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157] ABSTRACT

A method is disclosed for accomplishing modulo 227 —1
addition with apparatus requiring adders that may be all
standard binary adders. The method requires summing
binary input signals a and b to produce a first sum signal
in which the n+ 2 more significant bits thereof represent
the integer part of a+b taken modulo 24", These n+2
more significant binary bits are subtracted from a 2n bit
shifted product representation thereof for producing a
first difference signal. This difference signal is sub-
tracted from the first sum signal to produce a binary
signal R. When R is greater than or equal to the con-
stant (227— 1), this constant is subtracted from the signal
R for producing a binary signal that is the first sum
signal a-+b taken modulo 2%2#—1 .

9 Claims, 20 Drawing Figures
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METHOD OF RESIDUE TO ANALOG
CONVERSION

RELATED APPLICATIONS

This mmvention relates to patent application Ser. No.
653,411 filed Sept. 24, 1984.

BACKGROUND OF INVENTION
This invention relates to the residue number system

(RNS) and more particularly to an improved method of

performing modulo addition that is particularly useful
In apparatus for converting residue number signals to
binary number signals.

It 1s becoming increasingly popular to design electri-
cal equipment such as filters, CODECS and echo can-
cellers to perform necessary processing functions in a
digital manner in order to obtain the advantages of high
reliability and reproducibility of results. This requires
converting an analog input signal to a-digital signal,
performing the necessary processing operations on the
digital signal 1n a digital manner, and then translating
the processed digital signal back into an associated ana-
log output signal. In a digital filtering operation, for
example, a series of multiplications and a long summa-

tion of product terms may be required. Since there are
carries involved with basic arithmetic operations such

as multiplication and addition in weighted number sys-
‘tems such as the decimal and binary (base 10 and base 2)
number systems, time is required to accommodate all of
the necessary carry operations. By way of example,
there is a single carry from the units column to the 10’s
column when adding the numbers 9 and 5 to get the
number 14 in the base 10 number system. This also
applies to multiplication. And where 2 each 16 digit
numbers are multiplied together to obtain a 32 digit
number, it may be necessary to propagate a carry from
the least significant digit in the units column all the way
up to the last digit that corresponds to the most signifi-
cant digit. This can be very time consuming. One tech-
nique for overcoming this time limitation that is called
pipelining involves generation, in the same time, of
different future product (or addition) terms correspond-
ing to different bits and delaying them accordingly, so
that all bits of a result will appear on outputs at the same
time. This normally requires considerable hardware
which can be costly in terms of both economics and real
estate in an integrated circuit structure. Another tech-
nique for overcoming this time limitation is to perform
such operations as multiplication and addition in a non-
weighted number system which is calied the residue
number system (RNS). A residue signal processor has
advantage over a conventional binary-digital processor
in that results are exact, a smaller amount of hardware is
required, shallower pipelining is possible, operation
time may be decreased, and no carries are involved.
During recent vears there has been considerable in-
terest in and development of techniques for performing
digitai computing and digital signal processing with
hardware based on the RNS. This interest stems at least
partially from the fact that operations can be performed
quickly in the RNS because of the separability of opera-
tions on each RNS digit and the elimination of carries.
Residue signal processor means must sample analog
input signals and convert the samples to residue signals,
perform the necessary processing on the residue signals,
and convert the resultant residue signals back to analog
output signals. Although techniques are readily avail-
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able for efficiently converting analog/decimal or bina-
ry/digital signals to residue number signals, it is much
more difficult to convert residue number signals back
Into analog signals. Since the RNS is not a weighted
number system, its direct conversion to decimal/analog
is not practical. One approach is to convert residue
number signals to digital/binary signals and use one of
the well known digital to analog conversion schemes to
obtain the requisite analog/decimal signals.

Residue to analog conversion is described in the arti-
cles:

““Techniques for Residue-to-Analog Conversion for
High Data Rate Digital Filtering” by W. K. Jenkins,
1978 IEEE International Conference on Acoustics,
Speech and Signal Processing, pages 804-807:

“An Efficient Residue-to-Decimal Converter” by F.
J. Taylor and A. S. Ramnarayanan, IEEE Transactions
on Circuits and Systems, Vol. 28, No. 12, December
1981, pages 1164-1169;

“An Improved Residue Number System Digital-to-
Analog Converter” by M. A. Soderstrand, et al, IEEE
Transactions on Circuits and Systems, Vol. 30, No. 12,
December 1983, pages 903-907; and

“Techniques for Residue-to-Analog Conversion for
Residue-Encoded Digital Filters” by W. K. Jenkins,

IEEE Transactions on Circuits and Systems, Vol. 25,
No. 7, July 1978, pages 555-562.

Prior art residue to binary/digital converters gener-
ally require considerable hardware and/or have rela-
tively slow execution times and/or require considerable
surface area, which is undesirable in an integrated cir-
cuit structure or implementation. Also, many of the
prior art residue to analog converters require memories
that store look-up tables and/or modulo adders, both of
which are generally hardware intensive, siow in terms
of overall execution time and/or are magnitude limited
in that memory size dictates the maximum number of
bits and thus the largest number that can be handled.
The execution time of RNS to binary converters which
require memory is normally dictated by the access time
of the memory, (i.e., the time that it takes to obtain
information from a memory location) which may be for
CMOS ROMS in the order of 100 nanoseconds. Mem-
ory systems having much shorter execution times are
very expensive and are even more magnitude limited
(l.e., memories with short execution times normally
have fewer bytes of memory). Stated differently, memo-
ries having larger storage capacity normally have
longer execution times and require considerably more
real estate, which is a disadvantage in an integrated
circuit structure. This can be a significant limitation
since the advantages of the RNS increase with the num-

~ ber of bits of memory that are available. By way of

65

example, multiplication of 2 each n-bit numbers is n
times faster in the RNS than in the binary number sys-
tem without pipelining. Additionally, modulo adders
are normally more complex than and require more sur-
face area in integrated circuit implementations than do
conventional binary adders.

