level
m 1nto a set of dual scaling function coetlficients at the next
higher resolution level m+1. The reconstruction filter stage
comprises a first mapping filter substage to apply a sequence
of mapping coetficients to the set of dual scaling function
coellicients at the resolution level m to generate a set of
standard scaling function coefficients at the resolution level
m. The reconstruction filter stage further includes a second
mapping filter substage to apply the sequence of mapping
coellicients to the set of dual wavelet coeflicients at the
lower resolution level m to generate a set of formatted
wavelet coeflicients at the resolution level m. Finally, the
reconstruction filter stage includes a reconstruction filter
substage to reconstruct the sets of standard scaling function
and formatted wavelet coeflicients at the lower resolution
level m 1nto the set of dual scaling function coefficients at
the next higher resolution level m+1. This 1s done by
applymng a third finite sequence of reconstruction coefli-
cients to the set of standard scaling function coefficients at
the lower resolution level m and a fourth finite sequence of
reconstruction coeflicients to the set of formatted wavelet
coefficients at the resolution level m. The third finite
sequence of reconstruction coefficients 1s derived from the
second finite sequence of reconstruction coetlicients and the
fourth finite sequence of reconstruction coeflicients 1s
derived from the first finite sequence of reconstruction
coellicients.

The inverse wavelet transform system further includes a
post-reconstruction filter. The post-reconstruction filter
maps the set of dual scaling function coeilicients at the
resolution level M 1nto a set of reconstructed data samples.
The set of reconstructed data samples are also given by the
first function f (x), for the resolution level m=M.

As 1mdicated previously, semi-orthogonal standard wave-
lets are used as the basic wavelets 1n the wavelet transform
and the 1nverse wavelet transforms. Thus, the first and
second finite sequences of reconstruction coeflicients are not
infinite sequences of coelflicients that have been truncated.

Furthermore, 1n one embodiment of each decomposition
filter stage of the wavelet transform system, downsampling
1s not used. Similarly, in one embodiment of each recon-
struction filter stage of the inverse wavelet transform,
upsampling 1s not used.

Additionally, in one embodiment of the pre-
decomposition filter of the wavelet transform system, the
pre-decomposition filter has a transfer function that 1s the
sum of an all-zeros polynomial and an all-poles rational
function. In this case, the pre-decomposition filter comprises
parallel FIR and IIR filters. In another embodiment of the
pre-decomposition {ilter, the pre-decomposition filter has a

transfer function that 1s obtained from the orthogonal pro-
jection of the second function {(x) to the first function f_(x),

for the resolution level m=M. In the case where this embodi-
ment of the pre-decomposition filter 1s used 1n the wavelet
transform system, a corresponding embodiment of the post-
reconstruction filter 1s used in the 1nverse wavelet transform.
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BRIEF DESCRIPTION OF THE DRAWINGS

FIG. 1 shows a block diagram of an embodiment of a
wavelet transform system 1n accordance with the present
invention.

FIG. 2 shows a block diagram of each decomposition
filter stage of the wavelet transform system of FIG. 1.

FIG. 3 shows a block diagram of an embodiment of an
inverse wavelet transform system 1n accordance with the
present invention.

FIG. 4 shows a block diagram of each reconstruction filter
stage of the inverse wavelet transform system of FIG. 3.

FIG. 5§ shows a block diagram of another embodiment of
a wavelet transform system 1n accordance with the present
invention.

FIG. 6 shows a block diagram of a pre-decomposition
filter of the wavelet transform system of FIG. 5.

FIG. 7 shows a block diagram of each decomposition
filter stage of the wavelet transform system of FIG. 5.

FIG. 8 shows a block diagram of another embodiment of
an 1nverse wavelet transform system in accordance with the
present mvention.

FIG. 9 shows a block diagram of the first reconstruction
filter stage of the inverse wavelet transform system of FIG.

8.

FIG. 10 shows a block diagram of every other reconstruc-

tion filter stage of the inverse wavelet transform system of
FIG. 8.

FIG. 11 shows a block diagram of a data processing
workstation according to the present invention.

FIG. 12 shows a block diagram of the operation of the

data processing system of the data processing workstation of
FIG. 11.

FIG. 13 shows a block diagram of an embodiment of a
wavelet transform system for implementing a 1-D IWT
according to present invention.

FIG. 14 shows a block diagram of an embodiment of an
inverse wavelet transtorm system for implementing a 1-D
inverse IWT according to present invention.

FIG. 15 shows a block diagram of each reconstruction
filter stage of the inverse wavelet transform system of FIG.

14.

FIG. 16 shows a block diagram of a post-reconstruction
filter of the mverse wavelet transtorm system of FIG. 14.

FIG. 17 shows a block diagram of an embodiment of a
wavelet transform system for implementing a 2-D IWT
according to present invention.

FIG. 18 shows a block diagram of a pre-decomposition
filter of the wavelet transform system of FIG. 17.

FIG. 19 shows a block diagram of each decomposition
filter substage of the wavelet transform system of FIG. 17.

FIG. 20 shows a block diagram of an embodiment of an
inverse wavelet transtorm system for implementing a 2-D
inverse IWT according to present invention.

FIG. 21 shows a block diagram of each reconstruction
filter substage of the inverse wavelet transform system of

FIG. 20.

FIG. 22 shows a block diagram of a post-reconstruction
filter of the inverse wavelet transform system of FIG. 22.

FIG. 23 shows a block diagram of another embodiment of
a pre-decomposition filter of the wavelet transform system

of FIG. 13.

FIG. 24 shows a block diagram of still another embodi-
ment of a pre-decomposition filter of the wavelet transform

system of FIG. 13.
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FIG. 25 shows a block diagram of another embodiment of
a post-reconstruction filter of the inverse wavelet transform

system of FIG. 14.

FIG. 26 shows a block diagram of another embodiment of
cach decomposition filter stage of the wavelet transform

system of FIG. 13.

FIG. 27 shows a block diagram of another embodiment of
cach reconstruction filter substage of the inverse wavelet
transform system of FIG. 14.

FIG. 28 shows a block diagram of pre-quantization filter
substages of each decomposition filter stage of the wavelet
transform system of FIG. 17.

FIG. 29 shows a block diagram of post-dequantization
filter substages of each reconstruction filter stage of the
iverse wavelet transform system of FIG. 20.

DETAILED DESCRIPTION OF THE
INVENTION

Referring to FIG. 11, there 1s shown a data processing
workstation 200 with a software embodiment of a data
processing system 202. The data processing workstation 200
includes a memory 210. The memory stores 210 an operat-
ing system 212 and the data processing system 202. The
operating system 212 and the data processing system 202 are
run on the CPU 214 of the workstation 200. The operating
system 212 controls and coordinates running of the data
processing system 202 1n response to commands 1ssued by
a user with the user interface 216 of the workstation 200.

Original data and encoded (i.e., compressed) data gener-
ated externally 1s received by the data processing worksta-
tion 200 from an external source (not shown) over external
communications channels 218 via the communications
interface 220. This data 1s then stored mm the memory
locations 204 and 206, respectively, by the operating system
212. Similarly, encoded data that 1s generated by the data
processing system 202 1s stored 1in the memory location 206
and may be retrieved by the operating system 212 and
transmitted to external destinations (not shown). This is
done over the communications channels 218 via the com-
munications interface 220. These operations are all done 1n
response to commands 1ssued by the user with the user
interface 216.

When the user wishes to compress original data, the user
1ssues appropriate commands with the user interface 216 to
invoke the data processing system 202 and select the data.
This original data may by 1-D data, such as audio signals,
and/or 2-D data, such as image data. The data 1s then
compressed by the data processing system 202 in the manner
discussed next.

Referring to FIG. 12, the data processing system 202
includes a wavelet transform system 230. The wavelet
transform system 230 retrieves the original data from the
memory location 206 and decomposes 1t to form decom-
posed data. As will be discussed shortly, the wavelet trans-

form system 230 uses a novel implementation of 1-D and
2-D IW'Ts 1n order to do this.

Then, the decomposed data 1s quantized by the quantiza-
fion system 224 of the data processing system 202 to
ogenerate quantized data. In doing so, the quantization system
224 quanftizes the decomposed data by quantizing 1ts data
samples to predefined allowable integer values.

The encoding system 226 of the data processing system
202 then encodes the quantized data to generate encoded
data that it 1s compressed. This may be done by encoding the
quantized data samples of the quantized data based on their
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quantized integer values Using well known lossless and
highly compact encoding techniques. The encoding sub-
system then stores the encoded data 1in the memory location

206.

Referring back to FIG. 11, conversely when the user
wishes to decompress encoded data, the user 1ssues appro-
priate commands with the user mterface 216 to invoke the
data processing system 202 and select the encoded data. The
data processing system 202 then decompresses the encoded
data 1in the manner discussed next.

The decoding system 228 of the data processing system
202 retrieves the encoded data from the memory location
206 and decodes 1t to generate decoded data that 1s also
quantized. The decoding system 228 does this by decoding
the encoded data samples of the encoded data Using a
decoding technique corresponding to the encoding tech-
nique described earlier.

Then, the decoded data 1s dequantized by the dequanti-
zation system 232 of the data processing system 202 to
ogenerate dequantized data that was decomposed by the
wavelet transform system 230. This 1s done by dequantizing,
the quantized data samples of the decoded data from their
predefined allowable integer values to dequantized values.
In doing so, the dequantization system 232 uses a dequan-
fization technique corresponding to the quantization tech-
nique mentioned earlier.

The 1nverse wavelet transform system 240 of the data
processing system 202 reconstructs the dequantized data to
ogenerate reconstructed data. As will be described shortly,
this 1s done using a novel implementation of the 1-D and 2-D
inverse IWTs that correspond to the 1-D and 2-D IWTs
implemented by the wavelet transform system 230. The
reconstructed data 1s then stored in the memory location 208
by the 1nverse wavelet transform system 240.

1-D Wavelet Transform Using S.0O. Standard
Wavelets 11, (X)} as Basic Wavelets

Referring to FIG. 13, the wavelet transform system 230 1s
used to decompose original 1-D data that comprises a 1-D
set of original data samples 1,, at the original resolution level
M. The set of original data samples t,,1s decomposed by the
wavelet transform system 230 into a set of dual scaling

function coefficients c,, In an L frequency band at the
resolution level M and sets of dual wavelet coethicients d,, ,

to d, in H frequency bands at respectively the resolution
levels M-1 to N. This 1s done by using standard scaling
functions {¢,, , (x)} and s.o. standard wavelets {,, . (X)}
as the basic scaTing functions and wavelets in the 1-D TWT
in the same manner as discussed earlier for the wavelet
transform system 140.

