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(37) ABSTRACT

A Tfault-tolerant quantum computing scheme implements
quantum computing based on three-dimensional cluster
states using just a small number of physical components.
The technique may be implemented using a single actively
controlled qubit [100], e.g., a quantum emitter, and a pair of
delay line loops [106, 108], which can be physically realized
using existing technologies 1n quantum photonic and pho-
nonic systems. A three-dimensional cluster state 1s prepared
by using the actively con-trolled qubit to generate data
qubits that propagate through the two delay line loops,
interact with the actively controlled qubit, and then are
measured by a detector [110].
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Fig. 8A
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FAULI-TOLERANT CLUSTER STATE
QUANTUM COMPUTATION

FIELD OF THE INVENTION

[0001] The present invention relates generally to quantum
computation. More specifically, 1t relates to fault-tolerant
cluster state quantum computation devices and techniques.

BACKGROUND OF THE INVENTION

[0002] In recent years, significant experimental progress
has been made towards building a large-scale quantum
computer. In platforms such as superconducting qubits and
trapped 1ons, the error rates for small systems have been
successiully suppressed below the threshold error rate of the
surface code [1, 2, 3]. Using newly developed techniques for
neutral atoms trapped in optical tweezer arrays, the coher-
ence time, gate fidelity, and read-out fidelity for large
assemblies of qubits are being rapidly improved [4, 3, 6, 7].
These advances give us hope that we will one day be able to
perform fault-tolerant quantum computation by scaling up
these systems while maintaining low error rates.

[0003] However, the scalability of leading approaches
remains an 1mportant challenge. Current estimates suggest
that the engineering effort needed to build even a single
logical qubit with logical error rate low enough for useful
quantum computation could be enormous [8]. Quantum
algorithms with practical ramifications can involve applying
at least ~107" logical gates to ~100 logical qubits [9, 10]. To
ensure that the outcome of the computation 1s correct with
high probability, the logical error rate would then need to be
below ~107°. Based on the sub-threshold error scaling in
Ref. [11], this would require at least ~400 physical qubaits per
logical qubit 1f the physical error rate i1s half the threshold.
[0004] Manufacturing, calibrating and controlling physi-
cal qubits 1 such large numbers will be tremendously
dificult. The fabrication process for components of solid-
state quantum devices, such as quantum dots or supercon-
ducting circuits [1], 1s inevitably imperfect, leading to
variations in the properties of individual qubits and their
interactions. Even in systems where qubits are encoded 1n
identical particles, e.g., trapped 1ons [2, 3, 12] or neutral
atoms [4, 5, 6, 7], experimental control parameters such as
the strengths of laser excitation pulses or trapping potentials
may exhibit inhomogeneity. Thus, 1n order to control these
qubits with high fidelity, an experimental system needs to be
accurately calibrated across the entire quantum computer. In
superconducting circuits, for instance, imhomogeneity 1s
unavoidable, and stray couplings between i1deally indepen-
dent qubits are an experimental fact of life that must be
mitigated through control logic (see e.g., [1].) The difliculty

of doing so increases significantly with the number of qubits
[13].

BRIEF SUMMARY OF THE INVENTION

[0005] To circumvent these challenges, we provide a
novel approach to fault-tolerant quantum computation, in
which a well-protected logical qubit can be built using only
a few physical components. Consequently, the engineering
cllort required to develop the computer’s components is
significantly reduced, providing a simpler and more easily
scalable route to fault-tolerant quantum computation. At a
high level, our approach succeeds by shedding the limita-
tions 1mplicit 1n two assumptions that usually guide fault-
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tolerant circuit design: first, that the computer’s qubaits are all
of the same type so are fairly homogeneous, and second, that
good fault-tolerant gates should not propagate errors.

[0006] Specifically, we provide a fault-tolerant protocol
for generating the three-dimensional cluster state of Ref.
[14], which can then be used to perform universal fault-
tolerant computation via adaptive single-qubit measure-
ments. While there 1s already a well-known procedure for
preparing this state, our method has the advantage of being
compatible with a much simpler physical realization than
what was originally envisaged in Refs. [14, 15, 16]. We take
an approach similar to existing proposals for building large
one- and two-dimensional cluster states using a small num-
ber of physical components [17, 18, 19, 20, 21]. However,
while two-dimensional cluster states are universal for quan-
tum computation, they are not known to support fault-
tolerant quantum computation. More precisely, two-dimen-
sional cluster states of unprotected physical qubits are not
known to be a particularly useful resource for fault-tolerant
quantum computation. Two-dimensional cluster states can
be used to perform local gates on a one-dimensional array of
qubits [22], for which fault-tolerant quantum computing
schemes have been developed [23, 24]. However, the thresh-
old (1n the circuit model) 1s likely prohibitively low (esti-
mated to be 107 [24]). The step from universality to
fault-tolerance 1s not obvious and, 1n fact, quite surprising
considering the architecture of the system.

[0007] Our protocol 1s built around a special ancilla qubat,
), which interacts sequentially with a stream of data qubits
propagating through a delay line. These data qubits are
encoded 1n degrees of freedom sharing a common physical
implementation, e.g., different temporal modes of photons or
phonons 1n a waveguide. The only interactions are between
() and data qubits (and not between data qubits themselves),
and these interactions are fixed and periodic, requiring a
modest amount of calibration. We show, moreover, that all
of the operations required 1n our protocol can be 1mple-
mented using existing technologies in quantum photonic and
phononic systems.

[0008] To demonstrate fault-tolerance, we analyze the
robustness of our protocol against both circuit errors and
memory errors. We use a standard depolarizing model to
describe circuit errors, which are associated with imperfect
gates, measurements, and state initialization. Memory errors
refer to errors that occur while qubits are 1dle, for which we
study the effect of dephasing and qubit loss.

[0009] In the absence of memory errors, there 1s a thresh-
old of 0.39% for the circuit error rate, below which the
logical error can be arbitrarily suppressed by increasing the
number of physical qubits. In the presence of memory
errors, the logical error rate cannot be arbitrarily suppressed.
However, provided that the circuit error rate 1s below
threshold, the logical error rate decays rapidly with the
inverse ol the memory error rate. More precisely, suppose
that the coherence time of the data qubaits 1s lower-bounded
by T. Then for a sufliciently large but finite T, the logical

error rate can be made exponentially small 1n T'/T . Here,
7 1s the mverse of the frequency with which gates are
applied, which 1s ultimately limited by the timescale for
interactions between © and data qubits. The number of
logical gates that can be reliably executed will therefore

scale exponentially with +/ /T
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[0010] A large separation between T and 7 1s often
observed 1n certain experimental platforms, such as trapped
ions or neutral atoms utilizing atomic clock transitions [12,
4, 5, 6]. Indeed, because of the strict separation in the roles
of @ and the data qubits, maximizing the ratio T/ 7 while
maintaining high gate fidelity 1s an invitation to design a
hybrid system having two types of qubits with diflerent
physical substrates. That 1s the context 1n which we expect
our scheme to be the most promising. Photonic [23] and
phononic [26] delay lines are known to be good quantum
memories, and can be coupled to controllable qubits capable
of playing the role of 3.

[0011] TTo illustrate the advantages of our scheme, suppose
that memory errors are dominated by loss. Then, 1f the
circuit error rate is 107 an aspirational but realistic target—
our protocol can in principle attain a logical error rate of
107% for 7/T=1.4x107>, and 107 for 7/T=3.2x107°. These
estimates suggest that extremely low logical error rates can
be achieved by improving a very small number of experi-
mental components. In particular, if the operations involving
¢) can be calibrated such that circuit error rate 1s below the
threshold value of 0.39%, incremental improvements of a
single component—the delay line—can lead to drastic
reductions 1n the logical error rate.

[0012] Although our scheme was primarily motivated by
the aforementioned experimental considerations, 1t also has
a novel feature that 1s counterintuitive from the point of view
of fault-tolerance. The design of fault-tolerant protocols
usually aims to prevent the propagation of single-qubit
errors to many qubits. This 1s achieved, naturally enough, by
applying gates that do not spread errors, e.g., transversal
gates, or “long” gates that are interspersed with error cor-
rection steps, such as in lattice surgery [27]. In all of these
methods, one actively avoids interacting one qubit with
many others in a code block, since errors occurring on that
qubit could propagate to the others, exceeding the error-
correcting capabilities of the code.

[0013] In our protocol, we are actually deliberately taking
this seemingly ill-advised approach: a single qubit ( Q) 1s
coupled to every data qubit. The depth of the circuit scales
linearly with the number of data qubits, and no error
detection or correction 1s performed during the process.
Nevertheless, the procedure i1s fault-tolerant in that any
single-qubit error occurring in the circuit results 1n a con-
stant-weight error on the final state. An interesting subtlety
1s that even though a single-qubit circuit-level error can 1n
general be propagated by the subsequent gates to a highly
nonlocal error, this nonlocal error 1s always equivalent under
stabilizers of the prepared cluster state to some geometri-
cally local error. More generally, we show that any m-qubit

circuit-level error results in at most m geometrically local
errors on the final state.

[0014] To summarize, we have discovered that fault-tol-
crant quantum computation can be achieved through the
incremental improvement of a small number of key com-
ponents, avoiding most of the systems engineering chal-
lenges inherent in leading approaches. This 1s possible
because of three important features of our scheme. First, its
physical realization only requires manufacturing and cali-
brating a constant number of experimental components,
independent of the number of data qubits. Second, there are
readily available physical platforms that can realize our
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protocol. Third, any constant-weight error occurring during
our protocol results 1n a constant-weight error on the pre-
pared cluster state.

[0015] In one aspect, the invention provides a device for
fault-tolerant quantum computation comprising: a quantum
emitter implementing a control qubait; a first router coupled
to the quantum emitter; a second router coupled to the
quantum emitter; a first delay line coupled to the first router
and the second router, a second delay line coupled to the first
router and the second router; and a detector coupled to the
first router; wherein the first delay line, the second delay
line, the first router, the second router, and the quantum
emitter are configured to form two loops to support propa-
gating modes implementing data qubits that passively inter-
act multiple times with the control qubit to generate three-
dimensional cluster states; wherein the quantum emitter
implementing the control qubit 1s configured to generate the
propagating modes implementing data qubits; wherein the
first router and the second router are configured such that a
propagating photon or phonon travels through each of the
first delay line and second delay line a predetermined
number of times before being measured by the detector;
wherein the detector 1s configured to measure data qubits
after multiple interactions with the control qubit.