An object of this invention is the provision of im-
proved method and apparatus of performing modulo
addition which is useful in method and apparatus for
converting residue number signals to binary number
signals.
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SUMMARY OF INVENTION

In accordance with this invention, a method of con-
verting binary signals a and b, which are made up of
pluralities of binary bits, to a binary representation of
the sum thereof taken modulo p1*p3, comprises the
steps of: summing the signals a and b for producing a
first binary signal; operating on bits of the first signal for
producing a second binary signal which is proportional
to the product of the constant 227 and the integer part of
the first signal divided by 227; first combining the sec-
ond signal and bits of the first signal for producing a
third binary signal which is proportional to the differ-
ence between the second signal and the integer part of
the first signal divided by 227; second combining the
first signal and the third signal for producing a fourth
binary signal that is proportional to the difference there-
between; first generating a fifth binary signal that is
proportional to a constant (22#—1); first comparing a
fourth signal with the fifth signal and passing the fifth
signal as a sixth binary signal only when the fourth
signal is greater than or egual to the constant (227 —1),
respectively; and third combining the fourth signal and
the sixth signal for producing a seventh binary signal
which is proportional to the difference therebetween
and which corresponds to ithe desired output signal
a-+b, taken modulo (227—1).

DESCRIPTION OF DRAWINGS

This invention will be more fully understood from
- the following detailed descriptions of preferred embodi-
‘ments thereof, together with the drawings in which:

FIG. 11s a diagrammatic representation of a 3-dimen-
sional RNS signal vector r(mi,m2,m3).

FIG. 2 1s a tabulation of values of residue digits ml,
‘m2, and m3 of the signal vector in FIG. 1 which define
~associated decimal numbers O through 59 for a pre-

rscribed RNS.

- FIG. 3 is a diagramatic representation of a sectional-
‘1zed cube illustrating values of the residue digits defin-
-ing-the prescribed RNS signal vector in FIG. 1 for the
prescribed RNS.

FIGS. 4A-4D are tabulations of combinations of
values of m1 and m3 in FIG. 3 for m2==0, 1, 2, and 3,
respectively.

FIGS. SA-3D are alternate representations of associ-
ated FIGS. 4A-4D. |

FIG. 6 is a tabulation which summarizes the contents
of FIGS. SA-5D.

FIG. 7 i1s a mapping table which summarizes the
information in FIGS. 5A-~5D.

FIG. 8 is a schematic circuit diagram of signal proces-
sor circuitry including a medium moduli RNS to binary
converter 14 that requires only a pair of memory de-
vices and binary adders.

F1G. 9 is a schematic circuit diagram of an alternate
‘embodiment 34 of the converter 14 in FIG. 8 that re-
quires only a single memory device and binary adders.

FIG. 10 is a large moduli memoryless converter 57
which is an alternate embodiment of the converter 54 in
FIG. 9 and which employs a modulo adder.

FI1G. 11 1s a schematic circuit diagram of a modulo
adder 70 which has particular utility in the converter 57
in FIG. 10 for providing a large moduli memoryless
converter in which the adders are all binary adders.

FIG. 12 1s a tabulation of values of various terms in
equations (25)-(32).
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FIGS. 13 and 14 are schematic circuit diagrams illus-
trating alternate embodiments of circuitry in FIG. 11.

The circled numerals in ones of the figures designate
equations defining signals on associated lines.

DESCRIPTION OF PREFERRED
EMBODIMENTS

Residue arithmetic and residue number systems are
defined in the literature such as “Residue Arithmetic
and Its Applications to Computer Technology” by N.
S. Szabo and R. 1. Tanaka, McGraw Hill Book Com-

pany; “The Residue Number System” by H. L. Garner,
IRE Transactions on Electronic Computers, June 1959,
pages 140-147; and “A Survey of Modern Algebra” by
G. Birkhoff and S. MacLane, the McMillan Company.
Residue number systems are of particular interest in
digital signal processing.

Each designated or selected or prescribed RNS is
essentially defined by an N-tuple moduli set P that is
representable as

(1)

where 1 has integer values from 1 to N and each pi.
designates a particular modulus. The modulus may be
thought of as being similar to the base b of the binary
and decimal weighted number systems where b=2 and
b=10, respectively. In these weighted number systems,
a carry may be propagated between columns and must
be taken into consideration in defining the value of the
number.

The residue representation of a natural or decimal

number X 1n a selected RNS is a sequence of integer
residue digits and takes the form of an N-tuple

(2)
where the residue number or digit

mi= | X| p (3)
1s the 1th residue of X modulo pi and pi is the ith modu-
lus in the selected RNS. Stated differently, mi is the
smallest or least positive integer residue or remainder
after X 1s divided by pi (i.e., X/pi). By way of example,
if X=13 and pi=2, then
mi=|13|=X—pi*fX/pi]=1 (4)
where * designates multiplication and [ ] designates the
integer value (1.e., 6 in this example) of the quotient
X/p1=13/2. Stated differently, 13 divided by 2 is 6 plus
a smallest integer remainder of mi=1. If all of the mod-

uli p1 are relatively prime, there is a unique representa-
tion for each decimal number X in the range

A &)

T pi=M)
i=1

where 7 designates an arbitrary product; N is the num-
ber of the modulus in a prescribed or selected or desig-
nated RNS; and M 1s the product of all of the moduli in
the selected RNS, is one more than the largest decimal
number X that can be uniquely represented in the se-

lected RNS, and is referred to as the dynamic range of
the selected RNS.