In order to do this, the wavelet transform system 230
includes the same pre-decomposition filter 142 as does the
wavelet transtorm system 140 of FIG. 5. Moreover, the
wavelet transform system 230 includes a decomposition
filter 234. The decomposition filter 234 has a corresponding
decomposition filter stage 236 for the last resolution level
m=N+1 at which a decomposition 1s made and a correspond-
ing decomposition filter stage 238 for every other resolution
level m=M to N+2 at which a decomposition 1s made. Each
decomposition filter stage 236 and 238 includes a decom-
position filter substage 148 for the corresponding resolution
level m which 1s the same as the decomposition filter stage
148 shown in FIG. 7 for the wavelet transform system 1440.
However, 1n the wavelet transform system 230, alternative
embodiments for the pre-decomposition filter 142 and each
decomposition filter substage 148 may be used, as will be
discussed later.
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1-D Inverse Wavelet Transform Using S.O.
Standard Wavelets {y,, , (x)} as Basic Wavelets

Turning to FIG. 14, the inverse wavelet transform system
240 1s used to reconstruct a set of dual scaling function and

wavelet coefficients ¢, and d,, , to d. that were generated
in the manner just described 1nto a set of reconstructed data
samples 1,,. As mentioned earlier, the inverse wavelet trans-
form system 240 uses a novel implementation of the 1-D
inverse IWT that corresponds to the 1-D IWT implemented
by the wavelet transform system 230. Like the 1-D inverse
IWT performed by the inverse wavelet transform system
160 of FIG. 8, the 1-D inverse IWT implemented by the
inverse wavelet transform system 240 uses the standard
scaling functions {q)m?km(x)} and the s.o. standard wavelets

{ypmk_(x)} as the basic scaling functions and wavelets in
the 1-D mverse IW'T.

In order to implement the 1-D mverse IWT, the inverse
wavelet transform system 240 includes a reconstruction
filter 242. The reconstruction filter 242 reconstructs the sets

of dual scaling function and wavelet coefficients ¢, and
dM-1to d,, into the set of dual scaling function coefficients

c,,. The reconstruction filter 242 includes a corresponding
reconstruction filter stage 243 for the first resolution level
m=N at which a reconstruction 1s made and a corresponding
reconstruction filter stage 245 for every other resolution
level m=N+1 to M-1 at which a reconstruction 1s made.
Each reconstruction filter stage 243 and 245 includes a
reconstruction filter substage 244 for the corresponding
resolution level m. The reconstruction filter substage 244 has
the transfer functions P*(z)o(z)™" and Q*(z)o(z)™" to recon-
struct the sets of dual wavelet and scaling function coefli-

cients ¢, andd_ in the I and H frequency band s at the lower
resolution level m into the set of dual scaling function

coefficients ¢, ., in the L frequency band at the next higher
resolution level m+1.

In order to do so, the reconstruction filter substage 244 for
cach resolution level m includes two mapping filter sub-
stages 166 with the transfer function a(z)™', as shown in
FIG. 15. Each mapping filter substage 166 1s the same as the
mapping filter stage 166 shown 1n FIG. 8. One mapping filter
substage 166 maps the set of dual scaling function coefli-

cients ¢,={c,, . } to the set of standard scaling function
coefficients {c,,, } according to Eq. (10) for the resolution
level m. However, the other mapping filter substage 166

maps the set of dual wavelet coeflicients am={am? . }to aset
of formatted wavelet coefficients {d,, , } at the resolution
level m according to:

am,km — Z ":End_m,km—n- (15)

In performing these mappings, the sequence of mapping
cocfficients {A } described earlier are applied by the map-
ping filter substages 166 to the sets of dual scaling function
and wavelet coefficients {c,,, } and {d,, . } to respectively
generate the sets of standard sﬂéaling function and formatted
wavelet coefficients {c,,, } and {dmJ)k,}.

The reconstruction filter substage 244 for each resolution
level m also includes a reconstruction filter substage 246.
The reconstruction filter substage 246 reconstructs the sets
of standard scaling function and formatted wavelet coefli-
cients {c,, . } and {dm,k, } in the L and H frequency bands
at the lower resolution level m into the set of dual scaling

function coefficients c,,,,={c,,,;+ } in the L frequency
band at the next higher resolution level m+1. In order to do
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so, the transfer functions P*(z) and Q*(z) are used by the
reconstruction filter substage 246.

The transfer functions P*(z) and Q*(z) are obtained in
view of the fact that the sets of standard scaling function and

formatted wavelet coefficients {c,, } and {d,, } are
related to two sequences of reconstruction coefficients Ip,*}
and {q,,* } and the set of dual scaling function coefficients {

Crur1x .,y according to:

1T Z (pzm+l_2km d_m=km T qzm+l ~ 2k C ke ) (16)

Km

Cm+l,km+

Furthermore, the sequences of reconstruction coefficients
Ip,. ¥} and {q,*} are derived from the corresponding
sequences of reconstruction coefficients {p,.} and {q,}
according to:

p $=(_1)Hpn+1
q,"=(~

Thus, the transfer functions P*(z) and Q*(z) of the recon-
struction filter substage 246 are polynomials that respec-
fively have the sequences of reconstruction coeflicients
Ip,*} and {q,*} as their coefficients.

In view of this, the reconstruction filter substage 246 at
cach resolution level m has upsamplers 126, like the recon-
struction filter stage 124. In this case, the upsamplers 126
respectively upsample the sets of scaling function and
formatted wavelet coefficients {c,,, } and {d,, , } to respec-
fively generate the sets of intermediate coefficients {Cnr |

and {d,, , }. "

Furthermore, similar to the reconstruction filter stage 124
of FIGS. 4 and 9, the reconstruction filter substage 246 at
cach resolution level m has FIR filters 247 and 249. The
filters 247 and 249 respectively perform the transfer func-
tions P*(z) and Q*(z) by respectively applying the
sequences of decomposition coefficients {p *} and {q *} to
the sets of formatted wavelet and scaling function coefli-

cients {d,, . }and {c,,, } torespectively generate the sets
of intermediate coefficients {Z,ps1 k) and Ve, t,. The

sets of itermediate coefficients {z],m1 « .t and {ym+1 -
are then component-wise summed by the summer 134 of the
reconstruction filter substage 246 to generate the set of dual

scaling function coefficients ¢, ,1={c,.,1 . ,}. The summer
134 is the same as that in the reconstruction filter stage 124
of FIGS. 4 and 9.

Referring back to FIG. 14, the post-reconstruction filter
248 of the mverse wavelet transform system 240 has the
transfer function o(z) '¢(z). This transfer function c(z) "¢
(z) 1s used by the post-reconstruction filter 248 to map the set

of dual scaling function coefficients ¢,, into the set of
reconstructed data samples 1,

As shown 1n FIG. 16, the post-reconstruction filter 248
includes a mapping filter stage 166 that 1s the same as the
mapping filter stage 166 shown 1n FIG. 8 for the inverse
wavelet transform system 160. Here, the mapping filter stage
166 performs the transfer function a(z)™" by applying the
sequence of coefficients {A } to the set of dual scaling

function coefficients c,, to generate the set of standard
scaling function coefficients c¢,,. The post-reconstruction
filter 248 also mcludes as a mapping filter stage 136 the
same post-reconstruction filter 136 as 1n the inverse wavelet
transform system 120 of FIG. 3. This mapping filter stage
136 uses the transfer function ¢(z) to map the set of standard
scaling function coeflicients c,, mnto the set of reconstructed
data samples f,, by applymng the sequence of mapping

1Y g, .. (17)
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cocfficients {¢, } to the set of standard scaling function
coefficients c,,.

Referring back to FIG. 15, 1in each reconstruction filter
substage 244, the use of the two mapping filter substages
166 and the switching of the filters 130 and 132 in the
reconstruction filter substage 246 provides several benelits
to the i1nverse wavelet transform system 240. First, this
avolds having to change basis using the same complex
mapping filter substage 168 as in each reconstruction filter
stage 164 shown 1n FIG. 9 for the inverse wavelet transform
system 160 of FIG. 8. Second, this avoids having to use the
truncated infinite sequences of coefficients {a_} and {b,}
applied with the complex filters 108 and 110 shown 1n FIG.
2 for each decomposition filter stage 106 of the wavelet
transform system 100 of FIG. 1.

2-D Wavelet Transform Using Standard Wavelets
Wz (X)f and {4y, ()} as Basic Wavelets

In a typical 2-D IWT, the dual scaling functions and

wavelets {9, (X) 15 19, (V) 1Wnr, (X)) and {1, (¥)} t0
the standard wavelets {q)m « (X}, {q)m (¥)s Wi (}6} and

fy Jm(y)} are used as the basic Scahng functions and
wavelets 1 the 2-D IWT, where the indexes k,, and 7,
correspond to the resolution level m. For each resolution
level m=M to N+1 at which a decomposition is made 1n this
2-D IWT, there exists the following relatlonshlp between the
2-D set of standard scaling function coefficients c,,={c,, k }
at the higher resolution level m and the 2-D sets of standard
scaling function and wavelet coefficients ¢,,_,=1c _1 Ko %m
} d,,._1 _{dm—lk AT 11} d,,_4 _{dm 1,k 4o 12}
{d . Ko 13} at the mext lower resolution level m—1:

1
Z (dm_Lkm—l Fm—1

Km—1+/m—1

P14y XMW1, j,_ (¥ +

Z Cokom, jm d)f'ﬂ,k (-x)qu,j (}') = (18)

kopysd

Qo i Wm Ly (X)
Gm—1,j, 1 (V) +
Qo 1 (i YmLkyy | ()
W1, V) +

Con—1, k1 i ] D=Ly | (X)

St 1 (V).

In view of Eq. (18),the standard scahng function and

wavelet coeflicients ¢, o d__, P td ko 12,

and d,,_,, 3 at each resolution level m-1 may be

mlml

obtained accordmg to the decomposition sequences:

(19)

Cm_l=km—l=fm—l . Z a‘iim_z‘{{m—l a.ﬂ’-m_zjm—l Cmkm.im
kmsjm

1 _ . . .
dm—l,km_l,jm_l ~ Z U ~2Uy1 O i ki i

km :.J'Fm

2 _ . . .
km :jm

3 _ : . :
dm—l,km_l,jm_l - Z bkm—%m—l bjm_zjm—l Cmskmsjm'

km ?jm

This 1s further described 1in U.S. Pat. No. 5,262,958 refer-
enced earlier. From Eq. (19), it is clear that the dual scaling

functions and wavelets {9,z (X)}, 19, (N} Wi (X}

and {y,, (y)} are used as the basic wavelets in this other
2-D IWT since 1t 1s defined by:
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Cme.j = E f O 9B, )0, (V) dxdy (20
Qn,j = jj F O s W (V) dxdy
i = f_: f o YW, ), ;. (V) dxdy
. f_: f o YW, W, () dXdy.

Conversely, 1n the 2-D inverse IWT that corresponds to
the 2-D IW'T just described, each standard scaling function

coefficient ¢, , - 1s given by:
— . . 21
Crdomsim = Z (Pkm—ka_l Fim=2im—1 Cm=Lkp_1.im—1 + =
Kpn—1>Jm—1
1
Pl —2ky, 14 jin—24 1 dm_l,km_l et T
2
im—2km 1 P im—2im—1 dm—lskm—l dmet T

. . 3 _

This 1s also described 1n U.S. Pat. No. 5,262,958 referenced
carlier. Here, the standard scaling functions and wavelets

19, k, (X)}, {q)mz;m(Y) {wm k,, (x)}, and {wmz;m(Y)} are used as

the basic scaling functions and wavelets in the 2-D inverse

IW'T, as can be seen by combining Eqgs. (18) and (21).
But, similar to the 1-D IW'T discussed earlier, a change of

bases may be made so that the standard scaling functions and

wavelets {q)m?km(x)}: {q)mz;'m(Y): {wm?km(x)}? and {wmzfm(Y)}

are used also as the basic scaling functions and wavelets 1n
the 2-D IWT. In this case, the relationships in Egs. (18) to
(21) are switched with those for when the dual scaling

functions and wavelets {9,,, . (X)}, 19,.; (¥)> {1W,nr (X)}, and
W, (¥)} are the basic wavelets in the 2-D IWT. As a resullt,
at each resolution level m, the standard scaling functions and

wavelets {q)m?km(x)}? {q)mzfm(Y)}? {wm?km(x)}: and {wm;m(Y)}

are respectively switched with the corresponding dual scal-
ing functions and wavelets 19,,;, (X)}, 19, (V] 1
V,.x (X)}, and {1}, Jm(y)} the sets of Standard Scalmg func-
tion and wavelet coefficients ¢ d d and d,_

Fri—12 ml: ml?

are switched with the correspondmg sets of dual Scalmg

K 1
functlon and wavelet coefficients c,_,, d__,*, d__.=, and
d

1, and the sequences of coefficients {a,} and {b,} are
respectively switched with the sequences of coeflicients
Ip,} and {q,}. Furthermore, if the standard wavelets
Wr (X}, and {1, ; (y)} are s.o. wavelets in this case, then
the sequences of coethicients {p, } and {q, } are finite and can
be used 1n both decomposition and reconstruction, as in the
1-D IWT discussed earlier.