[0016] In some embodiments, the first router and the
second router may be configured such that a propagating
photon or phonon travels through each of the first delay line
and second delay line only once before being measured by
the detector. In some embodiments, interactions of the data
qubits with the control qubit are separated by time delays
determined by the first delay line and the second delay line.
In some embodiments, multiple interactions between the
control qubit and data qubits are fixed and periodic. In some
embodiments, each of the data qubits does not interact with
other data qubits. In some embodiments, stable internal
states of the quantum emitter encode qubit degrees of
freedom for the control qubit, while radiative states of the
quantum emitter that are coupled to the waveguides realize
gates between the control qubit and a data qubait realized as
a photon or phonon propagating in the waveguides. In some
embodiments, the quantum emitter 1s an atom or an artificial
atom, the first delay line and the second delay line are optical
fibers, and the propagating modes are photons in the optical
fibers. In some embodiments, interactions of the data qubits
with the control qubit are implemented via resonant scat-
tering. In some embodiments, the device 1s realized as an
integrated superconducting circuit wherein the quantum
emitter 1s a superconducting qubit, the first delay line and the
second delay line are microwave waveguides, and the propa-
gating modes are microwave photons. In some embodi-
ments, the device 1s realized as a quantum acoustic system
wherein the quantum emitter 1s a transmon qubit, and the
first delay line and the second delay line are phononic
waveguides. In some embodiments, the device has no more
than one quantum emitter.

[0017] In another aspect, the mnvention provides a method
for fault-tolerant quantum computation comprising: gener-
ating a three-dimensional cluster state using the device
described above; and performing adaptive single-qubit mea-
surements on the three-dimensional cluster state. In some
embodiments, generating the three-dimensional cluster state
comprises encoding multiple data qubits in a single wave-
guide by controlling the rate of the excitation pulses using a
time multiplexing technique. In some embodiments, gener-
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ating the three-dimensional cluster state comprises sequen-
tially applying resonant coherent excitations to a quantum
emitter. In some embodiments, generating the three-dimen-
sional cluster state comprises applying a rapid resonant
excitation pulses to a quantum emitter to induce spontaneous
emission of a photon or phonon into a waveguide. In some
embodiments, generating the three-dimensional cluster state
comprises creating with a quantum emitter a propagating
photon or phonon 1n a waveguide, routing the photon or
phonon through a delay line, and scattering the propagating
photon or phonon against the quantum emitter. In some
embodiments, generating the three-dimensional cluster state
comprises applying to a quantum emitter a sequence of
resonant r pulses to induce transitions between internal
states of the quantum emitter, where some of the states are
stable and some are radiative. In some embodiments, the
method includes performing measurements of a quantum
emitter state via quantum non-demolition measurements.

BRIEF DESCRIPTION OF THE DRAWINGS

[0018] FIG. 1 1s a schematic i1llustration of a device for
implementing fault-tolerant cluster state computation,
according to an embodiment of the invention.

[0019] FIGS. 2A, 2B 1llustrate steps in the generation of a
cluster state on a simple example graph, according to

techniques of the present invention.

[0020] FIG. 3 1s an 1llustration of an elementary cell of a
body-centered cubic (bcc) lattice.

[0021] FIG. 4 1s a circuit diagram illustrating steps in the
preparation of a cluster state according to techniques of the
invention.

[0022] FIG. 5 1s an illustration of a bcc lattice and an
ordering of 1its vertices as used in techniques of the present
invention.

[0023] FIG. 6 1s a circuit diagram 1llustrating steps in the
preparation of a cluster state according to techniques of the
invention.

[0024] FIGS. 7A, 7B are graphs of logical error rate with

respect to circuit error rate associated with techniques of the
present invention.

[0025] FIGS. 8A, 8B are plots of thresholds for the circuit

error rate at various loss rates illustrating the correctable
regions of parameter space, in which the logical error rate
can be suppressed by increasing the system size.

[0026] FIGS. 9A, 9B, 9C are schematic diagrams illus-

trating the physical implementation of gates 1n quantum
photonic or acoustic systems according to an embodiment of
the 1nvention.

[0027] FIGS. 10A, 10B are schematic diagrams illustrat-
ing a technique to encode quantum information in two
distinct modes of a single photon state, according to an
embodiment of the invention.

[0028] FIG. 11 1s a circmit diagram illustrating steps for
preparing a three-dimensional cluster state according to
techniques of the present invention.

[0029] FIGS. 12A, 12B are graphs of logical error rate
with respect to dephasing per time step for various lattice
S1ZES.

[0030] FIGS. 13A, 13B are graphs of logical error rate
with respect to loss per time step and dephasing error,
respectively, for various optimal lattice sizes.
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DETAILED DESCRIPTION OF THE
INVENTION

[0031] We start by briefly reviewing the subject of fault-
tolerant measurement-based quantum computation using
cluster states, focusing on the aspects that are relevant to this
invention.

BACKGROUND

[0032] The cluster state Iy ) corresponding to an undi-
rected graph G=(V,E) 1s defined as

|WG> = - H ijj- I.,r%y—l—'_}f!? (1)

(i, )EE

where each vertex 1€ V is 1dentified with a qubit, and Z_,
denotes the controlled-Z gate on qubits a and b. The stabi-

lizers of Iy ) are generated by {S:ie V}, where [22]

Si =4 1_[ Z;. (2)

J
FHNIS A

Here, X _, and Z _ denote Pauli X and Z on qubit a. Cluster
states of the form of Eq. (1) are also referred to as graph
states 1n the literature.

[0033] The importance of cluster states in the theory of
fault-tolerant quantum computation was established by the
seminal works of Raussendorf, Harrington, and Goyal [14,
15, 16], which demonstrated that universal fault-tolerant
gquantum computation can be performed via single-qubit
measurements on a particular cluster state. This cluster state
corresponds to the body-centered cubic (bcc) lattice shown
in FIG. 3 and FIG. 5. Their scheme (for constructing this
cluster state and extracting the syndrome) boasts a high
threshold of p,,=0.358% [28] under the standard depolarizing
model for circuit errors, making 1t one of the most promising
approaches for building a large-scale quantum computer.

[0034] To prepare the cluster state IlprCJ corresponding
to the bcc lattice G, .., Refs. [14, 28] consider a simple
constant-depth circuit, which follows directly from Eq. (1).

Each qubit is initialized in the state |+ ), and the controlled-Z.
gates 1n Eq. (1) for G=G, . are applied in four layers. It 1s
straightforward to see that any single-qubit error in this

circuit propagates to a constant-weight error on IlprEJ.

Together with the fact that Ilpcbcj 1s a foliation of the
surface code [29], this implies that there 1s a finite threshold
for the circuit error rate below which the logical error rate
decays exponentially with the system size.

[0035] Gaven a cluster state on an LXILXN bcc lattice, one
can perform fault-tolerant quantum computation by adap-
fively measuring the qubits in one of three bases (the
eigenbases of the operators X, Z, and

depending on the logical gates that are to be executed. Note
that a qubit can be measured before the full cluster state has
been prepared, provided that all of the controlled-Z gates 1n
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Eqg. (1) mvolving that qubit have been applied. Thus, the
cluster state could alternatively be prepared and measured 1n
such a way that only O(L?) physical qubits are in use at any
given time. Roughly speaking, L determines the number of
logical qubaits that can be encoded and the distance of the
underlying code, while N 1s related to the length of the
logical computation. We refer the reader to Refs. [8, 14, 16,
15] for turther details.

[0036] Even though fault-tolerant computation can be 1n
principle performed on such a cluster state, 1n this paper, we
focus on realizing a fault-tolerant quantum memory. In
particular, we consider using a cluster state on an LxLxL bcc
lattice to store a single logical qubit. From the perspective of
quantum error correction, this cluster state can be viewed as
a space-time history of the surface code [30, 31] with L
rounds of syndrome measurements, the bottom and the top
boundaries of the cluster state corresponding to the surface
codes at the iitial and the final step of the error-correction
protocol. Our estimates for the logical error rate, which
decays exponentially with L under local noise models,
quantifies the probability that there 1s a logical bit or phase
flip between the bottom and the top layer.

[0037] The leading architecture for implementing this
scheme 1s based on a two-dimensional array of physical
qubits [16, 15, 11]. This approach suflers from an important
practical problem, however. The space overhead, which 1s
the ratio between the number of physical qubits and the
number of logical qubits, 1s quite large in practice. For
instance, the space overhead for running Shor’s algorithm
[32], assuming a physical error rate of 107, is estimated to
be at least a few hundred [8, 33]. Thus, bulding even a
single logical qubit with low enough error rate will require
hundreds if not thousands of physical components. More-
over, these components will need to be carefully calibrated
to ensure that the physical error rates across all of the qubits
are sulliciently low. While this 1s not impossible, 1t certainly
requires a Herculean eflort.

Main Results

[0038] Generally speaking, large space overhead 1s unde-
sirable because the eflort to build a fault-tolerant quantum
computer may grow proportionately with the number of
physical qubits. However, for the purpose of assessing the
teasibility of a given architecture, it 1s important to distin-
guish the mathematical definition of space overhead from
the engineering difliculty of building a quantum computer.
We believe that a useful figure of merit for the latter 1s the
component overhead, which 1s the number of basic experi-
mental components used to build a single logical qubit. Of
course, the precise definition of “experimental component™
depends on the degrees of freedom that encode the quantum
information. Once those degrees of freedom are identified,
one can compare diflerent protocols 1n terms of the required
experimental components. This information can be related
more directly to the feasibility of the protocol.

[0039] Component overhead can be an informative metric
because the basic building blocks that constitute a large-
scale fault-tolerant quantum computer may be diflicult to
mass manufacture. Even though there are several experi-
ments that report error rates below the thresholds of various
fault-tolerant quantum computing schemes [14, 16, 135, 8,
34], these numbers are often obtained 1n a manner that 1s
incompatible with scalability. This 1s due to the practical
reality that when the components are manufactured, they
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have sample-to-sample variations which lead to imperfect
gates. Often, the reported numbers come from the very best
of those samples, but 1f the variation 1s not negligible, many
of the other samples will generally sufler from higher error
rates. Therefore, given that high-quality components are
difficult to come by, scalable fault-tolerant quantum com-
puting protocols should aim to minimise the number of such
components.