DEXE(
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The prime integers Q are those that are divisable only
by =1 and Q. The relattvely prime integers are those
integers that have no non-trivial common divisors.
Thus, the set of relatively prime integers includes, but is
not limited to, the set of prime integers. By way of
example, 10 and 14 are not relatively prime since both
numbers are divisable by 2 (which is not a trivial divi-
sor), but 3 and 14 are relatively prime numbers. Two
other important operations or functions in the RNS are
congruence which is represented by the symbol = here,
and the multiplicative inverse which is represented by
the symbol = in a modulo ratio. Two integers R and S
are said to be congruent modulo pi if they differ only by
an integral multiple of pi. Thus, 7 and 19 are congruent
modulo 12 since they differ by 12. This congruence is
expressed as 7=19 modulo 12. This is expressed more
generally as R=S modulo p which holds if and only if
p|(R—S) which means that R —S is divisable by p, that
R —S8 is in the set of all multiples of p, and that R and S
leave the same least integer remainders when they are
divided by p. Also, G 1s the multiplicative inverse of H
modulo p, which 1s designated as

7
= 1

Ll .g
71,2
if 0O=G=p and |GH|,=1. Algebraic and arithmetic in
the RNS are described in the open literature.

A well known single moduli RNS, in which the mod-
ulus p=12, is the number system that is used to keep

track of time (hours) on a clock which only displays
hours in integer values. In such a system, the face of the

clock might show 10 minutes past both 11 A.M. and 11
P.M. as 11:10. Similarly, it would show 10 minutes past
both 1 AM. and 1 P.M. as 1:10. In such an RNS where

(6)

|
il -

(7)

>
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time starts at midnight on day one, the clock registers 44

12:00, then 1:00, 2:00, ., , . 11:00. These times are, of
‘course, A.M. But at noon and thereafter of day one, the
clock again registers or repeats the number sequence
12:00, 1:00, 2:00, etc. There is no indication, however, as
to whether time is A.M. or P.M. and there is no carry
operation when the clock runs out of unique numerals at
11 and starts counting over again with 12:00. And when
day two arrives, the ciock again repeats the sequence of
residue number digits without taking into account a
carry. This is a particular advantage of the RNS in that
there are no carry operations which require time to
implement. There may, however, be carries between
bits in digital (binary) representations of residue digits.
There are no carries between residue digits. Representa-
tions in the so-called military time in which a day has 24
hours are readily converted to residue digits in the pre-
viously described modulo 12 number system by a simple
modulo operation of dividing the military time (in
hours) by the number 12 and taking the remainder.
Thus, when 13:00, 15:00 and 23:00 hours in military time
are divided by 12, the normal representations of time
are found to be the well known remainders of 1:00, 3:00,
and 11:00 O’clock, respectively.

- A particular RNS is selected by designating a particu-
lar moduli set (1) for defining the residue digits in (2)
and FIG. 2. The invention here is restricted to an RNS
defined by a 3-tuple moduli set of the form

6

P={p1,p2,p3}={2"-1,27,2"4-1} (8)
where n is an integer, pl=%p2s4p3, and the 3 moduli
may occur in any order and for any n. This RNS has
gained much popularity in signal processing since resi-
due numbers in it can be efficiently scaled by any one of
the chosen modulus, (i.e., divided by those moduli. The
corresponding residue representation of the natural or
decimal integer number X (which can be represented in
binary form) is then

X =1{x1,x2,x3}={m1,m2,m3} (9)
For purposes of illustration only, the variable n has a
value of 2 here such that p1=3, p2=4, and p3=5 (see
equation (8)) and M=60=p1*p2*p3. This means that
the largest decimal integer number that can be uniquely
expressed 1n this particular selected RNS where n=2 is
59 (e, M—1). Also, each modulus (i.e., 3, 4 and 5)
defines the period for the associated residue digits (see
FIG. 2). The residue digits m1,m2, and m3 are ordinary
decimal numbers expressed in binary form. The residue
digits m1,m2 and m3 are defined by 2,2 and 3 bits, re-
spectively, for n=2.

In this 3-tuple RNS, the 3 digit residue number for
each decimal equivalent may be represented as the 3-
dimensional discrete vector r(m1,m2,m3) as is shown in
FIG. 1. The decimal numbers and associated sets of
residue numbers or digits in this 3 moduli RNS are
tabulated in FIG. 2. It is readily seen that this vector
r(m1,m2,m3) has 60 possible values (the dynamic range
of this RNS with n=2), where each value of the vector

may be represented as a unit cube as is shown in FIG. 3.
The architecture or makeup of the large cube in FIG. 3
1s more clearly seen by slicing it with cuts that are paral-
lel to the m1-m3 plane in FIG. 3 as is illustrated in
FIGS. 4A-4D for the four possible residue digit values
m2=0, 1, 2, and 3. These tabulations can be simplified
by rewriting them in modulo p1*p3=modulo 15 form
as 1s shown 1in FIGS. 5A-5D. Consideration of the rep-

. resentations there and the modulo p2=4 values of the
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modulo p1*p3 remainders there (i.e., 0, 6, 12, 3, 9 for
ml=m2=0 and m3=0 through 4) reveals that decimal
numbers in squares of these four FIGS. 5§A-5D satisfy
the representations in FIG. 6 such that the four FIGS.
SA-5D may be represented by a single mapping in FIG.
7 containing only the modulo pl1*p3 remainders in
FIGS. SA-3D. This is accomplished by realizing that
addition constants 0d, 1d, 2d and 3d are congruent mod-
ulo p2=4 to the remainder values above them in these
tables multiplied by the constant d=p1*p3=15 and by
utilizing substitutions from FIG. 6. Thus, these four
tables in FIGS. SA-5D reduce to the single FIG. 7
which contains all of the information necessary to
uniquely describe the mapping between decimal num-
bers X and the corresponding-selected 3-moduli set of
RNS numbers. Consideration of the mapping table in
FIG. 7 reveals that in general a two dimensional m1,m3
structure 1s described here with values following a well
ordered diagonal pattern such that for a prescribed two
dimensional RNS (p1=27—1 and p3=2"+1), the deci-
mal number value r(m1,m3) can be expressed as