Referring to FIG. 17, the wavelet transtorm system 230
implements such a 2-D IWT with s.0. standard wavelets
W (X)f, and {1, - (y)} as the basic wavelets. Like the
1-D original data discussed earlier, the original 2-D data
comprises a 2-D set of original data samples f,, at the
original resolution level M. The set of original data samples
fr =it = fM(Z_Mn 2-"1) is given by a 2-D function f,(x,
), where x=2"Mn and y=2""1. Similar to the 1-D function
f,(x), the 2-D function f,/X,y) approximates another 2-D
function {(x,y) at the original resolution level M. But, in this
case, the set of original data samples 1,, extends m two
spatial dimensions, the X and y directions.

The set of original data samples t,, 1s decomposed by the
wavelet transform system 230 1nto a 2-D set of dual scaling

function coefficients c, in an LL (vertical and horizontal
direction low) frequency band at the resolution level N, 2-D
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sets of dual wavelet coefficients d,, ,* to d,' in LH

(horizontal direction low and vertical direction high) fre-
quency bands at respectively the resolution levels m=M-1 to

N, 2-D sets of dual wavelet coefficients d,, ,~ to d,~ in HL
(horizontal direction high and wvertical direction low) fre-
quency bands at respectively the resolution levels m=M-1 to

N, and 2-D sets of dual wavelet coefficients d,, > to d,° in
HH (horizontal and vertical direction high) frequency bands
at respectively the resolution levels m=M-1 to N. This 1s
done 1n a similar manner to that in the 1-D IWT 1mple-
mented by the wavelet transform system 230.

Specidically, the pre-decomposition filter 270 of the wave-
let transform system 230 has the transfer function ¢(z,) "
(z)9(z,) " a(z,) for mapping the set of original data samples
f,, into the set of dual scaling function coefficients c,, in an
LL frequency band at the resolution level m=M. In order to
do this, the pre-decomposition filter 270 1ncludes two pre-
decomposition filter stages 142, as shown m FIG. 18. Each
pre-decomposition filter stage 142 1s the same pre-
decomposition filter 142 as that shown 1n FIG. 6 for the 1-D
IWT.

The first pre-decomposition filter stage 142 has the trans-
fer function ¢(z,) "o(z,) for mapping in the horizontal
direction each row 1 of the 2-D set of original data samples
f,,=(fy;,.;; into a corresponding row i of a 2-D set of
intermediate coefficients u,,={u,,, ,}. Similarly, the second
pre-decomposition filter stage 142 has the transfer function
®(z,) 'o(z,) for mapping in the vertical direction each

column k,, of the 2-D set of intermediate coefficients u,,={
uM - ;} into a corresponding column k,, of the 2-D set of

dual scaling function coefficients c,,={c M, v 1. This is done
by these two pre-decomposition filter stages 142 1n the
manner described earlier for the 1-D IWT.

Referring back to FIG. 17, the wavelet transform system
230 turther includes a decomposition filter 272 to implement
the 2-D IW'T. The decomposition filter 272 decomposes the

set of dual scaling function coefficients c,, into the sets of
dual scaling function and wavelet coefficients ¢y, d,, ;" to

ey

d.', d,, . to dy>, and d,, ,> to dy°. In order to do so, the
decomposition filter 272 includes a corresponding decom-
position filter stage 273 for the last resolution level m=N+1
at which a decomposition 1s made and a decomposition filter
stage 275 for every other resolution level m=M to N+2 at
which a decomposition 1s made.

Each decomposition filter stage 273 and 275 includes a
decomposition filter substage 274 for the corresponding
resolution level m which has the transfer functions P(z,)P
(z,), P(z,)Q(z,), Q(z,)P(z,), and Q(z,)Q(z,). This enables
the decomposition filter substage 274 to decompose the set
of dual scaling function coefficients c,, in the LL frequency
band at the higher resolution level m into the sets of dual

. . _ ‘ E 1
wavglet and scaling function coefficients¢,,_,,d__.*,d .=,
and d, _

.~ inthe LL, LH, HL, and HH frequency bands at the
next lower resolution level m-1.

More specifically, as shown 1n FIG. 19, the decomposition
filter substage 274 for each resolution level m includes three
decomposition filter substages 148. Each decomposition
filter substage 148 1s the same decomposition filter stage 148
as that shown 1n FIG. 7 for the 1-D IWT.

The first decomposition filter substage 148 has the trans-
fer functions P(z,) and Q(z,). This allows this decomposi-
tion {filter substage 148 to decompose 1n the horizontal
direction each row j,, of the 2-D set of dual scaling function

coellicients ¢ —{cm - !} into a correspondimg row ], of the

2-D set of intermediate coefficients s,,_,={s,,_,, . } anda
corresponding row i, of the 2-D set of intermediate coef-
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ficients t,_,={t,_;, .} This is done in the manner

described earlier for the 1-D TWT.

The second and third decomposition filter substages 148
each have the transfer functions P(z,) and Q(z,). Using the
transfer functions P(z,) and Q(z,), the second decomposi-
tion filter substage 148 decomposes 1n the vertical direction
cach column k,, , of the 2-D set of intermediate coefficients

S 1=1Sm_14 Jm} into a corresponding column k,,,_; of the
2D set of dual scaling function coefficients ¢, _,={
c. . PR } and a corresponding column k,_, of the 2-D
set of dual wavelets coefficients Ay ={d, s s 1}
Similarly, the third decomposition {filter substage 148 uses
the transfer functions P(z,) and Q(z,) to decompose in the

vertical direction each column k__, of the 2-D set of
intermediate coefficients t,,_;=1t,,_;, , } into a corre-
sponding column k__, of the 2-D set of dual wavelet
coefficients d,,,_,*={d,,_,,  *} and a corresponding col-
umn k__, of the 2-D set of dual wavelets coefficients
d,,_°={d,._1. ,; °}. This is done by these two decompo-

sition filter substages 148 in the manner described earlier for
the 1-D IWT.

2-D Inverse Wavelet Transform Using S.0O.
Standard Wavelets {y,, , (x)} and {1}, (y)} as
Basic Wavelets

Turning to FIG. 20, the mnverse wavelet transform system
240 uses a 2-D mverse IWT that corresponds to the 2-D IWT
implemented by the wavelet transform system 230 of FIG.
17. Here, the standard scaling functions 1¢,,, (X)} and
19,.; (y) and the s.o. standard wavelets . k, “(x)} and
{wm i - (y)} that were used as the basic wavelets in the 2-D
IWT are also used as the basic scaling functions and
wavelets 1n the 2-D 1inverse IWT. Thus, the 1nverse wavelet
transform system 240 1s used to reconstruct sets of dual

scalmg function and wavelet coefficients ¢,, d,, ,* to d,",

d,, ., tod,? and d,, ,> to d,” into a set of reconstructed
data samples 1,,.

In order to 1implement the 2-D inverse IWT, the inverse
wavelet transform system 240 includes a reconstruction
filter 250. The reconstruction filter 250 reconstructs the sets
of dual scaling function and wavelet coefficients c,, d,, "
to dy', d,, - to dy°, and d,, ,° to d,~ into the set of dual
scaling function coefficients c,,. To do so, the reconstruction
filter 250 1ncludes a corresponding reconstruction filter stage
253 for the first resolution level m=N at which a reconstruc-
fion 1s made and a corresponding reconstruction filter stage
252 for every other resolution level m=N to M-1 at which
a reconstruction 1s made.

Each reconstruction filter stage 252 and 253 includes a
reconstruction filter substage 254 for the corresponding

resolution level m. This reconstruction filter substage 254
has the transfer functions Q*(z,)a(z,)Q*(z,)(z,), Q*(z,)

(z)P*(22)o(2,), P*(2,)ol(z,)Q*(2,)0(2,), and P*(z, )o(z,)P*
(z,)a(z,). As a result, the reconstruction filter substage 254
reconstructs the sets of dual wavelet and scaling function
coeflicients Em, Elml, Elmz, and amB mn the LL, LH, HL,, and
HH frequency bands at the lower resolution level m 1nto the

set of dual scaling function coefficients c,,_, in the LL
frequency band at the next higher resolution level m+1.

For doing so, the reconstruction filter substage 254
includes three reconstruction filter substages 246, as shown
in FIG. 21. Each reconstruction filter substage 246 1s the

same reconstruction filter substage 246 as that shown 1n FIG.
15 for the 1-D inverse IWT.

The first and second reconstruction {filter substages 246
each have the transfer functions Q*(z,)a(z,) and P*(z,)a
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(z,). Using the transfer functions Q*(z,)a(z,) and P*(z,)a
(z,), the first reconstruction filter substage 246 reconstructs
in the vertical direction each column k,, of a 2-D set of

intermediate coefficients s, ;={S,.,1 4 ; .y from a corre-
sponding column k,_ of the 2-D set of dual scaling function
coellicients cm={cm?k } and a correspondmg column k_ of

the 2-D set of dual wavelet coefficients d =i i}
Similarly, the second reconstruction filter substage 246 uses
the transfer functions Q*(z,)a(z,) and P*(z,)a(z,) to recon-
struct 1n the vertical direction each column k_ of a 2-D set

of intermediate coefficients t,={t,,,, ; } from a corre-
sponding column k,_ of the 2-D set of dual wavelet coelli-
cients d 2—{d . sz} and a corresponding column k_ of the

set of dual wavelet coefficients d n ={dmk_, ; }. This is done
by these reconstruction filter substages 246 in the same
manner as described earlier for the 1-D mverse IWT.

Furthermore, with the transfer functions Q*(z,)a(z,) and
P*(z,)a(z,), the third reconstruction filter substage 246
reconstructs in the horizontal direction each row 1, ., of the

2 D set of dual scaling function coefficients ¢, _,={
C .1 Ko +1} from a corresponding row j, ., of the 2-D set

of intermediate coeflicients sm+1—{sm+1 - +1} and a corre-
sponding row j, ., of the 2-D set of intermediate coefficients

tys1={tms1s ; }- This is also done in the same manner as
described earlier for the 1-D inverse IWT.

Referring back to FIG. 20, the post-reconstruction filter
256 of the inverse wavelet transform system 240 has the
transfer function ¢(z,)a(z,) ' ¢(z,)o(z,)™" for mapping the
set of dual scaling function coefficients ¢,, into the set of
reconstructed data samples f,,. In order to do this, the
post-reconstruction filter 256 1ncludes two post-
reconstruction filter stages 248, as shown 1n FIG. 22. Each

post-reconstruction filter stage 248 1s the same post-
reconstruction filter 248 as that shown 1n FIG. 16 for the 1-D
mverse IWT.