[0040] Motivated by this observation, we construct simple
abstract protocols for fault-tolerant quantum computation
that are amenable to extremely low component overhead.
We also present concrete experimental proposals for realiz-
ing the protocols using a single transmon qubit nteracting
with a stream of phonons, or alternatively, an atom inter-
acting with a stream of photons. Our protocols may be
applicable more generally, e.g., to systems implemented
using 1ons or neutral atoms. There are two distinguishing
features of all these systems that are crucial. First, the
degrees of freedom that encode the quantum 1nformation are
cither identical by nature or can be made to be nearly
identical. Second, the qubits have long coherence times,
leading to low memory error rates.

[0041] For systems that fulfill these conditions, we
describe a simple method for preparing cluster states corre-
sponding to the bec lattice. FIG. 1 1s a schematic illustration
of a physical device for implementing our protocols. A
quantum emitter 100 implementing a control qubit @ gen-
erates propagating modes, e.g., photons or phonons, which
implement data qubits. These data qubits are stored 1n delay
lines 106 and 108 between their interactions with the control
qubit Q. These interactions of the quantum emitter on the
returning propagating modes implement quantum gates act-
ing on the data qubaits. After propagating through the delay
line(s), resulting 1n a constant number of interactions with
(), each qubit 1s measured by a detector 110. Routers 102
and 104 are configured to route the qubits through the delay
lines a constant number of times before they are sent to the
detector. The device may be coupled to a digital controller
that controls the operation of the detectors and control qubit
in order to implement the methods described herein.

[0042] The section below on cluster state preparation
provides the abstract description of our protocols, and the
experimental realization section provides details of 1ts vari-
ous physical realizations. For example, the routers may be
implemented using commercially available optical switches,
superconducting circuits that guide the propagation of
microwave photons, or one or more multi-mode mechanical
oscillators with engineered phonon band structure such that
the oscillators guide the propagation of phonons. In optical
platform realizations, the detector may be implemented as
one or more beam splitters coupled to one or more additional
detectors such that photons or phonons in different fre-
quency modes or polarization modes are separated into
different spatial modes before detected by the additional
detectors. The detectors may be implemented as one or more
single photon detectors detecting or distinguishing one or
more photons in different frequency modes, polarization
modes, or spatial modes. The detectors may be implemented
as one or more photon number counters detecting or distin-
guishing diflerent numbers of photons 1n a mode. In micro-
wave platform realizations, the detectors may be imple-
mented as one or more microwave cavities coupled to one or
more superconducting qubits such that the number of pho-
tons, the frequency modes of photons, or the spatial modes
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of photons 1n the cavities are i1dentified by measuring the
states of the qubits. In some quantum acoustic implemen-
tations, the detectors may be implemented as one or more
mechanical oscillators coupled to one or more supercon-
ducting qubits such that the number of phonons, the fre-
quency modes of phonons, or the spatial modes of phonons
in the mechanical oscillators are 1dentified by measuring the
states of the qubits. In some 1mplementations, the detectors
comprise one or more mechanical oscillators coupled to
optical resonators such that the number of phonons, the
frequency modes of phonons, or the spatial modes of pho-
nons 1n the mechanical oscillators are 1dentified by measur-
ing the states ol photons from the optical resonators.

[0043] The procedure for mmplementing fault-tolerant
quantum computation using the device of FIG. 1 involves
two types of qubits, a single actively controlled qubit @ and
a large number of data qubits. Each data qubit interacts with
Q) several times, and these interactions are separated by
time delays determined by the size of the bec lattice being
implemented. The data qubits do not interact with each
other. The gates applied between @ and the data qubits are
speciflied as described below 1n the section on cluster state
preparation, and experimental techniques for realizing these
gates are described 1n the experimental realization section
below. The procedure 1s an extension of the photonic
machine gun proposal of Ref. [35] and varniants thereof [20].
These works advocated methods for creating cluster states
on one- and two-dimensional lattices, respectively, neither
of which are known to be useful resources for fault-tolerant
quantum computation. In contrast, our protocol prepares the
cluster state on the bcce lattice, which (as discussed 1n the
background section above) can be straightforwardly used as
a resource state for fault-tolerant measurement-based quan-
tum computation.

[0044] Independent of the precise sequence of gates
between the control qubit @ and the data qubits, any pro-
tocol implemented on the device depicted 1n FIG. 1 1s at risk
of being strongly susceptible to noise. There are two poten-
tial sources of concern. The first 1s that & interacts with
every single data qubit, without any mtermediate syndrome
measurements being performed. This creates the danger that
an error occurring on ¢ could propagate to all of the data
qubits that subsequently interact with @. The second 1ssue
1s that there 1s a time delay between successive interactions
of the same data qubit with @. For generating an LxL.xN
bee lattice, the total time delay is proportional to L*. Thus,
the total memory error accumulated during these time delays
may be significant.

[0045] The first of these 1s actually a non-issue. As dis-
cussed 1n the error analysis section, an important feature of
our protocols 1s that even though single-qubit errors, includ-
ing those on Q, may propagate to highly nonlocal errors, the
cllect of these errors on the prepared cluster state 1s always
equivalent to that of geometrically local errors. Hence, using
the standard depolarizing noise model for circuit errors and
the usual minimum-weight perfect matching decoder, there
1s a fimite threshold for the circuit error rate. We find
threshold values of 0.23% and 0.39%, depending on the
details of the protocol (see the section on 3D cluster states
and the section below on thresholds). Therefore, 1f memory
errors are negligible, the logical error rate can be arbitrarily
suppressed by increasing L.

[0046] In contrast, for non-negligible memory error rates,
the logical error rate cannot be made arbitrarily small, since
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increasing L. also leads to an increase in the total error
incurred during the time delays. We study these eflects 1n the
section on the eflect of delay line errors by assuming a
nonzero error rate r, per time step. As long as the circuit error
rate 1s below threshold, we argue that by judiciously choos-
ing L, the logical error rate can be made exponentially small
in N2, We perform extensive numerical simulations,
whose results show excellent agreement with this prediction.
Since the logical error rate decays significantly faster than m
for small values of 1, the eflect of memory error can be
mitigated.

[0047] The fact that our scheme leads to small but not
arbitrarilly small logical error rates i1s reminiscent of the
fault-tolerant quantum computing schemes using anyons
[30, 36, 37, 38] or O-m qubits [39, 40, 41]. In these
approaches, the logical error rate 1s exponentially small 1n
son}e large physical parameter. In ours, this parameter 1s
N2,

Cluster State Preparation

[0048] In this section, we present a general algorithm for
preparing cluster states associated with arbitrary graphs
G=(V,E). We then apply this algorithm 1n two diflerent ways
to prepare cluster states on the bee lattice of Ref. [14].

[0049] The standard procedure for preparing cluster states

is to initialize each qubit in the |+) state and apply con-
trolled-Z gates according to Eq. (1). Since a controlled-Z
gate between qubits a and b 1s required for every (a, b)EFE,
this approach involves |E| distinct gates. All of these gates
must be carefully calibrated and implemented, making the
experimental realization of this protocol daunting.

[0050] In contrast, our protocols bypass the need to cali-
brate and implement a large number of physically distinct
operations, allowing for simple experimental realizations, as
explained in the experimental realization section below. In
our algorithm, there 1s a single ancilla @ that interacts with
the data qubits (which correspond to the vertices V of G) one
by one. Physically, O is an actively controlled qubit, while
the data qubits are identical degrees of freedom (e.g.,
phonons or photons generated from a single source, 1ons, or
neutral atoms) that passively interact with ). The data
qubits do not ever need to interact with each other. In this
setting, one can simply tune a constant number of interac-
tions between the controllable qubit and the physical system
representing the data qubits to calibrate every gate.

Algorithm for Arbitrary Graphs

[0051] In this section, we provide an algorithm, Algorithm
1, for preparing cluster states |y} on arbitrary graphs G.
The correctness proof for this algorithm 1s given i the
section below on the correctness of Algorithm 1.

[0052] First, we define some notation. Here and through-
out the paper, H_ denotes the Hadamard gate acting on qubit
a, and P the Pauli operator PE{X, Y, Z} on qubit a. We write
X, » to represent the controlled-X gate with control qubit a
and target qubit b, and 7, the controlled-Z gate between

qubits a and b, with Z¢g; =] for any i&V.

We also use the convention that the operators A, in the
product Hj:lkAj are ordered as A, A, , ... A,, and that an
empty product of operators acts as the i1dentity.

[0053] The main 1dea behind Algorithm 1 1s to generate
progressively larger cluster states related to subgraphs of
G=(V,E) by adding in one qubit at a time. Specifically, let
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n:=lVI| be the number of data qubits and fix an ordering of
the qubits by labelling them from 1 to n. For a given

ordering, the qubait labelled 1 1s added first, followed by the
qubit labelled 2, and so on.

Algorithm 1

prepare the cluster state Wy} given a graph G = (V, E) with V = [n]

I* " initialize Q in the state I+}
2: fﬂrj:]tﬂndﬂ

3 initialize qubit j in the state 10)

4
apply HoXq,; H VAY

i< j—1
(1, )k

// the Zg.: gates may be applied in any order
if (3,3 + 1) & E orj=n then
measure & in the Z-basis

if the outcome is 11} then
apply Z;
re-initialize @ in |4}

OO0 ~] N LA

/f not necessary for ] = n

[0054] To explain the algorithm, 1t will be convenient to
define graphs G[k]' as follows. For each ke [n]:={1, ..., n},
let E[k] denote the set of edges in the subgraph of G induced
by the vertex subset [k], 1.e.,

E[k]:={(i,j)e E:ije [k]}. 3)
Then, let
GIk]:=([k]u{ QLEKU{( L0 (4)

be the graph with vertex set [k]\J{ G } and edge set E[k]w{(
Q.K)}-

[0055] FIG. 2A shows an example of a simple graph
G=(V.E) and an ordering of its n=5 vertices, along with the
corresponding graphs Glk]' (see Eq. (4)) for ke [3]. (The
grey vertices and edges in G[k]' for ke [4] are not part of the
graph.) Note that G[k] differs from the subgraph of G

induced by [k] only 1n that 1t contains an extra vertex ¢ and
an extra edge ( Q k). For each ke [n], the state of O and the
first k data qubits at the end of Line 4 1n the kth for loop

iteration in Algorithm 1 is the cluster state g} -

[0056] The cluster state hy,,,-) corresponding to G[k]' is
defined via Eq. (1). In the section below on the correctness
of Algorithm 1, we prove that for each ke [n], after Line 4
in the kth iteration of the for loop has been executed, the

state of Q and the first k data qubits is 15} . Thus,

Algorithm 1 prepares Iy ) by introducing a new data qubit
in each iteration, sequentially generating 1Wer1), Wy -

..., IWg, ) - The main steps are illustrated schematically
in FIG. 2B. Since (3, 4)¢ E 1n this example, the if condition

of Line 5 1s satisfied 1n the j=3 iteration, and Lines 6-9 are
executed, shown 1n the figure for the third iteration as 200.
Then, 1n the next iteration (j=4), Lines 3 and 4 change the

state to W4y ), shown in the figure for the fourth iteration

as 202. Note that //o.X ¢, has the effect of swapping the
state of ¢J) onto qubit 1 and adding an edge between ¢ and
1; see Eq. (24) 1n the section below on correctness of

Algorithm 2.
[0057] Once we have the state y,,;-) (at the end of Line

4 in the last iteration), the desired state ) can be easily
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obtained. Since the only difference between the two states 1s

that \y,,,,-) has an extra edge between Q andn,i.e., W,

V=Zon|+)oltva), we can either apply Zo., or measure
( in the Z-basis (and apply Z_ if the outcome is I1)).