(10)
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-continued
m3 * = *pl
p3  |pl
pl*p3
(11)
|
= ml* * (2” =+ 1) -+
27 — 1 2041
(mB* > *(2”-—1))
2"+ 1 20— 22n—1
= {ml *53 4+ m3 * sl | p1%p3 (12)
| (13)
_ | ml *g2"!;§2” -+ 1) +
m3 * (27 — 1) * (27
2 22n—1
= [2"=1* Q"% (ml + m3) + (m] — m3))|220—1  (14)
(15)
= [(22"=1* ;] 4 m3)) + (2r—1t* (;m] — m3))|22n—1
since p1*p3 = 22" — | and (16)
: 1 (17)
- b 2”_"1
27 — 1 |2n41 274 1 |2n-1

~ The requisite three dimensional mapping is obtained
- by adding an appropriate constant S2 which accom-
- plishes the substitution of FIG. 6 and which is defined as

52 = m2'(m2) * pl * p3 (18)
= (227 — 1) * m2'(m2) (19)

where
m2'(m2) = | |(ml,m3)|p2 — m2|p0 (20)
= (Km1,m3)pnisp — M2)pnish 21)

. so that
82 = (2% — 1) * (m1,m3)nish — M2)nish (22)
(23)

= 22”(’(??11:?”3)1*:&& — m2)nish — (l(m1,m3)nish — mypish

where nlsb designates the n less significant bits and
m2'(m2) is an element of the set (0,p2—1)=(0,3) in the
example here where n=2. The values of m2'(m2) are
shown in FIG. 6 for the selected RNS in this example
where n=2. The desired three dimensional representa-
tion of a decimal number may therefore be expressed as

r(ml,m2,m3)=r(mil,m3)- S2 (24)

Referring now to FIG. 8, an analog signal on line 10
is applied to a residue signal processor 12 which pro-
duces unique digital signals on pluralities of output lines
21, 22 and 23. Each of these digital signals defines a
binary number designating an associated one of the
residue digits m1, m2 and m3 of residue numbers in the
selected RNS. The residue number represented or de-
fined by mi,m2 and m3 is applied to the residue to
bmary converter 14 embodying this invention which
converts 1t to a binary signal on lines 16. This signal is
converted back to an associated analog signal by the
D/A converter 18.

The processor 12 here typically comprises a circuit
for sampling the analog signal, in response to a clock
signal on line 11, at a prescribed rate as is well known in
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the art. The analog samples are converted to representa-
tive residue number signals in an analog to residue con-
verter and are then operated on to accomplish some
prescribed function such as digital filtering, with the
resultant digital residue signal being defined by the
residue number digit signals m1, m2 and m3 on lines
21-23. The residue digits m1 and m2 are defined by
n=2 (in this example) binary bits on associates pairs of
lines 21 and 22. The residue digit m3 requires n-+1=3
lines since the modulus p3=27+1=35 here, and 3 bits
are required to represent the maximum number 4 (for a
modulo J) in a binary representation. This invention is
directed to improved method and apparatus for con-
verting the residue number signals on lines 21-23 back
to an associated binary and/or analog signal.

The residue to binary converter 14 comprises a pair
of memory devices 26 and 36 which may be read only
memories (ROMs) and a pair of binary adders 34 and 44
which may be standard binary adders. ROM 26 contains
a look-up table for effectively performing multiplication
of m1 and m3 by associated constants S3 and S1, and
addition modulo p1*p3=15 of associated product sig-
nals as is specified by equation (12). Individual memory
locations are addressed by the residue digits m1 and m3-
which are combined on lines 25 to make up a single
2n+-1 bit digital address word. The ROM 26 requires at
least p1*p3=15 memory locations, each being 2n=4
bits long where n=2, for storing all possible values of
r(m1,m2) as given by equation (12). The output signal of
ROM 26 is a 2n=4 bit word defining the two dimen-

sional vector representation r(m1, m3) of the binary
equivalent of the residue number {m1,m2,m3}, where

lines 28 contain the n less significant bits and lines 29
contain the n more significant bits thereof, and the 2n
lines 30 contain the combined signals on lines 28 and 29.
T'he two dimensional digital output signal r(m1, m3) on
lines 30 is applied to one input of binary adder 44. The
correction signal S2 must be generated and applied to
the other input terminal of adder 44 in order to produce
an output signal on lines 16 which satisfies the equation
(24).

Recognizing that the n less significant bits of
r(ml1,m3) on lines 28 and 32 correspond to r(m1,m2)
modulo p2=2” in equation (20), this signal is applied on
lines 32 to the binary adder 34 which takes the differ-
ence between it and m2. And by ignoring any overflow
of carries in the adder 34, which corresponds to taking
only the n less significant bits of this difference signal, it
operates as a modulo p2=27 adder for producing the
requisite n- bit digital output signal on the n lines 35
which corresponds to the term m2'(m2) in equations
(20)-(21).