The first post-reconstruction filter stage 248 has the
transfer function ¢(z,)a(z,)™" for mapping in the vertical
direction each column k,, of the 2-D set of dual scaling

function coeflicients CM{CM -y ! into a corresponding
Column k,, of the 2-D set of mtermedlate coefficients u,,={

uM x, ;- Similarly, the second post-reconstruction filter
stage 248 uses the transfer function q)(zl)a(zl) ! to map in
the horizontal direction each row 1 of the 2-D set of

1ntern}edlate coellicients uﬂf{uM?kM?,;} into a corresponding,
row 1 of the 2-D set of reconstructed data samples
fr/=1frs,.+- This is done by these two post-reconstruction

filter stages 248 1n the same manner as described earlier for
the 1-D inverse IWT.

Specific Implementation of Wavelet and Inverse
Wavelet Transform Systems

In a specific implementation of the wavelet transform
system 230 of FIGS. 13 and 17 and the inverse wavelet
fransform system 240 of FIGS. 14 and 20, the scaling
function ¢, (X) may be a cubic Splme In this case, the
sequence of mapping coefficients I¢, } is given by:

¢,=0,
for n=-2 and n=2
¢_=Y6
=76

¢,=Y6 (22)
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Thus, the mapping filter stage 136 of FIG. 15 performs a
moving average operation according to:

Vi= .. € X €€ X, 4+ ... (23)

where the set of inputs {x,}, the set of outputs {y,}, and the
sequence of taps {e,} are respectively the set of standard
scaling function coefficients {c M, 1, the set of original data
samples {fM r, }, and the sequence of mapping coefficients
19z, )

Conversely, the sequence of mapping coefficients {S, }
corresponding to the sequence of mapping coefficients {¢, }
1s given by:

©,,=0,

for n=-2 and n=2
So="6(2+V3)
C,=0_;=2-V3 (24)

In this case, the mapping filter stage 102 of FIG. 6 performs
a recursive two-stage feedback differencing operation as
follows:

Vi = Xy — My Vg1 — --. (25)

= Vi —H-1Wie1l — .-

Wi
L — —
MO

where the set of inputs {x, }, the set of outputs {z,}, and the
sequence of taps {u, } are respectively the set of original data
samples {f,, . }, the set of standard scaling function coef-
ficients {c,, &, s> and the sequence of mapping coefficients

14,1 -
Furthermore, in this specific implementation, the
sequence of mapping coefficients {a. } is given by:
a,,=0,
for n=-5 and n=5
a_,=0,=Y5040
O_;=C;='%5040
a_=0,=11"15040
o_,=0,=2%165040 (26)

Thus, the mapping filter stage 144 of FIG. 6 performs a
moving average operation according to Eq. (23) where the
set of inputs {x, }, the set of outputs {y,}, and the sequence
of taps {¢,} are respectively the set of standard scaling
function coefficients {c,, r 1, the set of dual scaling function

coefficients {c,, k} and the sequence of mapping coefli-
cients 10y, |.

Slmllarly, the sequence of mappmg coefficients {A }
corresponding to the sequence of mapping coefficients {c. }
1s given by:

A =0,

Fl

for n=-4 and n=4
A;=5.289556603818
A=A_1=0.666983740798

A,=A_,=0.071619419287
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Az=A_5;=0.000600164327 (27)

The mapping filter substages 166 shown 1n FIGS. 15 and the
mapping filter stage 166 shown 1n FIG. 16 each perform a
recursive two-stage feedback differencing operation accord-
ing to Eq. (25). Thus, for the mapping filter substages 166 of
FIG. 15, the sets of inputs {x,} are respectively the sets of

dual scaling function and wavelet coefficients {c,, , } and {

d,, . |, the sets of outputs {z,} are respectively the sets of
standard scaling function and formatted wavelet coeflicients
(s} and {d, . } and the sequence of taps {u,} is the
sequence of mapping coefficients {A, } Finally, for the
mapping lilter stage 166 of FIG. 16, the set of inputs {x, | is

the set of dual Seahng function coeflicients {CM - 1, the set
of outputs {z,} is the set of standard Sealmg function
coefficients {c,, km} and the sequence of taps {u,} is the

sequence of mapping coefficients {A, }
Additionally, the sequence of deeomposition coellicients

Ip,.} is given by:

pf‘.!:o!

for n=-3 and n=3

P—2=Pz=1/(8@
P_1=p1=4/(8V2)

Po=6/(8"2) (28)

As a result, the filter 130 shown 1n FIG. 7 performs a moving
average operation according to Eq. (23) where the set of
inputs {x, }, the set of outputs {y,}, and the sequence of taps
e, } are respectively the set of dual scaling function coef-

ficients {c,, }, the set of intermediate coefficients {

C, . . 1, and ‘the sequence of decomposition coetficients
{pk } But, the sequence of reconstruction coeflicients
{p *56 is obtained from Eq. (28) using Eq. (17) Thus, the
filter 247 shown 1n FIG. 15 also performs a moving average
operation according to Eq. (23) but where the set of inputs
Ix,}, the set of outputs {y,}, and the sequence of taps {¢,}
are respectively the set of formatted wavelet coefficients {

d,. . .}, the set of intermediate coefficients {z,, , }, and the
sequence of reconstruction coefficients {p, g }

Finally, the sequence of decomposition coefficients {q,,}
1s given by:

4,,=0,

for N=-5 and n=7

q-4=qs=1/(5040v2)
q_s=qs=—124/(5040V2)
q_,=q,=1677/(5040v2)
g_,=qs=—7904/(5040v2)
Go=q,=18482/(5040v2)

¢,=—24264/(5040v2) (29)

The filter 132 of FIG. 7 performs a moving average opera-
tion according to Eq. (23) where the set of inputs {x,}, the
set of outputs {y,}, and the sequence of taps {e,} are

respectively the set of dual wavelet coeflicients <{deH - 1, the

set of intermediate coefficients {d, |, . 1, and the sequence
of decomposition coeflicients {qk |3 Slmllarly, the filter 249
of FIG. 15 also performs a moving average operation
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according to Eq. (23) but with the sequence of reconstruc-
tion coefficients {q *} obtained from Eq. (29) using Eq.
(17). In this case, the set of inputs {x,}, the set of outputs
Iy.}, and the sequence of taps {e,} are respectively the set
of standard scaling function coefficients {c,, . |, the set of

m+l
intermediate coe

ficients {y,,. }, and the sequence of
reconstruction coefficients {qk }

m+1

First Alternative Embodiment for Pre-
Decomposition Filter

Turning now to FIG. 23, there 1s shown an alternative
embodiment for the pre-decomposition filter 142 of FIG. 6.
In this case, the pre-decomposition filter 142 has the transfer
function €2(z)+A(z) which is equivalent to the transfer
function ¢(z) 'oz) for the embodiment in FIG. 6.

In the embodiment of FIG. 23, the pre-decomposition
filter 142 1includes a mapping filter stage 260 and an mapping
filter stage 262 that operate in parallel to each other on the
set of original data samples 1,,, The mapping filter stages
260 and 262 are respectively FIR and IIR filters. The transfer
function €2(z) of the mapping filter stage 260 is an all-zeros
polynomial (i.e., it has no poles) with a sequence of mapping
coefficients {€2 } as its coefficients. The transfer function
A(z) of the mapping filter stage 262 is an all-poles rational
function (i.e., it has no zeros) that has a sequence of mapping
cocfficients {A,} as its poles. The sequences of mapping,
cocfficients {€2, } and {A,} are obtained in the manner
described shortly.

The mapping filters stages 260 and 262 respectively
perform the transfer functions Q(z) and A(z) by respectively
applying the sequences of mapping coefficients {Q } and
{A,,} to the set of original data samples f,,={f,;,.} to
respectively generate 1-D sets of intermediate coellicients
aze,} and {04, . The sets of intermediate coefficients
Uarz, } and {0,, k@ are then component-wise summed by a
summing stage 264 to obtain the 1-D set of dual scaling

function coefficients cp={Casz, |-

In the pre-decomposition filter 142 of the embodiment of
FIG. 6, the IIR mapping filter stage 102 with transfer
function ¢(z)~" and the FIR mapping filter stage 144 with
transfer function a(z) are cascaded and used for the same
purpose as just described. More specifically, the combined
transfer function ¢(z) ' o(z) of the mapping filter stages 102
and 142 and the combined transfer function €(z)+A(z) of
the mapping filter stages 260 and 262 and the summer 264
are equal and have the same effect. This effect includes
obtaining the set of standard scaling function coefficients
{camr - ! by ensuring that the function f, (x) goes through the
set of original data samples {f,,, }. Furthermore, this effect
includes mapping the set of standard scaling function coet-
ficients {c,, - } to the set of dual scaling function coeffi-

cients {eM - } so that a change of bases 1s made with the
standard sealmg functions {9, - (x)} and s.o. standard
wavelets {,,, r (x)} being used as the basic scaling func-
tions and wavelets instead of the dual scaling functions and

wavelets {q)m?km(x)} and {wm?km(}{)}.
However, by using the transfer functions A(z) and €2(z)

rather than the transfer functions ¢p(z)™* and a(z), the com-
plexity of the pre-decomposition filter 142 1s much less.
Specifically, the transfer function A(z) has only poles and is
of the same degree and proportional to the transfer function
¢(z)~". The transfer function £2(z) has only zeros and has a
degree less than the degree of the transfer function o(z).
Thus, the pre-decomposition filter 142 of the embodiment of
FIG. 23 1s casier to implement and more efficient than that

of the embodiment of FIG. 6.
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For example, since the combined transfer function £2(z)+
A(z) is equal to the combined transfer function ¢(z) " c(z),
the sequences of coefficients 1Q 1 and {A } may be
obtained using the sequences of mapping coefficients {S, }
and {ca, }. Thus, for the specific implementation of the
wavelet transform system 230 and the inverse wavelets
transform system 240 discussed earlier, the sequences of
mapping coefficients {S_ } and {a, } given by Egs. (23) and
(25) are used to obtain the sequences of coefficients {Q }
and {A,} such that:

Q}’I:U!

for n=-3 and n=3

(2 =L2,=LR40
€2 =02, =119%40
€2,=""%840
A,=0,

Fl

for n=-2 and n=2

Ag=—(8+7V3)/6

A =A,=-2+V3 (30)
In this case, the complete transfer function €2(z)+A(z) is the
simple sum of a polynomial with five coelficients in the
numerator and no poles and a rational function with 3 poles
in the denominator and no zeros. However, with the
sequences of mapping coefficients {S_ } and {a } given by
Egs. (23) and (25), the complete transfer function ¢(z) "a(z)
of the pre-decomposition filter 142 of the embodiment of
FIG. 6 1s a much more complex rational function with seven
coellicients 1in the numerator and three poles in the denomi-
nator.

Finally, the transfer function £€2(z) is performed by the
mapping lilter stage 260 with a moving average operation
according to Eq. (23) where the set of inputs {x,}, the set of
outputs {y,}, and the sequence of taps {e,} are respectively
the set of original data samples {f,, - 1, the set of interme-
diate coefficients {I,, x, }, and the sequence of mappmg
cocfficients {Q, } Slmllarly, the transter function A(z) 1S
performed by the mapping filter stage 260 with a recursive
two stage feedback differencing operation according to Eq.
(25) where the set of inputs {x,}, the set of outputs {z,}, and
the sequence of taps {u, } are respectively the set of original
data samples {f,, - ! the set of intermediate coefficients
10ar4, 1» and the sequence of mapping coefficients {A, }.