[0058] As shown i1n the section below on the correctness
of Algorithm 1, the purpose of applying Z; in Line 8 is to
“fix” the cluster state 1n the case where ¢} 1s measured 1n

Line 6 of the jth iteration and the outcome is |1). Observe
that all of the necessary Z; corrections could be deferred to
the end of the procedure, instead of being implemented
immediately. Alternatively, the Z; need not be applied at all
if we keep track of all of the measurement outcomes and the
modified cluster state stabilizers in the subsequent compu-
tation.

[0059] Note that different orderings of the qubits (i.e.,
different assignments of the labels 1 through n to the vertices
1in V) give rise to different circuits via Algorithm 1, but every

such circuit correctly produces the same state Iy, ). One
may choose an ordering that i1s more conducive to experi-
mental realization of the algorithm. Furthermore, in the case
where G contains a Hamiltonian path, Algorithm 1 does not
require any intermediate measurements of ¢J). By ordering
the qubits such that (1,0+1)€ E for all 1€ [n—1], Lines 6-9 are
skipped 1n every iteration of the main loop, which simplifies
the procedure.

3D Cluster States

[0060] In this section, we describe two protocols, Proto-
cols A and B, for preparing cluster states on the bcc lattice
G, . of Ref. [14]. FIG. 3 shows an elementary cell of the bcc
lattice G, _.=(V,_.E,_ ). FIG. 5 shows an example of a bcc
lattice G,__., with L=M=5, and an ordering of its vertices.

[0061] Protocol A 1nvolves first using Algorithm 1 to
prepare the cluster state on a cubic lattice, then measuring

out certain qubits to obtain Iy ). Protocol B applies
Algorithm 1 to G, .. directly. We propose experimental
implementations of both protocols in the experimental real-
1zation section.

[0062] These protocols have different strengths and weak-
nesses. Unlike Protocol B, Protocol A requires no interme-
diate measurements of the controllable qubit ¢, and 1s
therefore expected to be simpler to implement. However, as

we show below 1n the section on thresholds, the error
threshold of Protocol A 1s lower than that of Protocol B.

Protocol A

[0063] Protocol A has two main steps. First, we use

Algorithm 1 to prepare the cluster state Iy~ ) on a certain
cubic lattice G_, defined below, that contains G,_.. as a

subgraph (Line 1). Second, we obtain Iy, ) from |1|IGE> by
removing the qubits that are not in G, __ via single-qubit
Z-measurements (LLines 2-5).

[0064] The cubic lattice we consider 1s the graph G =(V _,
E ) with vertex set V_=[n] and edge set E_, defined for L,

Me N by
E_={(,i+]):ie[n—-1]}

bce

{(G.i+L):ie [n—L]}

{ (G, i+LM):ie [n—LM]}. (5)
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[f n=LLMN for some Ne NN, then G_ is a LXMXN cubic
lattice with shifted periodic boundary conditions; G . differs
from a standard cubic lattice with open boundary conditions
only in that G_ has various additional edges between vertices
on the boundary.

[0065] Note from Eq. (5) that for every 1€ [n—1], (1,1+1) 1s
an edge 1n G_.. Consequently, when we apply Algorithm 1 to
G _ the 1f condition of Line 5 1s never satisfied and Lines 6-9
are not executed, except 1n the very last iteration (j=n) of the
for loop. Thus, Algorithm 1 reduces to a unitary circuit that

prepares |WGC[H]'>5 together with a single measurement of

Q at the end to change Iy ;) to 1Y ). This circuit is

shown in FIG. 4, which illustrates how Algorithm 1 1s
applied to the cubic lattice G, (see Eq. (5)) for L=3, M=2,

and n=21.M. This circuit prepares I~ } on the data qubits,
and 1s the first step of Protocol A. The Ctop row of the circuit
of FIG. 4 illustrates the operations of the emitter, or control
qubit 400. The twelve rows below 1llustrate the data qubits
of the cluster state being generated. The top row, from left
to right, shows the control qubit 400 generating twelve
qubits 1n sequence with Hadamard operations H between
each emission. After a delays of three, the control qubat also
interacts with one or more previously generated data qubits.
These 1nteractions between the control qubit and the data
qubits are represented by vertical lines 1n the circuit. For
example, the first generated data qubit 1s generated 402, then
after a delay of three interacts 404 with the control qubat. It
interacts again 406 after a second delay of three. Analogous
interactions take place for subsequent data qubits 1n rows
below, but shifted 1n sequence. The last operation could be

replaced by Zg,.

[0066] Since the bcc lattice G, 1s a subgraph of G_, we
can then measure the qubits of Iy } that are not in G, 1n
the Z-basis to remove them. We also need to measure all of
the qubits on the boundary in G_ 1n the Z-basis, 1n order to
get r1d of the shifted periodic boundary conditions. There-
fore, to prepare the cluster state on a LXMXN bcc lattice
using Protocol A, we would generate the cluster state on a
(LA2)X(M+2)X(N+2) cubic lattice 1n Line 1. After applying
the appropriate Pauli corrections based on the outcomes of
these measurements, we obtain the desired cluster state Iy,

).

Protocol A: prepare the cluster state 1y, )
on the bcce lattice G, .. = (V... E,..) of Ref. [14]

I: apply Algonithm 1 to G_. =(V_, E_) (see Eq. (3))
2: for1e V_\V,_ _do
3: measure qubit 1 1n the Z-basis
4 if the outcome is 1) then
5: ] 7.

apply y

j (fﬁj)EEC
Protocol B

[0067] Protocol B prepares IlprC) by directly applying
Algorithm 1 to G

bce®

[0068] Protocol B: prepare the cluster state |1|fcm> on the
bcc lattice G, =(V, ., E,_..) of Ref. [14]

bce
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1: Apply Algorithm 1 to G,

[0069] For notational convenience, we adopt the following
convention for the bcc lattice. We label the qubits of an
LXxXMXN bcc lattice as we would an LxXMXN cubic lattice,
omitting the numbers corresponding to the cubic lattice sites
that are “missing”—see FIG. 5 for an example 1llustrating
this convention. FIG. 5 shows an example of a bcc lattice
G, .. with L=M=3, and an ordering of its vertices. Certain
qubit labels (e.g., 6, 8, 10, 16, 18, 20, 27, 29) are skipped,
so that the neighbors of vertex 1 are given by {itl, 1L,
1tIL.M}nV, ... Labels after 30 have been omitted for clarity
of 1illustration only. This 1s a slight departure from the
notation 1n Algorithm 1 (which assumes that the qubits are
numbered from 1 through n), but the instructions of Algo-
rithm 1 can be adapted straightforwardly. FIG. 6 shows part
of the resulting circuit for the bcc lattice 1n FIG. 5 using
Protocol B. The first row of FIG. 6 shows the operations of
the control qubit, and the rows below show the data qubits.
Vertical lines show interactions between the control qubit
and the data qubits. Only the first 10 iterations of the for loop
in Algorithm 1 are shown. This abridged circuit prepares

WGbcc[lZ]‘) (see Eq. (4)). Note that all Pauli Z corrections
conditioned on the outcomes of the measurements of ¢ can
be deferred to the end of the circuit.

[0070] Using our labelling convention, the nearest neigh-
bors of a qubit 1 are simply {i£l, i=L, and/or 1izL.M}NV, .
Each of the qubits, except those on the boundary, has four
nearest neighbors, all of which lie in the same plane. Thus,
we divide the qubits into three groups, V-, V7%, and V7,
where qubit 1 1s 1 V> (resp. V75, V) 1f the nearest
neighbors of 1 are 1n the xy (resp. yz, zx) plane. Letting

N, ..(1) denote the set of nearest neighbors of 1 1n G, ., we
have (see FIG. 5)

lixl,ixl} ieV¥ (6)
Ny (D C iz L, i+ LM} ic V¥,
i+ IM, iz} ieV™

For qubits 1 that are in the bulk of the lattice, the above holds
with equality.

Error Analysis

[0071] The protocols described earlier 1n the section on
cluster state preparation are useful only insofar as they are
fault-tolerant. The operations used in the protocols will
generally be noisy, resulting in the preparation of imperfect
cluster states. Since the ancilla qubit Q interacts with every
data qubit in Algorithm 1, single-qubit errors occurring
during the procedure may propagate through the subsequent
operations to highly nonlocal errors. We show, however, that
the effect of these errors on the target cluster state 1s always
equivalent to that of geometrically local errors. This allows
us to demonstrate that for both Protocols A and B, there is
a threshold for the circuit error rate below which the logical
error rate rapidly decays with the system size.

[0072] To make our reasoning precise, let g,, . . ., g,
denote the sequence of Clifford gates in Algorithm 1, and for
1, ke [D], let Cﬁ::HI.:fgi. (Note: Lines 6-9 of Algorithm 1
have the same combined effect as that of a deterministic
Clifford gate, and can be treated as such for this discussion.
A Pauli error occurring between Lines 6 and 9 1s equivalent
to a Pauli error occurring after these steps.) Then, 1f a Pauli
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error P_ occurs on some qubit a between the gates ¢, and

CPP,C; ' The

(¢, the erroneous circuit 1implements
prepared state 1s

(‘f{{{) I @ O'lg_l|¢fnfrfaf> =Q|¢ﬁmf > : (7)

|¢ﬁnai > =C 1 v | (Piniriaf
} denotes the state prepared by the error-free circuit, and

Q:=CP P, (CP). In other words, the circuit-level error P,

propagates to an error (Q, which may be highly nonlocal 1n
general. In fact, for certain choices of P_ and £, 1t the weight
of Q scales with the total number of qubits.