The ROM 36 contains a look-up table for effectively
multiplying the variable m2'(m2) on lines 35 by the
constants pl and p3, i.e., by 2221, as is required by
equation (18). Individual memory locations are ad-
dressed by the p2=27"=4 possible binary values of
m2'(m2). Thus, the ROM 36 requires at least p2=2"=4
each (3n=6 bit long) memory locations, where n=2,
for storing all possible values of m2'(m2) here. The
resultant digital signal on the 3n lines 38 corresponds to
the constant S2 in equations (18) and (19) and is applied
to the other input of the binary adder 44 which sums
them. Although a standard binary adder 44 here nor-
mally has 3n+1 lines, to take care of any overflow
(carry), it can be shown that this binary adder 44 will
never overflow. This means that adder 44 may be imple-
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mented with simplified-custom circuitry. Alternatively,
~ excess MSB lines on the output of a standard binary
adder 44 may be ignored. This also holds true for binary
adders 1n circuits of other figures here. The digital out-
put signal of adder 44 is a 3n bit binary number corre-
sponding to the residue number ml,m2,m3 on input
lines 21-23 and satisfying equation (24). The corre-
sponding analog signal is obtained on line 20 with a
conventional D/A converter 18.

Although this residue to binary converter 14 requires
memory elements, it has particular advantage in that the
adders are all conventional binary adders which are
relatively straightforward to design and implement and
which are relatively fast. The limitation on speed here is
‘dictated by the access time of the memories. The memo-
ries also require considerably more surface area of an
integrated circuit chip than do binary adders. Currently
the practical limit for implementing a single integrated
circuit residue to binary converter 14 is for n=6. Then
the size of ROM 36 is 49,152 bits, which is possible to
implement with a 64k bit ROM. The binary adders 34
and 44 are then 6 bit and 18 bit devices. The period
M =p1*p2*p3 for this converter 1S
M =63*64*65=262,080—218 50 that the largest decimal
number that can be represented by the residue numbers
for n=6 1s 262,079. (For a 3n=36 bit converter 14
(where n=12), the requisite memory size for the ROM
26 is approximately 224X 24=400 megabits, which is
not practical to implement in most applications.) By
pipelining all of the hardware blocks the conversion
time of the converter 14 may be shortened to the slow-
est blocks execution time.

Alternatively, ROMs having greater than 64k of

memory may be employed as smaller IC geometries
become available. This allows n to be larger and thus
the period to be increased. By way of example, with a
256k ROM (where 229,362 bits are actually needed), n
can be increased to 7 so that the total period is increased
to 2,097,024=221. Also, a pair of ROMs (not shown)
‘may be substituted for the single ROM 26, with each
ROM of the patr storing one of the m1*S3 and m3*S1
product terms. Each ROM of the pair is addressed by
the associated one of the residue signals m1 and m3. The
output signals of the two ROMs are combined in a
modulo p1*p3 adder for producing the requisite signal
defined by equations (10)-(15). This allows n to be
larger and the total period M to be increased. By way of
example, with a pair of 64k ROMs employed in place of
the single ROM 26, n may be as large as 10 which pro-
vides a total period M of approximately
230=~10,737,418*102. This implementation does, how-
ever, require additional surface area of an integrated
circutt semiconductor chip which is undesirable in inte-
~ grated electronic circuits.

An alternate embodiment of this invention in which
the second ROM 36 is replaced by a conventional bi-
nary adder 46 and a bit shift meéans 48 is illustrated in
FIG. 9. As stated previously, the adder 34 produces a
digttal signal on lines 35 satisfying the relationship (21)
which must be multiplied by the constant
pl*p3=22"—1. The ROM 36 satisfies the prescribed
multiplication operation. These same operations are
accompiished in FIG. 9 with elements 46-48 where the
circuit arrangement 48 connects 2n lines 50 to ground
and combines or inserts the binary 0 bits on these lines
50 as less significant bits with the digital signal on lines
35 from the adder 34. This essentially shifts the binary
signal on lines 35 by 2n bits which corresponds to a
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multiplication by 227, The n bit binary signal on lines 35
1s applied to the difference input terminal of adder 46. In
this way the n bit signal on lines 35 is then subtracted
from the bit shifted product signal on the 3n lines 55 to
produce the desired binary signal on lines 38 which
satisfies the equations (18)-(19). The output signal of
adder 46 1s completely contained in the 3n output lines
38 since there is no overflow in adder 46 in this example.

A preferred embodiment of this invention which does
not require any memory devices is illustrated in FIG.
10. Recognizing that equation (14) can be rewritten as
equation (15) reveals that the two dimensional residue
signal r(m1,m3) may be obtained by multiplying the sum
and difference of m1 and m3 by powers of two and
combining them modulo p1*p3. The desired sum and
difference signals are obtained with binary adders 60
and 64 which may be implemented with less than the
standard n--2 binary output bits where it is confirmed
that there will be no overflow produced during opera-
tion thereof. Otherwise standard binary adders here
take into account any overflow resulting from an inter-
nally generated carry operation. If the adders 60 and 64
employ more output lines than are actually required to
define the output signal thereof, ones of the more signif-
icant bits thereof are merely stuffed with binary 0’s so
that they are effectively ignored or out of the circuit.
The desired multiplications are accomplished in FIG.
10 by connecting 2n—1 lines 61 and n—1 lines 65 to
ground and inserting the binary O bits on these lines as
the less significant bits of the binary signals on lines 62
and 66 from the adders 60 and 64, respectively. This bit
shifting of the output signals of the adder gives binary
signals on the b 3n+1 and 2n lines 63 and 67 which
represent the 2 terms within equation (15). These signals
are summed in a modulo p1*p3=227—1 adder 70 to
provide a binary signal on the 2n lines 28 and 29 which
is the signal r(m1,m3) and which satisfies the relation-
ship (15). This circuit 70 is a true modulo adder. The
limit on the size of the converter 57 in FIG. 10 is im-
posed by the 3n bit binary adders 44 and 46 (at the
bottom of FIG. 10) and any such elements of the circuit

- 70. The conversion time, which is determined by the

longest delay in the circuit, is also determined by the 3n
bit adders 44 and 46. This converter 57 is extremely fast
and 1s not magnitude limited by memory size and there-
fore has a wide fixed point dynamic range M. Also,
conversion speed may be traded for hardware (i.e., chip
area), and vice versa. Additionally, if the adders are
pipelined, then even shorter operation times are obtain-
able, although the penalty of increased price and size for
additional circuitry is entailed. Additionally, the mod-
ulo adder 70 may be implemented with standard or
custom designed binary adders which are relatively

simple and straightforward to design and implement. In

accordance with another aspect of this invention, a
modulo 22— 1 adder 70 comprising only adders that are

‘binary adders (71-74), a comparator circuit 77 and an

AND circuit 79 is illustrated in FIG. 11.