Second Alternative Embodiment for Pre-
Decomposition Filter

FIG. 24 shows another embodiment of the pre-
decomposition filter 142. In this embodiment, the pre-
decomposition filter 142 1s an FIR filter and has the transfer
function Adp(z) for mapping the set of original data samples
f,,=1fr7,.; into the set of dual scaling function coefficients

cr={Cars, } - In doing so, the transfer function h¢(z) provides
an orthogonal projection of the function f(x) to the function
f,/(x)and a ehange of bases. As indicated earlier, this change
of bases results in the standard scaling functions {¢ & (x)}
and the s.o. standard wavelets {,, , (x)} being used as the
basic scaling functions and wavelets rather than the dual
scaling functions and wavelets 1¢,, . (X)} and {y,,, (X)}.
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More speciiically, the orthogonal projection of the func-
tion f(x) to a function f_(x) that approximates the function
f(x) at the resolution level m is defined as:

fm J X)Pmpy, (X)d x = f\m Jn ()P jey () d X

Using the strategy of optimal polynomial exactness, Eq. (31)
can be re-written as follows:

fmf(x)qu,km (X)dx = Z A-nd’nfm,km—n

(31)

(32)

Here, the 1-D sequence of weighting coefficients {A,} is
selected for the highest degree that the function f(x) can have
for which Eq. (32) will be exact.

As alluded to earlier, when the standard scaling functions
10,1 (X)} are used as the basic scaling functions in the 1-D
IWT, the set of standard scaling function coefficients {c % !
1s switched with the set of dual scaling function coefficients

{Cns } and the dual scaling functions {¢,, (x)} are

switched with the standard scaling functions {q)m « (X)} in
Eq. (6). Thus, in view of Egs. (6) and (32) for this case, each

dual scaling function coefficient Em?k 1s given by:

Em,km — Z Angﬁ)ﬂfm,km—n (33)

Thus, for m=M, the set of dual scaling function coeflicients
Crr=1Carx,} can be obtained according to Eq. (33).

In order to do so, the z-transform of Eq. (33), for m=M,
1s taken so that the pre-decomposition filter 142 has the
transfer function A¢(z). Here, the transfer function A¢p(z) is
a polynomial that has the sequence of mapping coeflicients
0,1 as its coefficients. Thus, the pre-decomposition filter
142 performs the transfer function A¢(z) by applying the
sequence of mapping coefficients {A ¢, } to the set of
original data samples f,,={f,,,} to generate the set of dual

scaling function coefficients ¢,,={c,;, }-

Furthermore, 1n the specific 1mplementation of the wave-
let transform system 230 and inverse wavelet transform
system 240 discussed earlier, the scaling function ¢, o(x) is
a cubic spline and the sequence of mapping coefficients {¢, }
are given by Eq. (22). In this case, the sequence of weighting
cocfficients {A } is given by:

A, =0,

Fl

for n=-2 and n=2

A =hg=h,=1 (34)

and 1s selected so that Eq. (32) is exact for when the function
f(x) has a degree that is not greater than four. Here, the
pre-decomposition {ilter 142 performs a moving average
operation according to Eq. (23) where the set of inputs {x,},
the set of outputs {y,}, and the sequence of taps {€,} are
respectively the set of original data samples {f,, - 1, the set

of dual scaling function coefficients {CM - }, and the
sequence of mapping coefficients {&, ¢, }.

Alternative Embodiment for Post-Reconstruction
Filter

FIG. 25 shows another embodiment of the post-
reconstruction filter 248. In this embodiment, the post-
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reconstruction filter 248 1s an IIR filter and has the transfer
function Ap(z)*. The transfer function Ad(z)™" is the inverse

of the transfer function A¢(z) of the pre-decomposition filter
142 1n the embodiment of FIG. 24. Thus, the post-
reconstruction filter 248 1s used 1n the 1nverse wavelet
transform system 240 when the pre-decomposition filter 142
of the embodiment of FIG. 24 1s used i the wavelet
transform system 230).

Here, the transfer function A¢(z)™" is used to map the set

of dual scaling function coefficients c,,={c M, ! into the set
of orlgmal data samples f,,={f,,,.}. The transfer function
hp(z) ™' is a rational function that has a sequence of mapping
coefficients {w_} as its poles. Thus, the post-reconstruction
filter 248 performs the transfer function Ap(z)~" by applying
the sequence of mapping coefficients {w, } to the set of

original dual scaling function coefficients c,,={c,, kM} to
generate the set of original data samples f,,={f,,,.}.
Additionally, 1n the specific implementation of the wave-
let transform system 230 and inverse wavelet transform
system 240 discussed earlier where the sequences of map-
ping and weighting coefficients {¢, } and {A }are given in
Egs. (21) and (33), the sequence of mapping coefficients
{w, } is the same as the sequence of mapping coefficients
{&,} given in Eq. (24). Thus, the post-reconstruction filter
248 performs a recursive two-stage feedback differencing
operation according to Eq. (25) where the set of inputs {x, },
the set of outputs {z,}, and the sequence of taps fu,} are
respectwely the set of dual scaling function coefficients {

Crr, ) the set of original data samples \lars, }» and the
sequence of mapping coefficients {w, }.

Alternative Embodiment for Decomposition Filter
Substage

Turning now to FIG. 26, there 1s shown another embodi-
ment for the decomposition filter substage 148 for each
resolution level m 1n the wavelet transform system 230. Like
the embodiment of the decomposition filter substage 148 of
FIG. 7, the decomposition filter substage 148 in this embodi-
ment has the transfer functions P(z) and Q(z) for decom-

posing the set of dual scaling function coefficients c,, at the
higher resolution level m into the sets of dual scaling

function and wavelet coefficients ¢,,_, and d__, at the next
lower resolution level m—-1. However, as will be described
next, these transfer functions P(z) and Q(z) are implemented
in a different and novel manner.

Specifically, the decomposition filter substage 148 has a
deinterleaver 280. The deinterleaver 280 deinterleaves the

1-D set of dual scaling function coefficients c,,={c,, , } into
a 1-D subset of dual scaling function coefficients A

cm,2k__,} with even indexes k =2k _, and a 1-D subset of

dual scaling function coefficients {c,, ., ,,} with odd
indexes k_=2k _.,+1. The demterleaver may be a demulti-
plexer or hardwired connections.

The decomposition filter substage 148 also has FIR filters
282 and 284 that respectively have the transfer functions
P_(z) and P_(z). The transfer functions P_(z) and P_(z) are
polynomials that respectively have the subsequences of
decomposition coefficients {p,,} and {p,, ,} as coefficients.
Here, the subsequences of decomposition coefficients {p,;}
and {p,,, .} are subsequences of the sequence of decompo-
sition coefficients {p, } that respectively have even indexes
n=21 and odd indexes n=21+1. Thus, the transfer functions
P_(z) and P_(z) are performed by respectively applying the
subsequences of decomposition coefficients {p,,} and
{pzﬁl} to the subsets of dual scaling function coefficients {

Cor  and {c,, o, 1} to respectively generate the sets of
intermediate coefficients W12y and 19,550 4}
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Similarly, the decomposition filter substage 148 also
includes FIR filter stages 286 and 288 that respectively have
the transfer functions Q_(z) and Q_(z). Like the sequence of
decomposition coefficients {p,}, the sequence of decompo-
sition coefficients {q,} has subsequences of decomposition
coefficients {q,,} and {q,,,,} that respectively have even
indexes n=21 and odd indexes n=21+1. Thus, the transfer
functions Q_(z) and Q_(z) are polynomials that respectively
have the subsequences of decomposition coefficients {q,;}
and {q,;, ,} as coefficients. In order to perform the transfer
functions Q_(z) and Q_(z), the subsequences of decomposi-
tion coefficients {q,,} and {q,,, , } are respectively applied to
the subsets of dual scaling function coeflicients {

Cru 2K 1,1} and {c,, o, } to respectively generate the sets
of intermediate coefficients W12k w1y and 42, 45}

The decomposition filter stage 148 further includes two
summers 290. The sets of intermediate coeflicients
Wme126 4 and {¥,,_, ., | are then component-wise
summed together by one summer 289 to obtain the set of
dual scaling function coefficients c,,_,={c, % 1. The sets
of intermediate coefficients {W,,_; »; i} and ﬁzm_l ok )
arc then component-wise summed together by the other
summer 289 to obtain the set of dual wavelet coellicients

dm—1= {dm—lﬁkm_l} '

It should be noted here that, in the embodiment of FIG. 7
of the decomposition {filter substage 148, the transfer func-
tions P(z) and Q(z) are performed by operating the entire
sequences of decomposition coefficients {pn} and {q,} on

the entire set of dual scaling function coeflicients {cm k. 1 to
generate the resulting sets of intermediate coefficients {

Crno1.it. Vand {d _, & }. Only then are the resulting sets of

intermediate coefficients {Cn_1r } and {d,_ ;. } down-
sampled to generate the sets of dual scaling, function and

wavelet coefficients {c,,_,, } and {d,_,, }. This may be

done so that those of the intermediate coefficients fe . & !
with even indexes 1k} are discarded and those of the

intermediate coefficients {c,,_; ; } with odd indexes {k,,}
are the set of dual scaling function coefficients fe . . 1}

And those of the intermediate coefficients {d,,_,, } with
odd indexes {k } would be discarded so that those of the

intermediate coefficients {d,,_; } with even indexes {k _}

are the set of dual wavelet coefficients {d,,_;, }. As a
result, the operation of the even indexed decomposﬂmn
coefficients {p,;} and the odd indexed decomposition coef-
ficients {q,,. ,} on the odd indexed dual scaling function

coeflicients {Em;km_ﬁl} 1s wasteful and timing consuming.
Furthermore, the operation of the odd indexed decomposi-
tion coefficients {p,. ,} and the even indexed decomposition
coefficients {g,,;} on the even indexed dual scaling function
coellicients {Emﬁkmq} 1s similarly wasteful and timing con-
suming.

But, in the embodiment of FIG. 26 of the decomposition
filter substage 148, only the subsequence of even indexed
decomposition coefficients {p,,;} and the subsequence of odd
indexed decomposition coefficients {q,;,,} are operated on
the subset of even indexed dual scaling function coeflicients

{cm o } Slmllarly, only the subsequence of odd indexed
decomposmon cocfficients {p., ,} and the subsequence of
even indexed decomposition coefficients {q,;} are operated
on the subset of odd indexed dual scaling function coefli-

cients {c,, »; 1} Thus, the embodiment of FIG. 26 of the

decomposition filter substage 148 1s more efficient than that
of the embodiment of FIG. 7.