[0073] However, Eq. (7) holds for arbitrary 19, .. ), with
(Q independent of the initial state. The fact that errors
propagate nonlocally for generic mput states 1s not neces-
sarily an 1ssue the purpose of Algorithm 1 1s not to perform
some computation on arbitrary inputs, but rather, to prepare
a fixed resource state. Therefore, the only relevant analysis

where |0, . .} is the input state,

is that for the particular input state 10, .. Y:l+)0®& _ "0} .
to Algorithm 1, which leads to the particular output state

|0ﬁna£> =+ >Q hJG) y Clearlyﬂ Q“Dﬁnaf) =QS (Pﬁruﬂ) fOI' dany
stabilizer S of 10,,,,) . Therefore, even if Q is a high-weight

operator, it may have the same effect on 10,,,) as a low-
welght operator.

[0074] It will hence be useful to define the notion of

effective errors. We say that a circuit-level Pauli1 error P,
occurring at depth £ results in an effective error E if

112 £—1
C PaCy 1, iV =E10400. (8)

This definition generalizes straightforwardly to arbitrary
circuit-level errors. Note that unlike Eq. (7), Eq. (8) 1s not a
gate 1dentfity, as it may depend crucially on the input state

¢ .. ). Note also that E is not unique.

[0075] If multiple Pauli errors occur in the circuit, their
joint effect 1s multiplicative up to a sign. To see this, consider

two Pauli errors P_ and P, occurring at depths £ and £,

respectively, with £ </ . Suppose that the circuit-level

error P_ (at depth £ ) results in an effective error E, in the

sense of Eq. (8), and P, (at depth £,) results in an effective
error E,. Then, the circuit containing both errors prepares

szpbcfz IP CFI 1|¢'mra‘mf> [szpb(cfz)f]cﬁp Cfl 1|¢fﬂfﬁm’> (9)
= [CP Py(CE) | E1 CPbimitiar)
= (~D*E\C) PyCY |imiiar)

= (= 1)’ E1 Es|@misiar),

where the second and fourth equalities use Eq. (8), and the
phase (—1)" 1s either +1 or —1 depending on whether E; and

0@2 ﬂ;(céj)i' (which are both Pauli products) commute or
anticommute. Thus, the two circuit-level errors collectively
result 1n an effective error E,E,, up to a sign. Analogous
results hold for more than two errors.

[0076] It follows that 1in order to study a stochastic noise
model involving Pauli errors, 1t suffices to analyze the
effective errors resulting from single-qubit circuit-level
errors. The effect of multi-qubit circuit-level errors can then

be inferred from Eq. (9).
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[0077] As we discuss below 1n the section on effective
errors, any single-qubit error occurring during Protocols A
or B results in a local effective error on the final state. This
1S a special case of the more general result, proven in the
section on error analysis for Algorithm 1, applied to arbatrary
graphs. In the section below on thresholds, we estimate the

threshold circuit error rates for both protocols, obtaining
0.23% for Protocol A and 0.39% for Protocol B.

EFFECTIVE Errors

[0078] In this section, we consider the effect of errors that
occur during Protocols A and B, both of which prepare the

cluster state Ilpcbcc) on the bcc lattice G, ... These protocols
both apply Algorithm 1 (but to different graphs). In the
section on error analysis for Algorithm 1, we prove that for
any graph G=(V,E), any single-qubit error occurring
between the elementary operations of Algorithm 1 results 1n
an effective error (see Eq. (8)) that 1s geometrically local, 1n
the sense that it 1s supported within {1 UN(1) for some data
qubit 1€ [n], where N(1):={j: (1,))6é E} denotes the nearest
nelghbors of 11n G.

[0079] The proof uses the following key observations.

[0080] 1) First, 1t 1s clear from FIG. 4 and FIG. 6 that
any 7., error on a data qubait 1€ [n] either occurs before

the Xo, gate and has no effect, as the initial state of

i is 10}, or it occurs after the Xo,:, in which case it
commutes with all subsequent operations and ends up
as a Z; error on the final state. Thus, any single-qubit Z
error on a data qubit results 1n either no error or a Z
error on the same qubit.

[0081] 2) Second, the instantaneous state of the qubits
at any point in the procedure 1s a cluster state, (up to a

Hadamard Ho on the ancilla & ) as illustrated by FIG.
2B. In the underlying graph of any of these interme-
diate cluster states, every edge between data qubits 1s

also an edge in the graph G of the target state Iy,) , and

the only edges involving the ancilla ¢} are between

C) and je S for a subset S of N(i) for some i€ [n]. It then
follows from the stabilizer condition, Eq. (2), that any
single-qubit X error 1n the circuit has the same effect as
a set of Z errors confined to the neighbors of some data

qubit (and possibly Q).

Combining these two observations with Eq. (9), it can be
shown that any single-qubit Pauli error leads to an effective
error of the form Il._¢Z;, where S'< {1} UN(@) for some
1€ [n]. We fill 1n the detalls in the section on error analysis
for Algorithm 1. Here, we simply summarize the results that
are relevant to the threshold calculations in the following

section.

[0082] We start by considering the effective errors in
Protocol A. Recall that the first step (LLine 1) applies Algo-
rithm 1 to the cubic lattice G_., defined by Eq. (5), yielding
a circuit of the form of FIG. 4. Table 1 lists all of the X and
Z. errors that may occur 1n this circuit and the effective errors
they give rise to. Note that 1t suffices to consider the effect
of single-qubit X and Z errors, as the effect of arbitrary
errors can then be inferred by decomposing them 1n terms of
Paul1 operators and using Eq. (9). To clearly distinguish
between the gates in the circuit, we use A; to denote the jth




US 2023/0419157 Al

TABLE 1

A complete list of X and Z errors that could occur during Line 1 of
Protocol A, which prepares a cluster state on the cubic lattice G_,
and their effect on the final state (see Eq. (8)) up to a sign. A,
1s defined in Eq. (10). We use the convention that Z; = I for any
1 € [n]. Additionally, any 7, error occurring during Lines 2-5
results in a Z, error, while an X, error results in either X, or
[, s 7; for some S ¢ N (i), depending on its precise location.

circuit- effective error on

level error location in circuit final state (IIUGC> )

X0 before A none
immediately after £Q.k_,,, in A, Lierarln1
immediately after Zo.x_, in A, L 1mlge 1Ly
immediately after-Xoxin A, Lger
immediately after B, (i.e., Z,
after I/oin A))

Zo before or within A, Z,

X, before (the Z, ;1n) A, ; ) YTy
after A, ; and before A, ; ., X2 i
after A, ; ., X,

Z. before Xo;(in A)) none
after X (in A)) Z,

“block™ of gates (see Line 4 of Algorithm 1), A;: =
HoXgjZoj-1Z0j-La . (10)
Here and 1mn Table 1, we have chosen to apply

Zo.i—rym before Zg; 7, . The order of these controlled-Z
gates could of course be changed, 1n which case the second
and third entries 1n Table 1 would be slightly different (see
Table 4 1n the section on error analysis for Algorithm 1).

[0083] Spatially, circmit-level errors may occur on the
ancilla O or a data qubit i€ [n], and temporally, they may be
located between two blocks A; and A.,,, before the first
block A, after the last block A_, or between two gates 1n the
same block. Table 1 covers all of these possibilities.

By Eq. (5), the set N _(1) of nearest neighbors of qubitiin G,
1S

N ()={itl,itL,i+M}\[n].

Hence, we can see from Table 1 (and Eq. (2)) that any
single-qubit X error results in an effective error of the form
[1._Z; up to a sign, where SN (1) for some i€ [n], while
any Z error results 1n either no effective error or a single-
qubit Z error. Moreover, X and Z errors occurring at the
same spacetime location 1n the circuit result 1n effective (Z.)
errors supported within {1pUN_(1) for the same 1, which
implies that any single-qubit error occurring at that location
leads to an effective error supported within {1} UN_(1). This
1s easily verified using Table 1. As an example, an X error
on o between gates Zo . ra and Zox 1 in A, results in an
effective error Z.,_;,,/Z,_;, while a Z error at this location
results 1n a Z, error, and k, k—LLM, k—1e {k}UN (k).

[0084] Therefore, at the end of Line 1 of Protocol 1, the
effective error induced by any single-qubit error can be
decomposed 1nto Z operators supported within some neigh-
borhood of G_. Note that the remaining steps, Lines 2-5, of
Protocol A do not propagate this effective error further, as Z.
errors commute with 7 gates and do not affect Z-measure-
ments. By the same argument, a single-qubit Z error occur-
ring during Lines 2-5 does not propagate to other qubits. It
1s also clear that a single-qubit X error on qubit 1 occurring
during these steps 1s equivalent to Z errors on a subset of

N _(i). It follows that the effective error on IyG,,_.) resulting
from any single-qubit error 1n Protocol A 1s geometrically

Dec. 28, 2023

local with respect to G_, 1.e., supported within the neigh-
borhood {1 hUN (1) of some qubit i€ [n]. Such an error 1s also
geometrically local with respect to G, . 1f 1€V, __, while 1f
1¢ V, ., 1t 1s still confined to an elementary cell of G, .. (see

FIG. 3).
[0085] An even stronger result holds for Protocol B, which

bce

directly prepares IIprCL_) using Algorithm 1. Table 2 lists the
effective errors resulting from all possible single-qubit X
and Z errors. In the table, B, denotes the block of gates
applied 1n the for loop iteration of Algorithm 1 (for G=G,, )
corresponding to qubit j. Recalling the labelling convention
for G, .. described 1n Protocol B,

HoXNosZo L jev? (1D
Bii={ X iZoi 1205 13y JEV”
HoXo ;20 -1ar jeV®

As shown in FIG. 6, ¢ i1s measured and reset between
certain gate blocks, and Table 2 includes the effects of
measurement and reset errors as well. It 1s clear from Table
2 and Eq. (6) that the effective error induced by any
single-qubit Pauli error 1s equivalent to a product of Z
operators supported within {1}UN,_ (1) for some 1€V, .
Thus, single-qubit errors occurring at any spacetime location

in Protocol B result in effective errors on Iy, } that are
geometrically local with respect to G, .

[0086] Since all vertices in G. and G, _.. have constant
degree, 1t follows (from Eq. (9)) that any m-qubit circuit-
level error results 1n an effective error of weight cm for some
constant ¢ independent of the system size. Standard argu-
ments then 1imply that for both Protocols A and B, there 1s a
finite threshold for the circuit error rate [42, 43]. We

compute these thresholds in the following section.