Consideration of the operation of the modulo adder
70 in FIG. 10 as defined by equation (15) reveals that
the latter is of the form

| S| w=S— WH*S/W] (25.1)

which can be written as
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(25.1)
* L L
|S|W=S—W|: 57 ] ;

@ + b|a2n—1 = (@ + b) — (2?7 — l)*l: Zgn bl ]

and

(25.3)

le + blw= (a + b) — W*[a_n-l_f_b‘]

where |S|wdesignates the number S taken modulo W,
S=a-b, a and b are the first and second terms in equa-

tion (15), W=22"—1 and [ ] denotes the integer part of

the enclosed quantity. Equation (25.2) states that the
quantity (a-+b) taken modulo (227—1) is equal to the
difference between (a+b) and the product of (227— 1)
and the integer part of (a+b)/(227—1). Since it is easier
to implement a division operation in hardware by pow-
ers of 2 that involve only a shift towards the least signif-
icant bit, equation (25.3) can be rewritten as

(25.4)
|a+b|W=(ﬂ+b)*W*(|:';?;—bl:| +k)

(25.5)
= (@ + b) — th:ii..b_] — Wk
- W1

which may be rewritten as

(26.1)
la + blaan—1=(@ + b — Q%" - 1) * [ﬁz'h—b:l —k*(2%" - 1)
This is possible because
(26.2)
[aib ] _[aib] Iy
4 T W4+
where Kk 1s a positive integer. Substituting
(26.3)
R=(@+b) - W*[ﬁﬁ}_—ﬁ
into equation (26.1) one gets
@+ B|w=R —k*Ww (26.4)
=R — k*Q2" — 1) (27)
=R —-2M*k 4 k (28)
where
(29)

R:(a+b)—(22ﬂ—1)*[=9?'hu’=-]

Omitting the quaniity —1 in the denominator of equa-
tion (25.2)s0 as to only divide by 227 means to disregard
the 2n less significant bits of the term in the [ ] in equa-
tion (26.1) and the last term in equation (26.1) compen-
sates for this modification of the designation of the
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integar part. The term k is a constant where k=0,1,2, .
. » and is dependent on the value of R. The value of k
dictates the number of comparisons required in the
circuit of FIG. 11 as is described more fully hereinafter.
The k term will now be evaluated.

For the selected RNS system where pl=2r—1,
p2=2", and p3=2"+1, it will be recognized that (a+b-
Ymax=23n+1422n \where amgx and bgy are dictated by
the number of wires in lines 63 and 67 in FIGS. 10-11.
The maximum value of R is obtained for one less than
the quantity (a+b)max $0 that R,,gx is representable as

(30)

Dmax — 1
Rmax = (@ + BYmax — 1 — (227 — 1)*[L}

22n

(31)
3na] 5 23n+1
= 20+ 4 220 ] — (221 1)@

22" — 1|
72n

= 22n 4 2n+1 _ (32)
And since |a+b|22x—1 must, by definition, be less than -
2271 (the modulo), then it follows that equation (27)
must be less than the modulus. This is expressed mathe-
matically as

(la+bl22n—1=R—k(22"—1))<(22"—1)

(33)

By subtracting the modulus and adding k times the
modulus to each side of equation (33), the expression

(R—(22"— 1)) <k(23"—1) (34)

i1s obtained. Now dividing both sides of equation (34) by

the modulus (which modulus here is taken as greater
than 0), one obtains the expression

> (

which shows that R,,,;» dictates the max value of k
which here is

(35)
R

)

22n L

n+ 1 (36)

e 1

Values of various ones of the terms in equations
(25)~(32) as a function of the number of bits n are illus-
trated in FIG. 12. The value of k for n>1 is conve-
niently representable by the relationships

(37)

4 OforR < (227 — 1)
“ L lforR = (237 — 1)

here. For the trivial case where n=1, the modulus
22n—1 is 3 and the value of k is 2. This modulo adder in
F1G. 11 has the advantages that it uses only adders that
are binary adders, requires no memories, can be made to
operate for very large n’s on a single IC chip, and all
adders can be built as pipelined adders for increased
speed of operation.



4,584,562

13

An alternate evaluation of the k term and the maxi-
mum value thereof will now be presented. From the
definition of an RNS representation it is known that

|S|lw< W (38)
since S can only take on values from 0 to W —1 and the

exclamation point means “by definition.” Therefore
equation (26.4) can be written as

|(@a+8)| w=R—k*W< W (39)

Oor

R—W<k*W (40)
Since W 1s >0, both sides of equation (40) can be di-
vided by W without changing the inequality sign, i.e.,

(-

This states that the smallest possible value of k (which
must be an integer) must be larger than the R, which
corresponds to a given (a-+b) as expressed by equation
(26.3) divided by modulo W from which 1 is subtracted.
Since k must be an integer it follows from equation (41)
that the smallest possible value of k is

2 |

since k must be an integer. By substituting R from the
equation (26.3) into equation (42) then equation (42)
becomes

(41)

A (S

(42)

(43)

=[] ] -

where [ ] denotes the integer part of the quantity
therein. It will be remembered that R here is a function
of both a and b and thus k is a function of these vari-
~ ables.