Additionally, 1n the specific implementation of the wave-
let transform system 230 and inverse wavelet transform
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system 240 discussed earlier, the sequences of decomposi-
tion coefficients {p,} and {q, } are given in Egs. (27) and
(28). Thus, the FIR filters 282, 284, 286, and 288 perform
respective moving average operations according to Eq. (23).
The filters 282 and 284 have sets of inputs {x,} that are
respectively the subsets of dual scaling function coelfficients

{Cror ) and {c, o },setsof outputs {y,} that are respec-
tively the sets of intermediate coefficients v . ok } and
W12t +1)» and sequences of taps 1€,} that are respec-
twely the subsequences of decomposition coeflicients
{Pox } and {psz ,,f. Similarly, for the filters 288 and 286,

the sets of 111puts Ix,} are respectively the subsets of dual

scaling function coefficients {c,, ., } and {c, ox 1}, the
sets of outputs {y,} are respectlvely the sets of intermediate
coefficients {2,,_; ., f and {W,,_; ., 4}, and the
sequences of taps {ek} are respectively the Subsequences of
decomposition coefficients 1q,, .} and {go; }-

As those skilled 1n the art will recognize, the concepts
developed for the embodiment of FIG. 26 for the decom-
position filter substage 148 are not limited to that just
described. They may be applied to any decomposition filter
stage that uses two parallel transfer functions to decompose
a 1-D set of mput coeflicients 1n an L frequency band at a
higher resolution level 1nto two 1-D sets of output coelli-
cients 1n respective H and L frequency bands at a next lower
resolution level. For example, these concepts may be applied
to the decomposition filter 104 shown in FIG. 2. Thus, in
FIG. 26 for this example, the set of dual scaling function

coefficients {c . I would be replaced by the set of standard
scaling function coefficients 1S k. 1, the subsets of even and

odd indexed dual scaling function coefficients fc 2k } and

{cm ok +1} would be respectively replaced by the subsets of
even and odd indexed standard scaling function coeflicients
{cm -« 4 and {c, . .}, the transfer functions P (2),

P (2), "0 (2), and Q (gb would be respectively replaced by
the transfer functions A (Z), A _(z), B_(z), and B_(z), and the

sets of dual scaling function and wavelet coefficients {
Cru14 .y and 1d,,_;, } would be replaced by the sets of
standard scaling function and wavelet coeflicients

{Cm—l?km_l} Eﬂ]d {dm—l?km_l}'

Alternative Embodiment for Reconstruction Filter
Stage

Turning now to FIG. 27, there 1s shown another embodi-
ment for the reconstruction filter substage 246 for each
resolution level m 1n the mverse wavelet transform system
240. As described earlier for the reconstruction filter sub-
stage 246 of FIG. 15, the reconstruction filter substage 246
has the transfer functions P*(z) and Q*(z) for reconstructing
the sets of formatted wavelet and standard scaling function
coefficients {d,,, } and {c,,, } at the lower resolution level

m into the set of dual Scalmg function coefficients ¢, _ ,={

C,oq % } at the next higher resolution level m+1. These
transfer functions P*(z) and Q*(z) are 1mplemented in a
different and novel manner that 1s similar to the way in
which these transfer functions were implemented in the
decomposition filter substage 148 of FIG. 26.

Similar to the decomposition filter substage 148 of FIG.
26, the reconstruction filter substage 246 has FIR filters 281,
283, 285, and 287 and summers 289. The respective transier
functions P_*(z) and P_*(z) of the filters 281 and 283 are
performed by respectively applying the subsequences of
reconstruction coefficients {p,;*} and {p,, .} to the set of
formatted wavelet coefficients {d_ . 1 to respectively gen-
erate the sets of intermediate coefficients {y,,. . omy and {
Z, . % }. Similarly, the respective transfer functions Q_*(z)
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and Q_*(z) of the filters 285 and 287 are performed by
respectively applying the subsequences of reconstruction
coefficients {q,;* } and {qy,,,*} to the set of standard scaling
function coefficients {c_ . 1 to respectively generate the sets
of intermediate coefficients {v,,,, « tand {w, 4, }.

The sets of intermediate coefficients {y,,.; . } and {
il ! are summed by the first summer 289 to generate the
set of intermediate coefficients fe .1 ok } with even indexes
2k . Similarly, the sets of intermediate coefficients {V,in. r !
and 1Zs14 } are summed by the second summer 289 to

generate the set of intermediate coefficients fe .. ok 1}
with odd indexes 2k +1.

The reconstruction filter substage 248 also includes an
interleaver 290. The interleaver 290 interleaves the 1-D set

of intermediate coefficients {c,,,, ., ; With even indexes

W

k_..=2k_and the 1-D set of intermediate coefficients {
Cons1 2k .1} with odd indexes k ., ,=2k ., into the 1-D set of

dual scaling function coefficients Cros1=1Cms1z }- The

m+1

interleaver may be a multiplexer or hardwired connections.

However, 1n the embodiment of FIG. 15 of the recon-
struction filter substage 246, the sets of formatted wavelet
and standard scaling functlon coefficients {d,, r ! and
1S - 1 are respectively upsampled into the sets of interme-
diate coefficients {d,, «+ .y and {c,,, 1. This may be done
so that those of the intermediate coefficients {c kmﬂ} with
odd indexes {k_. ,} have zero values and those of the
intermediate coefficients {c,, , } with even indexes {k,,,,,}
are the set of standard Scalmg function coefficients 1. - 1.
Similarly, those of the intermediate coefficients {d,, M}
with even indexes {k_ .} would have zero values and those
of the intermediate coefficients {d km+1} with odd i1ndexes
{k .11 would be the set of formatted wavelet coefficients {

d,, . }. Only then are the transfer functions P*(z) and Q*(z)
respﬂéctively performed by applying the entire sequences of
decomposition coefficients {p, *} and {q, *} to respectively
the entire sets of intermediate coefficients {d,,, } and

m+1

1S - } to respectively generate the sets of intermediate
coefficients {Zpe1r b and {y,..: }. The sets of sets of
intermediate coefficients {Zps1 1 } and {Yms14 .} are then

m+1

component-wise summed together to generate the set of dual
scaling function coefficients {c,,,, }. As a result, the

. m+l

operation of the entire sequence of decomposition coefli-
cients {p, *} on the even indexed intermediate coefficients {
d,,. +1} and the operation of the entire sequence of decom-

position coetlicients {qﬂ’*“} on the odd indexed intermediate
coefficients {c,, , | is wasted.

m+1

But, in the embodiment of FIG. 27 of the reconstruction
filter substage 246, the subsequences of even and odd
indexed decomposition coefficients {p,,*} and {p,,,,*} are
operated only on the set of formatted wavelet coefficients {

d,. . }. Similarly, the subsequences of even and odd indexed
decomposition coefficients {q,,*} and {q.,.,*} are operated
only on the set of standard scaling function coefficients {

Em?km}. Thus, the embodiment of FIG. 27 of the reconstruc-
tion filter substage 246 1s more efficient than that of the

embodiment of FIG. 15.

For the specific implementation of the wavelet transform
system 230 and inverse wavelet transform system 240
discussed earlier, the FIR filters 281, 283, 285, and 287
perform respective moving average operations according to
Eq. (23) using the sequences of decomposition coefficients
Ip,*} and {q, *} given in Egs. (28) and (29). In this case, the
filters 281 and 283 have each the set of formatted wavelet
coefficients {d,, k} as a set of inputs {x,}, the sets of
intermediate coefficients 1y, | and {Z,,,,, } as respec-
tive sets of outputs {y,}, and the subsequences of recon-

r g™
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struction coefficients {p,, *} and {p,; 50 1*} as respective
sequences of taps {e.}. Similarly, the filters 285 and 287
have ecach the set of standard scaling function coeflicients
S, as a set of inputs {X,}, the sets of intermediate
coefficients {v,,.; .} and {w, ., } as respective sets of
outputs {y,}, and the subsequences of reconstruction coef-
ficients 1q,, *} and {Qux 30 1™} as respective sequences of

taps {€;}.

As with the embodiment of FIG. 26 for the decomposition
filter substage 148, the concepts developed here for the
embodiment of FIG. 27 for the reconstruction {filter stage
246 are not limited to that just described. They may be
applied to any reconstruction filter stage that uses two
transfer functions to reconstruct two 1-D sets of 1nput
coellicients 1n respective H and L frequency bands at a lower
resolution level mto a 1-D set of output coeflicients in an L
frequency band at a next higher resolution level. For
example, these concepts may be applied to the reconstruc-

tion filter stage 124 shown 1n FIG. 4. Thus, in FIG. 27 for

this example, the sets of formatted wavelet and standard
scaling function coefficients 1d,, , } and {c,, , } would be
respectively replaced by the sets of standard scaﬁng function
and wavelet coefficients {c,,, } and {d,, , } and the set of
dual scaling function coefficients {Crs1x .+ would be

m+1

replaced by the set of standard scaling function coefficients
{Cm+1 g }

m+1

Preparation for Uniform Quantization in 1-D
Wavelet Transtorm

Turning back to FIG. 13, for the 1-D IWT implemented by

the wavelet transform system 230, the decomposition filter
234 also maps the sets of dual scaling function and wavelet

coefficients ¢,, and d,, , to d, respectively into the sets of
pre-quantized scaling function and wavelet coeth

icients C,;
and d,, , to d,. This 1s done so that the sets of pre-quantized
scaling function and wavelet coetli

icients &y, and d,, , to dy
are prepared for uniform quantization by the quantization
system 224.

In order to do so, each decomposition filter stage 238 and
236 of the decomposition filter 234 includes a pre-
quantization filter substage 292. Thus, there 1s a correspond-
ing pre-quantization filter substage 292 for each resolution
level m=M to N+1 at which a decomposition 1s made. The
pre-quantization filter substage 292 for each resolution level
m has the transfer function G(z) for mapping the set of dual

wavelet coefficients d__, that was generated from the
decomposition at the resolution level m into the set of
pre-quantized wavelet coefficients d__,. Furthermore, the
decomposition filter stage 236 includes a second pre-
quantization filter substage 294. This pre-quantization filter
substage 294 has the transfer function R(z)™" for mapping
the set of dual scaling function coeflicients ¢, that was
ogenerated from the decomposition at the resolution level
N+1 1nto the set of pre-quantized scaling function coefli-
cients C,.

The transfer function G(z) 1s a polynomial that has a
sequence of mapping coefficients {g, } as its coefficients.
Thus, the pre-quantization filter substage 292 for each
resolution level m=M to N+1 at which a decomposition is
made 15 an FIR filter. This pre-quantization filter substage
292 performs the transfer function G(z) by applying the

sequence of mapping coefficients {g } to the set of dual
wavelet coefficients d,,,

_, to generate the set of pre-quantized
wavelet coetlicients d__,. In the specific implementation of
the wavelet transform system 230 and the inverse wavelet
transform system 240 discussed earlier, the set of mapping
cocfficients {g } is given by:
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g,=U,

for n=-3 and n=3
g =g,=0.030933
g_,=g,=0.0488054

g,=0.6874 (35)

Thus, the pre-quantization filter substage 292 for each
resolution level m performs a moving average according to
Eq. (23) where the set of inputs {x,}, the set of outputs {y,},

and the sequence of taps {e.} are respectively the set of dual

wavelet coefficients d,,_,={d,_,, }, the set of pre-
quantized wavelet coefficients d —{dm 14 f» and the
sequence of mapping coellicients {gk }

However, the transfer function R(zﬁ 1s a rational func-
tion that has a sequence of mapping coefficients {¢ |} as its
poles. Thus, the pre-quantization filter substage 294 for the
last resolution level N+1 at which a reconstruction 1s made
1s an IIR filter. The pre-quantization {filter substage 294
performs the transfer function R(z)™' by applying the
sequence of mapping coefficients {e } to the set of dual

scaling function coefh

icients ¢, to generate the set of pre-
quantized wavelet coeflicients &,,. In the specific implemen-
tation of the wavelet transform system 230 and the 1nverse
wavelet transform system 240 discussed earlier, the set of
mapping coefficients {e,} is given by:

e, =0,
for n=-3 and n=3
e_,=e,=0.009486309340

e_,=e,=0.340509034999

e;=0.573751762833 (36)

Thus, the pre-quantization filter substage 294 performs a
recursive two stage feedback differencing operation accord-
ing to Eq. (25) where the set of inputs {x, }, the set of outputs
{z,}, and the sequence of taps {u,} are respectively the set

of dual scaling function coeflicients CN—{CN;C 1, the set of
pre-quantized scaling function coefficients CN—{CN kN} and
the sequence of mapping coellicients {ek 1.