[0087] We make a side remark on the role of intermediate
measurements. It 1s tempting to guess that these measure-
ments are responsible for the locality of the effective errors,
but that 1s emphatically not the case. In Protocol A, no
intermediate measurements are ever performed during the

preparation of I1|IGE), yet all of the effective errors are
geometrically local with respect to G (see Table 1). It 1s
surprising that there 1s a nontrivial extensive-depth fault-
tolerant protocol without intermediate measurements; the
usual approach involves frequent intermediate measure-
ments to extract syndrome information, so that one can catch
the errors. In contrast, we only perform error correction at
the very end, after an extensive-depth circuit has been
executed. Finding necessary and sufficient conditions under
which this 1s possible 1s an important open problem left for
future work.

Thresholds

[0088] Using the results of the previous section, we can
calculate error thresholds for our protocols via Monte Carlo
simulations. In order to compare Protocols A and B to the
standard cluster state preparation circuit 1n Ref. [14], we
consider the standard depolarizing model (Error Model 1
below) and use the minimum-weight perfect matching
(MWPM) decoder [ 14, 44]. We also study the effect of qubat
loss (Error Model 2) using the decoder of Ref. [28], which
1s also based on MWPM.
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[0089] For various values of the circuit error rate p, loss that are required for extracting the syndrome. Similarly,
error rate p,, ., and size L, we estimate the logical error rate every two-qubit gate on qubits a and b 1s followed by a
p for generating an LXLLXL cluster state |chcc> two-qubit depolarizing channel

TABLE 2

A complete lists of X and Z errors that could occur during Protocol B, which
prepares a cluster state on the bec lattice G, ., and their effect on the final
state (see Eq. (8)) up to a sign. The qubits are labelled according to the
convention described in Protocol B, and B; is defined in Eq. (11). Z; =1 for
any indices j that are out of range. The results forX, errors occurring
immediately afterXox (row 3) hold for all qubits k that are in the bulk of
the bcc lattice. However, as can be seen from FIG. 5, there are certain
qubits k € V¥, V¥ on the boundary for which (k, k + 1) € E. In these cases,
@ 1s measured after B, (Line 6 of Algorithm 1) and there 1s no effective error.

circuit- effective error on
level error location 1n circuit
final state (IwaCC> )
ke V¥ k e V> ke V-
Ao immediately afterZo% _,,,in  n/a Py 2y saaln
By
immediately afterZor _, in B, Z, ,7Z, , Zi sl N2
immediately afterXorin B, Z, none o
immediately after B, (i.e., Z, Z, Z,
after g in B))
before B or after a none
re-1nitialization ofQd
Zg before or within B, 7,
before a Z-measurement ofQ none
1€ VY 1€ V& 1€ V&
X, before B, , ) &/ RiliiLivim Xilivim
after B.,; and before B, ,, X, X7 1 XLt
atter B, ; 1, X, X, X,
ya beforeX o (in B)) none
afterXo; (in B)) Z.

(storing one logical qubit). We average over at least 10°

independent instances and at least 10" logical eITors for each ) = (1- pip + % Z P.P,pP.P,. (14)
set of parameters. For each p, .., we then estimate the PPl X.Y.Z)
threshold circmit error rate p,, by fitting the data to a (PP ye(,)

quadrafic scaling ansatz

p=at+b(p—p,)d"+c(p—p )V d*, (12) We refer to p as the circuit error rate.

.y

[0091] For Protocols A and B, we can simulate the effect
where d=(L+1)/2. of each of these depolarizing errors on the final state using
Tables 1 and 2. Our results (along with the fits to Eq. (12))
are shown 1n FIGS. 7A, 7B, which are plots of logical error
rate p vs. circuit error rate p using Error Model 1 for Protocol

. .. A and Protocol B, respectively. Solid curves are fits to Eq.
[0090] - Error Model 1 1s the standard depolarizing model. (12). The threshold circuit error rate p,, 1s found to be 0.23%

In this model, every single-qubit gate on a qubit a 1s for Protocol A and 0.39% for Protocol B.

followed b ingle-qubit depolariz: h ]

DHOWER Dy d SHlgfedHbtt fephidiiziiie HHatte [0092] In comparison, the threshold for the scheme of Ref.
[14] under the same error model 1s 0.58%. Refs. [16, 15]
improve this to 0.73% by exploiting sublattice correlations,
and Ref. [28] obtains 0.63% by accounting for the degen-
eracies of different matchings. We do not exploit correla-

TP (Y = P ' :
P () =(1- p)p+ : Z P,pP, tions nor account for degeneracy 1n our decoder.

PELTZ) [0093] We surmise that the threshold for Protocol A is
lower than that for Protocol B due to the following reasons.
First, Protocol A uses substantially more qubits and opera-
tions than Protocol B to prepare a cluster state of the same
size, g1ving rise to more error locations under Error Model

Error Model 1

(13)

on a. In addition, every (re-)Jinitialization of a 1s followed by 1. Second, all of the effective errors in Protocol B are
D _? and every measurement of a is preceded by D @, geometrically local with respect to the bcc lattice G, .,
Here, measurements include not only those in Protocols A whereas some of the effective errors in Protocol A are only

and B, but also the eventual X-measurements on data qubits geometrically local with respect to the cubic lattice G_.. For
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example, suppose that an X error occurs on a qubit
1€V \V,  1mmediately before the Z-measurement of 1 1n
Line 3 of Protocol A. By Eq. (2), this results 1n a Z error on
all of the neighbors of 1 1n GG_, which constitutes a weight-6
error on the face qubits of an elementary cell of G, _ . (see
FIG. 3). In contrast, all of the effective errors resulting from
single-qubait errors 1n Protocol B are geometrically local with
respect to G,__, and, moreover, have weight at most 4 (when
restricted to either the primal or dual lattice).

Error Model 2

[0094] Next, we add detectable loss errors to the standard
depolarizing noise model. In Error Model 2, every elemen-
tary operation 1s followed or preceded by a depolarizing
channel with error rate p in exactly the same way as 1n Error
Model 1. In addition, each data qubait 1s lost by the end of the
procedure with probability p, ... Hence, Error Model 2
reduces to Error Model 1 for p, . =0. We assume that 1f a
qubit 1 1s lost at some point, then any subsequent operation
on 1 1s replaced by the i1dentity operator followed by depo-
larizing noise with rate p. The assumption that losses are
detectable and that operations involving lost qubits 1mple-
ment the 1dentity 1s consistent with the experimental setup
considered 1n the experimental realization section.

[0095] FIGS. 8A, 8B shows our estimates for the threshold

circuit error rate p,, at various values of p,_.. in Error Model
2, for Protocol A and Protocol B, respectively. Squares
indicate thresholds p,, for the circut error rate p at various
loss rates p,, ... Solid curves are quadratic {its to the data. The
shaded region (p<p,,) represents the correctable region of
parameter space, in which the logical error rate can be
suppressed by increasing the system size.

[0096] Extrapolating to p,, =0, these fits give rough esti-
mates for the loss threshold of 5.7% for Protocol A and
21.6% for Protocol B. Both plots have the same structure as
FIG. 3 1n Ref. [28], which provides thresholds for the circuit
of Rel. [14] under the same error model (but using a slightly
better decoder, as discussed above).

[0097] The loss threshold for Protocol A 1s significantly
lower than that for Protocol B due to the fact that 1n our
simulations, losing a qubit in V_\V, __ amounts to losing (up
to) six qubits in V,__. This 1s because 1f a qubit 1€V \V,
1s lost, we would not know whether the correction 1Ly 12
should be applied in Line 5 of Protocol A. Instead of
simulating this as a weight-6 Z error (with probability 1/2),
we simply treat all of the qubits 1n N _(1) as having been lost
in the decoding algorithm. Thus, the total probability of
“losing” a qubit in V,__ 1s greater than p,, .. for Protocol A.

[0098] While Error Model 2 allows for a direct compari-
son to Ref. [28], and may be an informative model for
settings where the total loss probability 1s constant, it does
not properly capture the structure of the noise expected
when storing the data qubits 1n delay lines. Informed by the
description of possible experimental implementations 1n the
next section, we revisit the eflect of delay line noise 1n the
section on the effect of delay line errors.

Experimental Realization

[0099] In this section, we describe experimental realiza-
tions of the protocols and devices described above, focusing,
on 1mplementations 1n quantum nanophotonic and acoustic
systems [45, 46]. Recent advances i1n the deterministic
generation of single photons and single phonons [47, 48] and
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their coherent interactions with a single quantum emuitter
[49, 50, 51, 52, 53, 34, 26, 53] make these systems useful
plattorms for quantum information processing. Indeed,
single and double chains of one-dimensional cluster states
have already been produced 1n experiments using photons
emitted from quantum dots [56]. These experiments 1mple-
ment modified versions of the circuit in Ref. [35], which 1s
a specific mstance of Algorithm 1. The techniques detailed
in Refs. [20, 35] can be adapted to our more general
protocols, to create cluster states on different graphs. In
particular, the experimental setup considered in Ref. [20]
can be directly extended to implement the first step of
Protocol A (see FIG. 4), providing a simple procedure for
preparing a three-dimensional cluster state on a cubic lattice.
Universal fault-tolerant quantum computation can then be
performed by making adaptive single-qubit measurements
on this state [14].

[0100] There are several key ingredients used for realizing
Protocols A and B. A first ingredient 1s to implement the
clementary operations 1n these protocols, namely, the single-

qubit operations on Q the controlled-X gates Xo,; and
controlled-Z gates Zg; between ¢) and data qubits, and
single-qubit measurements of the data qubits. A second
ingredient 1s to coordinate the interactions between ¢) and
the data qubits such that these operations are applied in the
correct order. A third ingredient 1s to perform error correc-
tion when the loss rate 1s significant, which involves encod-
ing the qubait states 1n such a way that losses are detectable.
[0101] These capabilities can be naturally achieved 1n a
device having only a single quantum emuitter (e.g., an atom,
ion, transmon, or quantum dot) coupled to a photonic or
phononic waveguide (see FIG. 9A). In such a system, any
stable internal states of the emitter can be used to encode
qubit degrees of freedom for ¢J), while any radiative states
of the emitter that are coupled to the waveguide can be
leveraged to realize certain gates between ¢2 and a photon
or phonon propagating in the waveguide. We show below
that the set of available gates 1s suflicient for Algorithm 1.
Moreover, the routing of the photons or phonons required to
realize the geometry of the target graphs of Protocols A and
B 1s rather simple.