The quantity R is given by equation (26.3) and can be
rewritten as |
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(44)
R=a4 b — W*[-l%—']_;—fi-] =a_+b-— Wer
where
(45)
I [m] _ [M_é_]
T W41 o 92n
~ Since the largest I occurs for (a+b),,;ax, then
46
7 _ (@ + B)max _ | 8max + bmax (40)
max — 221'1 o 22n

In the example in FIG. 10 a on line 63 has 3n+ 1 bits and
b on line 67 has 2n bits. Thus

Amax= 23n+1

(47)

65
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brmax= 22n

(48)

Substituting these values of aygx and b,y into equation
(46)

(49)

3n+41 | 2n
Imax=|:2 T 2 :' = [+l 4 1) = 2n+1 4

Consideration of equations (49) and (44) reveals that R
1s maximum for (a-b) as large as possible and the prod-
uct W*I being as small as possible. The choice of a4
and bpax gives Ingx, and hence W*1,,,,,. It is now neces-
sary to find R, 4.

If a and b are chosen such that (a+b)/22” in equation

' (45) 1s less than it is for their maximum values of

23n+14 22rthen the integer part I will be I,,5x— 1. In the
example here this reduces to

(30)

2pntly 1 VL
[ 22N 22n = Imax — 1 =11

It should be remembered here that the integer part of a
quantity 1s obtained by truncating digits following the
decimal point (e.g., [2.01]=[2.999]=2). With this
choice for a and b then

(e+b)n=(a+b)ipax—~ 1 =amax+bmax—1 (51)

and

W] = W¥(Ipgse—1)= Wl — W (52)
This means that the positive part of equation (44) is only
1 less than the maximum and the negative part of equa-
tion (44) is W less than the maximum. Hence, from
equation (44) one obtains

Rmax = Gmax + bpmax — 1 — W* (Ipax — 1)
=max + Omax — 1 + W — W * Ipox

(33)

Substituting in equation (53) from equations (47), (48)
and (49) gives

Rpax=22n42n+1_1 (54)

in this instance.
Substituting this value of R,,4x in equation (41) than

an+1 (55)

22n _ |

Rmﬂx

W

b O e

kmax

And since k;ox must be an integer it follows that the
smallest possible Kpgx 1S

where again the braces denote an integer part. Again,
the Kingx gives the number of needed comparators in the
figures.

Referring now to FIG. 11, the digital signals a and b
(which correspond to the first and second terms in equa-
tion (15)) on the 3n+1 and 2n lines 63 and 67 are com-
bined in the binary adder 71 which takes into consider-

- (56)

22n __ 1
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ation any overflow caused by a carry that is generated
during operation thereof. The output of adder 71 is
comprised of 2n less significant bits and n+2 more
significant bits on associated pluralities of lines 81 and
82, respectively, which are combined on the 3n+2 lines
83. 'This signal on lines 83 corresponds to the first term
on the right in equation (26.1). The n+2 more signifi-
cant bits on lines 86 corresponds to the integer value of
(a-b)/22" and are shifted by 2n less significant bits by
the lines 87 which have one ends thereof connected to
ground for impressing binary 0’s thereon. The bit
shifted signal on lines 88 corresponds to one of the
products 1n the middle term in equation (26.1) and is
apphed to one input of the second binary adder 72
which can be shown to never overflow in this example.
The n+2 more significant bits on line 90 in the output of
the first adder, which also correspond to the integer
value of (a+b) divided by 227, are applied to the second
or difference input of the binary adder 72. The differ-
ence signal from adder 72 is an output signal on the
3n+2 lines 92 which satisfies the other product in the
middle term in equation (26.1). The digital signals on
lines 83 and 92 are combined in the third binary adder
73, which can also be shown to never overflow in this
example, for producing the difference signal R that is
defined by equation (29) on the 3n+2 lines 93. This
output signal of the binary adder 73 is applied directly
to one 1mnput of the fourth binary adder circuit 74 and to
- one input of comparator circuit 77. |
The comparator circuit 77 has a binary representation
of the constant (2¢2—1) applied to the other input 96
thereof and to the gate circuit 79. The circuit 77 is con-
ventional and may be readily implemented with
NAND, NOR and inverting gates. The comparator
circuit 77 is operative for producing a binary 1 or 0 on
line 99 for enabling and disabling the gate circuit 79
when R=2%7—1] and R <2271, respectively. The gate
circuit 79 is responsive to the binary signal on line 99,
which corresponds to the constant k, for selectively
passing the 2n bit binary signal on lines 97 to the other
input of the fourth binary adder 74. The difference
signal generated on the 2n least significant bit output
lines 30 of the binary adder 74 is the desired modulo
(22" —1) output signal defined by the equations (26.1)
and (27). Recognizing that the digital signals a and b
correspond to the signals on lines 63 and 67 in FIG. 10,
it is seen that the output signal on lines 30 in FIG. 11
corresponds to the two dimensional signal r(ml,m3)
defined by equation (15) and generated on line 30 in
FIG. 10. This modulo adder 70 has particular advantage
in that it uses only adders that are binary adders, re-
quires no memories, can be made to operate for very
large n’s on a single IC chip, and all adders can be built
as pipelined adders for increased speed of operation.
When the limits on a+b in FIG. 11 are much higher
than 237+1 plus 227, for n=1, then k is greater than one
and a plurality of comparisons are required. An alter-
nate embodiment of the modulo p=pl*p3=221—1
adder in FIG. 11 which performs L comparisons for
k=L is illustrated in FIG. 13. In this circuit, if the value
of R on line 95’ is less than p then the binary outputs of
all of the comparators 771~77L are a binary 0 on lines
991-99L. which disables logic circuit 110 so that all
binary O’s are outputted on lines 100". If 3p>R =2p, for
example, then binary ones on only lines 991 and 892
from only the comparators 771 and 772 enable circuit
110 so that it produces on lines 100’ a digital signal in
binary form that correponds to the constant 2p and
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which is applied to the difference input terminal of
adder 74’ for producing the desired binary number sig-
nal corresponding to a-+b modulo (227—1).