Post Dequantization in 1-D Inverse Wavelet
Transform

Turning again to FIG. 14, 1n the 1-D 1nverse IW'T 1mple-
mented by the 1nverse wavelet transtorm system 240, the
dequantization system 232 first performs a uniform dequan-
fization to generate the sets of dequantized scaling function
and wavelet coefficients &, and d,, , to d,. The reconstruc-
tion filter 242 then maps the sets of dequantized scaling
function and wavelet coefficients &,, and d,, , to d,, respec-
fively into the sets of dual scaling function and wavelet

coellicients c¢,, and d,, ; to d,, for reconstruction in the
manner described earlier.

In order to do so, the reconstruction filter stage 243 of the
reconstruction filter 242 includes a post-dequantization filter
substage 298. This post-dequantization {filter substage 298
has the transfer function R(z) for mapping the set of dequan-
fized scaling function coefficients &,; into the set of dual

scaling function coefficients c,, at the first resolution level
m=N at which a reconstruction 1s made. However, the
transfer function R(z) is the inverse of the transfer function
R(z)™" and is a polynomial that has a sequence of mapping
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coefficients {r,} as its coefficients. Thus, the post-
dequantization filter substage 298 1s an FIR filter that
performs the transfer function R(z) by applying the sequence
of mapping coefficients {r,} to the set of dequantized
wavelet coeflicients ¢y, to generate the set of dual scaling

function coefficients cy,.

In the specific implementation of the wavelet transform
system 230 and the inverse wavelet transform system 240
discussed earlier, the set of mapping coefficients {r,} is
ogrven by:

r =0,

fl

for nn=-3 and n=3
r_=r,=0.005442786707

r_=r,=0.197220977140

r,=0.640327847858 (37)

Here, the post-dequantization filter substage 298 performs a
moving average according to Eq. (23) where the set of inputs
{x,}, the set of outputs {y,}, and the sequence of taps {¢,}
are respectively the set of dequantized scaling function
coefficients &y=1{Cy - 1, the set of dual scaling function

coefficients c,={c, kN} and the sequence of mapping coef-
ficients {e; }.

Furthermore cach reconstruction filter stage 243 and 244
ol the reconstruction filter 242 includes a post-
dequantization filter substage 296. Thus, for each resolution
level m=N to M-1 at which a reconstruction 1s made, there
1s a corresponding post-dequantization filter substage 296.
The post-dequantization filter substage 296 for each resolu-
tion level m 1s an IIR filter that has the transfer function
G(z)™* for mapping the set of dequantized wavelet coeffi-

cients d__into the set of dual wavelet coefficients d . This is
done by applying a sequence of mapping coefficients {h_} to
the set of dequantized wavelet coefficients d . to generate the
set of dual wavelet coethi

icients d, . The transfer function
G(z)™" is the inverse of the transfer function G(z) and is a
rational function that has the sequence of mapping coelli-
cients {h _} as its poles.

In the specific implementation of the wavelet transform
system 230 and the inverse wavelet transform system 240

discussed earlier, the set of mapping coefficients {h,_} is
ogrven by:

h,=0,

f

for n=-3 and n=3

h_,h,0.045392766814
h_,=h,=0.0.06837990082

h,=0.682806105800 (38)

The post-dequantization filter substage 296 for each resolu-
tion level m therefore performs a recursive two stage feed-
back differencing operation according to Eq. (25) where the
set of inputs {x, }, the set of outputs {zk}, and the sequence
of taps {u,} are respectively the set of dequantized wavelet
coefficients d,,={d,, , s .}, the set of dual wavelet coeffi-

cients d, {dm k. 1, and the sequence of mapping coefficients

thy }-

Preparation for Uniform Quantization in 2-D
Wavelet Transtorm

Turning back to FIG. 17, for the 2-D IWT implemented by
the wavelet transform system 230, the sets of pre-quantized
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sc:almg function and wavelet coellicients C,,, dM 1 to dyt,
d,, ,2tod,>?, and d,, ,> to d,”> are generated in preparation
for uniform quantization by the quantization system 224.

This 1s done by the decomposition filter 272 which maps the
sets of dual Scalmg function and wavelet coefficients c,,
d,, ! to dy', d,,_, to dy°, and d,, > to dy° respectively
to the sets of pre- quantlzed Scalmg function and wavelet

L]

coefficients &y, d,, ,* to dy?, d,, ;> to dy?, and d,, ;> to d°.

In order to do so, each decomposition filter stage 273 and
275 of the decomposition filter 272 includes three pre-
quantization filter substages 300, 302, and 304. Thus, there
are three corresponding pre-quantization filter substages

300, 302, and 304 for each resolution level m=M to N+1 at
which a decomposition 1s made.

The pre-quantization filter substage 300 for each resolu-
tion level m has the transfer function R(z,)” 1G(22) for

mapping the set of dual wavelet coefficients d,,_,* that was
ogenerated from the decomposition at the resolutlon level m
into the set of pre-quantized wavelet coefficients d_,?.
Referring to FIG. 28, 1n order to do so, the pre-quantization
filter substage 300 includes the same filter substages 294 and
292 as that described earlier. Here, the filter substage 294 has
the transfer function R(z,)™" for mapping in the horizontal

direction each row 7, _, of the 2-D set of dual wavelet
coefficients d__,'={d __, kg 1} into a correspondmg rOw
Jm-x Of a 2-D set of intermediate coefficients y =1
Vone1k .jo . 1. The filter substage 292 then maps cach column
k, ; of the 2-D set of intermediate coefficients y, =]
Y, Lon-1, fm_l} into a corresponding column k__, of the 2-D
set of pre-quantized wavelet coellicients
i 11={Elm_1? i Jm_:ll} in the vertical direction with the trans-
fer function G(z,).

The pre-quantization filter substage 302 for each resolu-
tion level m maps the set of dual wavelet coefficients d,_.*

i—1

that was generated from the decomposition at the resolution
level m 1nto the set of pre-quantized wavelet coeflicients

d > 1~ using the transfer function G(z,)R(z,)”" *. Turning
again to FIG. 28, like the pre-quantization filter substage
300, the pre-quantization filter substage 302 includes the
same filter substages 292 and 294 as that described earlier.
However, 1n this case, the filter substage 292 has the transfer
function G(z,) for mapping in the horizontal direction each

row j, _, of the 2-D set of dual wavelet coefficients d,,_,*={
dm_lg_J,\,:m_1 Jm_lz} into a corresponding row J__, of a 2-D set of

y “}. The filter

intermediate coefficients y, *={y _ ko
substage 294 then maps each column k _, of the 2-D set of

intermediate coefficients y,,_,*={y,,_1, ., '} into a corre-
sponding column k _, of the 2-D set of pre-quantized
wavelet coefficients d,,_,*={d,, ; « ;. .~y in the vertical
direction with the transfer function R(zzﬁi?’1 !

Similarly, the pre-quantization filter substage 304 for each
resolution level m has the transfer function G(zl)G(zz) for

mapping the set of dual wavelet coefficients d__,> that was
ogenerated from the decomposition at the resolutlon level m
into the set of pre-quantized wavelet coefficients d,_,>.
Turning again to FIG. 28, 1n this case, the pre-quantization
filter substage 304 1ncludes two of the filter substages 292
that were described earlier. The first filter Substage 292 has
the transfer function G(z;) for mapping in the horizontal
direction each row j__, of the 2-D set of dual wavelet

_ 3y - .
coefficients d,,_, —{dm_1 koi !} into a cq‘rre:spond}ng gow
]m ; of a 2-D set of intermediate coefficients V.. 1 =1

\ >1. The second filter substage 292 then maps
each column k . of the 2-D set of intermediate coefficients

Yoe1 ={Ym-14 . .t into a corresponding column k,,_, of

Tt
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the 2-D set of pre- -quantized wavelet coellicients am_f:
{d | % .7 .} in the vertical direction with the transfer

function G(z,).

Finally, the decomposition filter stage 273 includes a
pre-quantization filter substage 306 for the last resolution
level m=N+1 at which a decomposition 1s made. The pre-
quantization filter substage 306 maps the 2-D set of dual
scaling function coefficients c, generated by the decompo-
sition at the resolution level m=N+1 into the 2-D set of
pre-quantized scaling function coefh

1cients Ca- In doing so,
cach dual scaling function coeflicient CN exn in the 2-D set

of dual scaling function coetlicients CN—{CN i 1 is multi-
plied by a constant K to generate a correspondmg pre-
quantized scaling function coefficient Cy={Cx, ; j in the
2-D set of pre-quantized scaling function coefhicients €=
{¢ns, b+ In the specific implementation of the wavelet
transform system 230 and the inverse wavelet transform
system 240 discussed ecarlier, this constant K 1s equal to

4.965.

Post Dequantization 1in 2-D Inverse Wavelet
Transform

Turning once more to FIG. 20, m the 2-D mnverse IWT
implemented by the inverse wavelet transtform system 2440,
the sets of dequantlzed scalmg function and wavelet coel-
ficients &y, d,, ;' to dy?, d,, > to dy”, and d,, ;> to d,”° are
ogenerated by the dequantization system 232 during uniform
dequantization. The reconstruction filter 250 then maps the
sets of dequantlzed scalmg function and wavelet coellicients
Ens oy P todyt, dy, 2 tody?, and d,, > to dy respectively
into the sets of dual scalmg function and wavelet coeflicients
Crn dyy 4t 1O le, d,, ., to d*, and d,, ;> to d,’> for
reconstruction 1n the manner described earlier.

To do so, the reconstruction filter stage 253 includes a
post-dequantization filter substage 308 for the first resolu-
tion level m=N at which a reconstruction 1s made. The
post-dequantization filter substage 308 maps the set of
dequantized scaling function coefficients ,, into the set of

dual scaling function coefficients c,. This is done by mul-
tiplying each dequantized scaling function coefficient &y,

set of dequantized §callng function coefficients &,={¢, ™ h}
by a constant 1/K 1n order to generate a corresponding dual

scaling function coefficient CN r.j, 10 the set of dual scaling

function coeflicients CN—{CN - } In the specific 1mplemen-
tation of the wavelet transform system 230 and the inverse
wavelet transform system 240 discussed earlier, this con-
stant 1s the 1nverse of the constant K given earlier and 1s
equal to Y4.06s.

Furthermore, each reconstruction filter stage 252 and 253
of the reconstruction filter 250 includes three post-
dequantization filter substages 310, 312, and 314. Thus,
there are three corresponding post-dequantization filter sub-
stages 310, 312, and 314 for each resolution level m=N to
M-1 at which a reconstruction 1s made.