Encoding Schemes and Elementary Gates

[0102] In this section, we describe two encoding schemes
and the gates 1n quantum photonic or acoustic systems that
can be implemented 1n these schemes. We will refer to these
as the single-rail and the dual-rail encoding schemes, sum-
marized in FIGS. 9A, 9B, 9C and FIGS. 10A, 10B, respec-

tively.

Single-Rail Encoding

[0103] FIG. 9A shows a quantum emitter 900 with three
relevant quantum states: Two stable states, 902 and 904
(states 10) and |1), respectively), form a control qubit, while
an extra unstable excited state 906 (state le)) is used to
generate photons or phonons 908 propagating in a wave-
guide 910 1n a gumided mode to generate data qubits. Arbi-
trary single-qubit gates on ¢J) can be realized via resonant
coherent excitations between |0 J and |1 Q.

[0104] In the single-rail scheme, the 10 Q) (resp. 11 Q)
state of each data qubit 1 1s encoded by the absence (resp.
presence) of a photon or phonon. Multiple data qubits can be
encoded 1n a single waveguide by controlling the rate of the
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excitation pulses, 1n the so-called time multiplexing tech-
nique. More specifically, 1t the pulse-to-pulse time separa-
tion 7 1s sulliciently long compared to the temporal extent
of an emitted photon/phonon mode, different modes sepa-
rated by 7 have exponentially small over-lap [20]. We note
that the temporal extent of each emitted mode, or equiva-
lently the effective emission rate ', can be controlled using
advanced techniques such as pulse shaping [20, 47].

[0105]

Xo. in Algorithm 1 is applied when data qubit i is in its
initial state [0) . This means that instead of implementing a

Then, for the two-qubit gates X @,; note that each

controlled-X gate X¢, that correctly transforms arbitrary

states of 1, we can use an operation .fg,.i that has the same
effect as ) when 1 1s 1n the specific state [0} (1.e.,

Xo.lp)el0) } =Xo0.:l¢)o|0), forany state 1) ) of Q, poten-
tially entangled th the rest of the system). As illustrated in

FIG. 9B, the operation }E’Q; 912, which has the same eflect

as A ¢, when acting on 10}, (see Eq. (15)), can be imple-
mented via selective emission of a photon/phonon to the

guided mode. In particular, X ; can be realized by apply-
ing to — 916 a rapid resonant excitation pulse 920 causing
a transition |1) —le) , which 1s followed by the spontaneous
emission 922 of a photon/phonon 918 into the waveguide

914.

[0106] This excitation-emission process deterministically
generates a single photon/phonon 1n a particular temporal
mode (controlled by the timing of the excitation pulse and
the decay rate y), conditioned on the state of Q being 1) .
Thus, the net eflect 1s

0)2|0)ilP0) Lo 10Y.19,) . 1000 |1)e 10
) i90) rest 1) Q1) 101} e (15)
where 19y} ,.., and 1¢,},.., are (unnormalised) states of the

rest of the system.
[0107] As illustrated 1 FIG. 9C, the controlled-Z gate,

Zg; 924, can be naturally realized by scattering a propa-
gating photon/phonon 926 against the emitter Q 928 [30,
51, 52, 33, 54]. If @ 1s 1n the state 10), the photon/phonon
926 propagating i1n the waveguide 930 remains unaflected
due to the absence of any resonant couplings. On the other
hand, 1f Q 1s 1n the state |1}, the propagating photon
(phonon) 1s scattered by @ owing to the resonant transition
1) l<=le), giving rise to a scattering phase €. By engi-
neering y'<<y, this scattering phase approaches e°~—1, and

this process effectively applies Zg.: .

Dual-Rail Encoding

[0108] In the dual-rail scheme, a qubit degree of freedom
1s encoded 1n two distinct internal modes of a single photon/
phonon, such as diflerent polarizations or frequencies. When
photon/phonon loss 1s the dominant source of error, the
dual-rail scheme can be advantageous since the detection of
a single photon/photon heralds the absence of loss errors
(assuming no false-positive detections). As shown earlier 1n
the section on thresholds, the threshold for loss errors i1s
significantly higher than that for depolarizing noise, for both

Protocols A and B.

[0109] FIG. 10A and FIG. 10B are schematic diagrams
illustrating how to encode quantum information 1 two
distinct modes of a single photon state (dual-rail schemes).
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As shown 1n FIG. 10A, an emitter 1000 has quantum states
0), 11}, le}, 10", and |e') that allow the |0} state to be
mapped into distinct photonic (phononic) modes in the
waveguide 1002. In particular, application to the emuitter
1000 of a resonant excitation 1004 or 1006 induces a
transition |0) —=I1) or 10) —=I0"), respectively. Similarly,
application to the emitter 1000 of a resonant excitation 1008
or 1010 induces a transition |1) —le) or [0'} —le'), respec-
tively. States [1) and 10"} are both stable, while states le
) and le') are radiative, rapidly decaying back to |1} and [0'
), respectively, by emitting a photon/phonon 1012 or 1014,
respectively, into the waveguide 1002. In general, the pho-
tons/phonons emitted from le) and le') are distinguishable
by their internal modes. We denote these modes using two
distinct annihilation operators, b, and b,

[0110]

cisely, the preparation of the stateXo:|@)o 10),, for arbi-
trary |} ) in the dual-rail scheme can be achieved via a
sequence of resonant m-pulses between the [0) <=10") , [1<=le
), and [0') <=le") transitions. FIG. 10B illustrates an
example of the pulse sequence that eflectively realizes the

Then, the realization of the X¢, gate (more pre-

Xo; gate acting on a quantum state with the 1th data qubit

in |0} (see Eq. (16)). The bars in the figure represent
resonant m-pulses. First, a rapid resonant excitation pulse
1016 is applied, inducing the transition 10) —10'} , leading to
the process

‘0>Q |E>f|¢ﬂ>r€5\]‘>g |@)i|¢l>r€srl
>r€5 1>Q |E>f|¢l>r€5ra

where |@) , 1s the vacuum initial state of the ith temporal bin
in the waveguide and I¢,,) ,.., and I, ) .., are unnormalised
states of the rest of the system. Second, resonant excitation

pulses 1018 and 1020 are applied, inducing both the 11} —le

) and 10" —le" transitions, which is followed by the emis-
s1on of a photon/phonon at the 1th bin 1n b, or b,, depending
on the internal state of the emitter. The state of the system
after this emission 1s

‘UI> ® (bDﬂE) 1) |¢'C> res

0% 1o)

J‘>Q (blﬂﬁi) 1)|q)l> rest

Finally, another resonant mt-pulse 1022 1s used to move the

population from 0% to |0} . The net effect of these processes
1s the map

000 10,00 d 1V 10 11 d 00 (BoTlo
) )b d 170 (5,710) ) e (16)

Hence, by identifying 10} ,=b,"le} , and 11) =b,Tla) ,, these

il

operations achieve the desired effect.

[0111] The realization of the controlled-Z gate remains
unmodified from that described in the section on single-rail
encoding. That 1sZo; can be implemented via a simple
resonant photon/phonon scattering process, since a photon/

phonon in the mode b, does not interact with the 10) nor |1

) states of the emitter.

Implementation Details

[0112] We now explain how to use the encoding schemes
and elementary operations described in the above section on
encoding schemes and elementary gates to implement Pro-
tocols A and B. On top of being able to realize the gates
individually, the data qubits should be routed so that these
gates are applied 1n the correct order. Moreover, for Protocol
B, we perform intermediate measurements on the emitte()
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[0113] For both protocols, we control the ordering of the
sequential interactions betwee)  and the photons/phonons
representing the data qubits. This can be achieved by intro-
ducing time-delayed feedback. In the proposal of Ref. [20],
a single delay line 1s used to generate a cluster state on a
two-dimensional square lattice with shifted periodic bound-
ary conditions. This procedure can be generalized to prepare
the cluster state on the cubic lattice G defined 1n the section
on Protocol A, by mtroducing two delay lines of appropriate
lengths to realize the circuit of Line 1 of Protocol A (see FIG.
4).

[0114] Specifically, consider the setup illustrated 1n FIG.
1, which mvolves two routers 104, 102 and two delay lines
106, 108. The routers are configured such that a propagating
photon/phonon travels through each delay line only once
before being measured at the output port. By setting the

delay times for Delay 1 and Delay 2 t+ (3L — 1) and
T =RL(M-1)-7) |, respectively, wherr 1s the pulse-to-
pulse time separation between distinct data qubit modes, one
obtains a cluster state on an LxMxN cubic lattice G_.. The
multiplicative factor of 3 accounts for the fact that there are
up to three interactions in every block (see Eq. (10)). The
delay timesr 5, andr ,, can be eflectively tuned using
well-established techniques such as electromagnetically
induced transparency [57] for coherent atomic media or
band-structure engineering for photonic/phononic crystals
[38].

[0115] FIG. 11 shows the implementation of the circuit of
Protocol A for L=3, M=N=2 mmplemented in a quantum
nanophotonic or acoustic system in the single-rail encoding

scheme. The data qubits are initialized in vacuum |@) =10} ,
and theXo; gates, as in FIG. 4, are implemented via
selective photon/phonon emissions, represented here by b'.
The diagram for the dual-rail scheme 1s analogous, with the
controlled-b™ operations replaced by the process in Eq. (16).
As shown 1n the top row of the diagram, quantum emaitter
@ 1100 sequentially creates and interacts with the data
qubits, whose states 1n the single-rail scheme are encoded by
the absence or presence ol a photon/phonon 1 a guided,
propagating mode. For example, the emitter creates the first
data qubit at node 1102 of the circuit diagram, then interacts
with 1t at node 1104 after 1t has passed through the first delay
line, and interacts with it again at node 1106 after it has
passed through the second delay line. The generalization of
this procedure to the dual-rail scheme is straightforward. As
detailed 1n the section on encoding schemes and elementary
gates, theXo,; gates in FIG. 4 can be implemented via

selective photon/phonon emission, while the Zg¢. gates can
be realized via resonant scattering.

[0116] Protocol B can be implemented 1n a similar way,
with the following modifications. First, since the bece lattice
G, . 1s a subgraph of the cubic lattice G_, a subset of the
cubic lattice sites should not host data qubits. Second, one

performs projective measurements on the emitter ¢), fol-

lowed by re-initializations of ¢) in a predetermined state,

e.g., |4). The first task can be easily achieved by simply

skipping the excitation pulses for the X¢, gates at the
appropriate times. The data qubits at the corresponding
locations then remain in the vacuum state, decoupled from
the rest of the system throughout the procedure.