Another embodiment of the modulo
p=p1*p3=22"—1 adder in FIG. 11 for k 1 is illustrated
in FIG. 14. In this circuit, a logic circuit 110’ sequen-
tially applies a signal (R-qp), where q is an integer
which may be 0, on line 112 until comparator 77’ pro-
vides a binary 0 output signal on line 99 which indicates
that the current value of (R-gp) on line 112 is less than
p=22"—1. The example where 3p>R Z2p will now be
considered. Initially, logic 110’ receives the signal R on
line 93" and passes it on line 112 (where q=0) to com-
parator 77'. Since the current value of the signal on line
112 is greater than (227—1), the output of comparator
77 on line 99 is a binary one which enables gate 79. This
causes gate 79 to pass on line 100 the binary representa-
tion of the constant (22" —1) which is subtracted from
the signal R on line 113 in the binary adder 74. The
difference signal from adder 74 is applied to an output
latch 120 and the logic circuit 110’. Since the latch 120
1s disabled by the output signal of comparator 77, this
output signal of adder 74 is not passed to line 30 as the
modulo p1*p3 output signal thereof. The logic circuit -
110’ 1s responsive to the binary one from the compara-
tor for applying this output signal (R—qp=R —p) of
adder 74 to lines 112 and 113. Since this signal on line
112 1s still greater than the modulus p1*p3 on line 96 for
this example, another binary one from the comparator
enables gate 79 for passing the constant p1*p3 to the
difference input of the binary adder, disables the output

latch 120 for blocking the output signal of the adder,
and enables the logic circuit 110’ for again passing the
output signal of the binary adder to lines 112 and 113.

Since this new output signal of the logic circuit corre-
sponds to (R—2p), the comparator 77’ now produces a
binary 0 on line 99 which indicates that the current
digital input signal is less than the modulus p1*p3 signal
on line 96. This logic 0 on line 99 causes gate 79 to block
the constant on line 97 and apply binary O’s to the differ-
ence input terminal of the binary adder 74, enables latch
120 for passing the output signal of the binary adder,
and disables logic circuit 110’ for blocking the output
signal of the binary adder on line 118 from line 112. This
binary output signal of the adder 74 corresponds to the
signal (R —2p), the 2n less significant bits of which are
passed by the latch 120 for providing the desired mod-
ulo p1*p3 signal on line 30.

Although this invention is described in relation to
preferred embodiments thereof, variations and modifi-
cations thereof are possible. By way of example, the
operation time of the residue to binary converters and
the modulo adder may be decreased by pipelining vari-
ous ones of the adders and/or memory devices, and by
employing time shared and/or carry-look ahead binary
adders. Also, various ones of the adders and/or memory
devices of the converters and modulo adder may be
clocked in a manner which is well known in the art,
although this is not essential to the operation thereof.
The scope of this invention is therefore to be deter-
mined from the appended claims rather than from the
aforementioned detailed descriptions of preferred em-
bodiments thereof.

Typically, n is positive and is between 7 and 12 for a
medium moduli RNS here. The value of n may be
greater than 12 for a large moduli RNS here.

What 1s claimed is:
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1. The method of converting binary signals a and b,
which are made up of pluralities of binary bits, to a
binary representation of the sum thereof taken modulo
p1*p3, comprising the steps of:

summing the signals a and b for producing a first

binary signal;

operating on bits of the first signal for producing a

second binary signal which is proportional to the

product of the constant 227 and the integer part of |

the first signal divided by 227;

first combining the second signal and said bits of the
first signal for producing a third binary signal
which 1s proportional to the difference between the
second signal and the integer part of the first signal
divided by 227;

second combining the first signal and the third signal
for producing a fourth binary signal that is propor-
tional to the difference therebetween:

first generating a fifth binary signal that is propor-
tional to a constant (227—1);

first comparing the fourth signal with the fifth signal
and passing the fifth signal as a sixth binary signal
only when the fourth signal is greater than or equal
to said constant (227—1); and

third combining the fourth signal and the sixth signal

~ for producing a seventh binary signal which is
proportional to the difference therebetween and
which corresponds to the desired output signal
a+b taken modulo (227 —1).
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2. The method according to claim 1 wherein said
summing step is accomplished with a first binary adder.

3. The method according to claim 2 wherein said first
combining step is accomplished with a second binary
adder.

4. The method according to claim 3 wherein said bits
of the first signal comprise a prescribed number of more
significant bits of the first signal which correspond to
the integer part of the first signal divided by 227, and

0 which are applied to a difference input terminal of the

second binary adder.

5. The method according to claim 4 wherein said
operating step comprises inserting 2n binary 0’s as less
significant bits ahead of said prescribed number of more
significant bits of the first signal to produce the second
signal that is a bit shifted signal that corresponds to a
product signal and which is applied to a sum input ter-
minal of the second binary adder.

6. The method according to claim 5 wherein said
second combining step is accomplished with a third
binary adder.

7. The method according to claim 6 wherein said
third combining step is accomplished with a fourth
binary adder.

8. The method according to claim 7 wherein said first’
comparing step comprises second and third comparing
steps.

9. The method according to claim 3 wherein a and b

comprise 3n--1 and 2n binary bits, respectively.
* %X X % *
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