The post-dequantization filter substage 310 for each reso-
lution level m has the transfer function R(zl)G(zz)'1 for
mapping the set of dequantized wavelet coefficients d_ ' into

the set of dual wavelet coefficients d,_*. Referring to FIG. 29,
in order to do so, the pre-quantization filter substage 310
includes the same filter substages 296 and 298 as that
described earlier. The filter substage 296 maps each column
k,, of the 2-D set of dequantized wavelet coethicients d 1=

{dm - 1} into a correspondmg column k_ of the 2-D set of

1ntermedlate coellicients vy, ‘{Ym - 1} in the wvertical
direction with the transfer function G(zz)" Then, the filter
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substage 298 uses the transfer function R(z,) to map in the
horizontal direction each row j, of the 2-D set of mterme-

diate coefficients y, '={y . ;m} into a corresponding row j_
of the 2-D set of dual wavelet coefficients d_*={d PP

The post-dequantization filter substage 312 for each reso-
lution level m maps the set of pre-quantized wavelet coel-

ficients d_° into the set of dual wavelet coefficients d, >
using the transfer function G(z,)'R(z,). Turning again to
FIG. 29, the post-dequantization filter substage 312 includes
the same {ilter substages 298 and 296 as that described
carlier. However, 1n this case, the filter substage 298 maps
each column k,, ot the 2-D set of dequantized wavelet
coefficients d 2—{dm - 2} Into a correspondmg column k_

of the 2-D set of 1ntermedlate coefficients y, *={y . 2} 1n
the vertical direction with the transfer function R(zz).
Furthermore, the filter substage 296 uses the transfer func-
tion G(z,)™" to map in the horizontal direction each row j,,

of the 2-D set of intermediate coefficients y,,*={y,, . ; “}
into a corresponding row ] of the 2-D set of dual wavelet

coefficients d,,*={d,,, . °}.
Finally, the post-dequantization filter substage 314 for
each resolution level m has the transfer function G(z,)™'G

(z,)" for mapping the set of pre-quantized wavelet coetii-
cients d,*={d,, « ; _f into the set of dual wavelet coeffi-

cients d, ={d, , . 3} Turning once more to FIG. 29, the
POSt- dequantlzatlon filter substage 314 1ncludes two of the
filter substages 296 that were described earlier. The first
filter substage 296 maps cach column of the set of
pre-quantized wavelet coefficients Elm?’:{dm?km ;°} into a
corresponding column k _ of the set of intermediate coetfi-
cients y,, —{ym ko > into in the vertical direction with the
transfer function G(zz)' The second filter Substage 296 has
the transfer function G(z,)™" for mapping in the horizontal
direction each row 7, of the 2-D set of intermediate coel-

ficients §m3={§m?k 3} into a correspondmg row 1. of the
2D set of dual wavelet coefficients d =1, ;).

Other Alternative Embodiments

Referring to FIG. 11, the wavelet transform system 230
has been described for use with an encoding system 226 and
quantization system 224 for compression of original data.
Similarly, the wavelet inverse transform system 240 has
been described for use with a decoding system 228 and
dequantization system 232 for decompression of encoded
data. But, those skilled in the art will recognize that the 1-D
and 2-D IWTs and inverse IWTs described herein and
performed by the wavelet and inverse wavelet transform
systems 230 and 240 may be used for other purposes. In such
a case, a digital signal processor (DSP) could be used to
post-process and/or pre-process the these 1-D and 2-D IW'Ts
and 1nverse IW1s.

Moreover, 1n FIG. 11, the wavelet transform system 230
and the inverse wavelet transform system 240 are shown 1n
a software implementation. However, a hardware implemen-
tation of the wavelet transform system 230 and the inverse
wavelet transform system 240 would also take advantage of

the benefits of the 1-D and 2-D IWTs and inverse IWTs just
described.

Finally, while the present invention has been described
with reference to a few specific embodiments, the descrip-
tion 1s 1llustrative of the mvention and 1s not to be construed
as limiting the mvention. Various modifications may occur
to those skilled 1n the art without departing from the true
spirit and scope of the invention as defined by the appended
claims.
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What 1s claimed 1s:

1. A decomposition filter stage for decomposmg a set of
input coeflicients into a first set of output coeflicients and a
second set of output coetlicients by applying a first sequence
of decomposition coeflicients and a second sequence of
decomposition coeflicients to the set of input coeflicients,
the decomposition {filter stage comprising;

a deinterleaver that deinterleaves the set of 1mput coetfi-
cients 1nto a first subset of the set of mput coeflicients
and a second subset of the set of input coellicients;

a first filter that applies a first subsequence of the first
sequence of coellicients to the first subset of the set of
input coeth

icients to generate a first set of intermediate
coeflicients;

a second filter that applies a first subsequence of the
second sequence of coellicients to the second subset of
the set of mnput coeflicients to generate a second set of
intermediate coethicients;

a first summer that sums the first and second sets of
intermediate coeflicients to generate the first set of
output coeflicients;

a third filter that applies a second subsequence of the first
sequence of coellicients to the first subset of the set of
input coellicients to generate a third set of intermediate
coeflicients;

a fourth filter that applies a second subsequence of the
second sequence of coeflicients to the second subset of
the set of mnput coeflicients to generate a fourth set of
mtermediate coethicients; and

a second summer that sums the third and fourth sets of
intermediate coeflicients to generate the second set of
output coelflicients.

2. The decomposition filter stage of claim 1 wherein the

first, second, third, and fourth filters comprise FIR filters that
respectively apply the first subsequence of the first sequence
of coetlicients, the first subsequence of the second sequence
of coetlicients, the second subsequence of the first sequence
of coefllicients, and the second Subsequence of the second
sequence of coeflicients 1n respective moving average opera-
fions.

3. The decomposition {filter stage of claim 2 wherein:

the first and second subsets of the set of input coeflicients
respectively comprises those of the input coeflicients in
the set of put coellicients with even and odd 1indexes;

the first and second subsequences of the first sequence of
coellicients respectively comprises those of the coefli-
cients 1n the first sequence of coefficients with even and
odd indexes; and

the first and second subsequences of the second sequence
of coeflicients respectively comprises those of the
coellicients 1n the second sequence of coellicients with
odd and even indexes.

4. A method of decomposing a set of mput coefficients
into a first set of output coetficients and a second set of
output coelflicients by applying a first sequence of decom-
position coellicients and a second sequence of decomposi-
tfion coeflicients to the set of mput coetlicients, the method
comprising the steps of:

it

deinterleaving the set of 1nput coefficients nto a first
subset of the set of input coefficients and a second
subset of the set of mput coellicients;

applying a first subsequence of the first sequence of
coelficients to the first subset of the set of 1nput
coellicients to generate a first set of intermediate coel-
ficients;
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subsequence of the second sequence of
to the second subset of the set of input
to generate a second set of intermediate

applying a first
coellicients
coeflicients
coeflicients;

summing the first and second sets of intermediate coet-
ficients to generate the first set of output coeflicients;

applying a second subsequence of the first sequence of

coeflicients to the first subset of the set of input
coellicients to generate a third set of intermediate
coeflicients;

applying a second subsequence of the second sequence of
coelflicients to the second subset of the set of input
coellicients to generate a fourth set of intermediate
coefficients; and

summing the third and fourth sets of intermediate coet-

ficients to generate the second set of output coellicients.
S. The method of claim 4 wherein the first, second, third,

and fourth applying steps respectively include applying the
first subsequence of the first sequence of coefficients, the
first subsequence of the second sequence of coeflicients, the
second subsequence of the first sequence of coeflicients, and
the second subsequence of the second sequence of coefli-
cients 1n respective moving average operations.

6. The method of claim 5 wherein:

the first and second subsets of the set of input coeflicients
respectively comprises those of the mput coeflicients in
the set of mput coefficients with even and odd indexes;

the first and second subsequences of the first sequence of
coellicients respectively comprises those of the coefli-

cients in the first sequence of coetlicients with even and
odd indexes; and

the first and second subsequences of the second sequence
of coelflicients respectively comprises those of the
coellicients 1n the second sequence of coeflicients with
odd and even indexes.

7. Areconstruction filter stage for reconstructing a first set
of 1nput coeflicients and a second set of 1nput coeflicients
into a set of output coeflicients by applying a first sequence
of coeflicients and a second sequence of coeflicients to the
first and second sets of mput coetlicients, the reconstruction
filter stage comprising:

a first filter that applies a first subsequence of the first
sequence ol coeflicients to the first set of input coelli-
cients to generate a first set of intermediate coeflicients;

a second filter that applies a first subsequence of the
second sequence of coeili

icients to the second set of
input coelficients to generate a second set of interme-
diate coeflicients;

a first summer that sums the first and second sets of
intermediate coeflicients to generate a first subset of the
set of output coellicients;

a third filter that applies a second subsequence of the first
sequence ol coeflicients to the first set of input coelli-
cients to generate a third set of intermediate coefli-
clents;

a fourth filter that applies a second subsequence of the
second sequence of coeflicients to the second set of

input coeflicients to generate a fourth set of iterme-
diate coeflicients;

a second summer that sums the third and fourth sets of
intermediate coeflicients to generate a second subset of
the set of output coeflicients; and

an 1nterleaver that iterleaves the first and second subsets
of the set of output coellicients to generate the set of
output coelflicients.

8. The reconstruction filter stage of claim 7 wherein the

first, second, third, and fourth filters comprise FIR filters that
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respectively apply the first subsequence of the first sequence
of coeflicients, the first subsequence of the second sequence
of coeflicients, the second subsequence of the first sequence
of coellicients, and the second subsequence of the second
sequence of coeflicients 1n respective moving average opera-
fions.

9. The reconstruction {filter stage of claim 8 wherein:

the first and second subsets of the set of input coeflicients
respectively comprises those of the input coeflicients 1n
the set of mput coellicients with even and odd indexes;

the first and second subsequences of the first sequence of
coellicients respectively comprises those of the coefli-

cients 1n the first sequence of coefficients with even and
odd indexes; and

the first and second subsequences of the second sequence
of coeflicients respectively comprises those of the
coellicients 1n the second sequence of coeflicients with
odd and even indexes.

10. A method of reconstructing a first set of input coet-
ficients and a second set of 1nput coefficients mnto a set of
output coetlficients by applying a first sequence of coelli-
cients and a second sequence of coellicients to the first and
second sets of mput coeflicients, the method comprising the

steps of:

applying a first subsequence of the first sequence of
coelficients to the first set of input coefficients to
generate a first set of intermediate coellicients;

applying a first subsequence of the second sequence of
coellicients to the second set of input coeflicients to
generate a second set of mtermediate coefficients;

summing the first and second sets of intermediate coel-

ficients to generate a first subset of the set of output
coeflicients;

applying a second subsequence of the first sequence of
coelficients to the first set of input coeili

icients to
generate a third set of mntermediate coeflicients;

applying a second subsequence of the second sequence of
coellicients to the second set of mput coeflicients to
generate a fourth set of mtermediate coeflicients;

summing the third and fourth sets of intermediate coef-
ficients to generate a second subset of the set of output
coefhicients; and

interleaving the first and second subsets of the set of
output coelflicients to generate the set of output coel-
ficients.

11. The method of claim 10 wherein the first, second,

third, and fourth applying steps respectively include apply-
ing the first subsequence of the first sequence of coeflicients,
the first subsequence of the second sequence of coeflicients,
the second subsequence of the first sequence of coeflicients,
and the second subsequence of the second sequence of

coellicients 1n respective moving average operations.
12. The method of claim 11 wherein:

the first and second subsets of the set of mput coeflicients
respectively comprises those of the input coeflicients in
the set of mput coeflicients with even and odd indexes;

the first and second subsequences of the first sequence of
coellicients respectively comprises those of the coefli-
cients 1n the first sequence of coefficients with even and
odd 1ndexes; and

the first and second subsequences of the second sequence
of coelflicients respectively comprises those of the
coellicients 1n the second sequence of coellicients with
odd and even imndexes.
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