[0117] The measurements of ¢) can be implemented via
quantum non-demolition measurements. A practical chal-
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lenge 1s that the time duration; 7 ____ of the measurement
and re-initialization process can be substantial, constraining
the minimum separation 7>7 _ /3 between the temporal
modes of consecutive data qubits. In turn, a longer
7 1mplies that fewer data qubits can be stored 1n delay lines
with non-negligible loss rates. It may therefore be more

practical to use Protocol A in some settings, to avoid

intermediate measurements of O altogether. (Further, for an
alternative algorithm that prepares arbitrary cluster states

without any measurements of Q) , see the alternative algo-
rithm described below.)

Effect of Delay Line Errors

[0118] In the experimental realization section earlier, the
amount of time a photon/phonon spends in the delay lines
grows with the size of the target cluster state (more precisely,
with the cross-sectional area of the underlying bcce lattice).
As a result, the cumulative eflect of delay line errors may be
non-negligible. If the cluster state size becomes too large,
the total error incurred in the delay lines overwhelms the
improved error correction properties due to the increased
code distance, leading to high logical error rates. In this
section, we study two phenomenological models that incor-
porate the effect of delay line errors, and determine how the
optimal logical error rate depends on the delay line error rate
in each model. These models address the increase 1n loss
probability with delay line length as well as dephasing errors
on the data qubits, two eflects that were 1gnored 1n the error
analysis section.

Analysis

[0119] The dominant sources of error in delay lines (for
photons and phonons) are dephasing and loss, which we
consider in Error Models 3a and 3b, defined below. We
parameterize these models using the delay line error per time
step. Here, the time 1t takes to execute the block of gates 1n
Line 4 of Algorithm 1 constitutes one time step, and the time

to measure and reset € in Lines 6 and 9 constitutes another
time step. We assume that the time steps are equal. (To
claborate, we assume that the operations are temporally

arranged, by pulsing or measuring ) at appropriately
spaced 1ntervals, such that these time steps are all of the
same length. This allows for the geometry of the bece lattice
to be naturally realized in Protocol B, since the measure-

ments of O coincide with the sites in the bcce lattice that are
“missing”’ relative to the cubic lattice (see FIG. 5).) In
Protocol B, for imnstance, each time step consists either of a
controlled-X gate, a Hadamard gate, and up to two con-
trolled-Z gates, or of a measurement and re-initialization of

Q) . Thus, for preparing a cluster state on an LxMxN lattice,
there are L time steps in Delay 1 and L(M-1) time steps in
Delay 2 (see FIG. 1 and FIG. 11). We will use 1, and n,_ ..
to represent the dephasing error and loss per time step,
respectively.

[0120] Let us make a brief comment on how these delay
line errors change the analysis in the error analysis section.
Dephasing errors are generally equivalent to stochastic Pauli
7. errors, while the eflect of losing a qubit during the
procedure depends on the encoding scheme and gate imple-
mentations. In the experimental setup described in the
experimental realization section above, the loss of a data
qubit simply results in any subsequent gates involving that
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qubit not being applied. This 1s because these gates are
realized via interactions between a photon/phonon wave-
packet with the emitter. If the wavepacket 1s not present, the
interaction does not occur. Moreover, in the dual-rail scheme
described above, losses are detectable. We can therefore use
the decoder of Ref. [28] as we did i the section on
thresholds.

[0121] For circuit errors, we use the same depolarizing
noise model, Error Model 1, as earlier in the section on
thresholds, but with one modification. We omit the depolar-
1izing channel that occurs aiter the mnitialization of each data
qubit. This 1s motivated by the fact that in our experimental
setup, each photon/phonon 1s created by the process that
implements the controlled-X gate (see Eq. (16)). Strictly,
this differs from Algorithm 1 (as it 1s formally stated), in

which a data qubit i is initialized first, before A g is
applied to 1t 1n a separate step. In order to be able to suppress
error, the circuit error rate p should be below the threshold
for this modified error model. Since the threshold for Error
Model 1 was estimated to be p,,=0.39% (for Protocol B), we
will assume that p=10", which is a standard number used in
the literature for studying the sub-threshold behavior of the
surface code [11].

[0122] With the above considerations 1n mind, we define
Error Models 3a and 3b as follows. We fix p=10~". In both
models, every single-qubit gate on a qubait a 1s followed by

a single-qubit depolarizing channel 2 @ (see Eq. (13)).

Every measurement of a qubit a is preceded by 7 # and

every (re-)initialization ol @ 1s followed by DS). Similarly,
every two-qubit gate on qubits a and b 1s followed by a
two-qubit depolarizing channel Da,b(p) (see Eq. (14)). In
Error Model 3a, 1n addition to these circuit errors, a dephas-
ing channel

ZOD(p)y=(1-0)p+n2ZpZ

1s applied to every data qubit 1n each time step. In Error
Model 3b, each data qubit 1s lost by the end of the procedure
with probability 1-exp(-m, .. {), where { 1s the total num-
ber of time steps the qubit spends 1n the delay lines. I a qubit
11s lost at some point, then any subsequent operation on 1 1s
replaced by the identity operator followed by D %, In the
following discussion, we will often refer to the delay line
error rate as 1), where m 1s 1., for Error Model 3a and 1,
for Error Model 3b. (In reality, one would expect both
dephasing and loss errors to occur 1n an experiment. Analy-
sing their eflects separately greatly simplifies the numerics,
however. In many circumstances, one form of noise will
dominate, 1n which case the results for the corresponding
error model should provide a good guide to the performance
of the protocol.)

[0123] For each of these error models, we estimate the
logical error rate p for generating a cluster state on an
LxLxL bcc lattice (storing one logical qubit) using Protocol
B, for various values of L and m. As in the section on
thresholds, we 1nfer the effect that each physical error has on
the final state using Table 2 and Eq. (9), and we use the
generahzed MWPM decoder of Ref. [28] (without account-
ing for degeneracies) in our simulations. The results are
shown 1 FIGS. 12A, 12B. In particular, FIG. 12A 1s a plot
of the logical error rate p vs. 1., for Error Model 3a (applied
to Protocol B). FIG. 12A is a plot of the logical error rate p
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vs. 1,,.. 1or Error Model 3b applied to Protocol B. Each data
point is an average of at least 10° independent instances and
at least 10" logical errors.

[0124] For an LxLxL bcc lattice, the total number of delay
line time steps is L°. Hence, as we increase L for a fixed
delay line error rate q, there 1s a tradeofl between the better
error suppression due to larger code distance, given by
d=(L+1)/2, and the larger cumulative delay line error. There-
fore, for each g, there 1s an optimal value L. of L that
minimises the logical error rate p. We find the minimum
logical error rate, which we denote by p., by increasing L
until p starts to increase.

[0125] While we do not have an analytic expression for
L., we can make an educated guess as to the scaling of p.
as a function of 1. Since the circuit error rate p=10"" in our
models 1s well below threshold, there should be a threshold
P derar. t0r the cumulative delay line error below which the
logical error rate p decays exponentially with L. For small
N, the cumulative error is NL* to leading order, so p decays
exponentially with L for nL>) Duetay.n 1N particular, pro-
vided that nL Y p delav.g WhiCh can be achieved by L.=c

(p dmy!m/n) for some constant ¢, we expect p. to roughly
scale as
In(1/p)=chn™24e”, (17)

where ¢' and ¢" are constants.

[0126] Numerically, we observe excellent agreement with
Eqg. (17), as can be seen from FIGS. 13A, 13B. Fiting Eq.
(17) to the data gives the following estimates for ¢' and ¢":

Error Model 3a: ¢’<0.032, ¢"=2.93

Error Model 35: ¢'=0.096, ¢"=3.37 (1%)

[0127] FIG. 13A is a plot of In(1/p.) vs. m,,*'* for Error
Model 3a (applied to Protocol B). FIG. 13B 1s a plot of In(1/
p+) vs. ;.. '* for Error Model 3b. Solid lines are fits to Eq.
(17). The different stars indicate the value L. of L that
achieves the minimum logical error rate p..

[0128] From Eq. (18), we can determine the “break-even
pomnt” beyond which it 1s advantageous to use the delay
lines. That 1s, since the depolarizing noise rate 1s assumed to
be p=107", using the experimental setup described in the
experimental realization section would make sense only
when the logical error rate p 1s below this value. If the delay
line error 1s dominated by dephasing, the break-even point
occurs at 1,~6.5x107>. If the delay line error is dominated
by loss, the break-even point occurs at 1, _=7.4x107%.

[0129] As discussed in the following section, current
experimental estimates for delay line error rates are not
below this break-even point. However, the above results
show that small reductions 1n these error rates can lead to
very large reductions 1n the logical error rate. As an example,
consider Error Model 3b, in which delay line errors are
dominated by qubit loss. For circuit error rates as high as
102, Egs. (17) and (18) give logical error rates p.=107",
107'°, 107" form, _ ~1.4x107*,2.4x107>, 9.5x107°, respec-
tively. Assuming that L.xm, ..~"* as above, the values of L
required can be estimated to be L.=30, 75, 115, respectively.
Thus, even i1 the circuit error rate 1s relatively high, with
continued mmprovements in the error rates and storage
capacities of delay lines, extremely low logical error rates
can potentially be achieved using our protocol.
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Experimental Prospects

[0130] Three different experimental platforms are particu-
larly appealing for physical implementations of the tech-
niques discussed herein: 1) a system of optical photons in a
waveguide coupled to an atom or an artificial atom, 2) an
integrated superconducting circuit i which single micro-
wave photons can be deterministically generated via a
superconducting qubit, 3) a quantum acoustic system based
on fabricated nanostructures coupled to a nonlinear quantum
emitter, e.g., a transmon qubit piezoelectrically coupled to a
phononic waveguide.

[0131] Inthe optical domain, commercially available opti-
cal fibers can provide excellent delay times, 1n principle
allowing for an extremely large number of photons in the
delay lines. For instance, Tamura et al. reported a loss rate
of 1.4x10™* dB/m [25]. Assuming that a single time step
lasts 50 ns, we obtain a loss rate of 1.4x10™> dB per time
step, which amounts to 1, . ~9.6x10™*. This is close to the
break-even point 7.4x10™* estimated above.

[0132] However, weak coupling strengths between a
quantum emitter and relevant photon modes can be a limi-
tation of this approach. In particular, the cooperativity C is
the ratio between the probabilities that Q emits a photon
into a guided mode versus into unwanted modes. In order to
obtain logical error suppression, C needs to be sufficiently
large, such that the total loss probability 1s below the loss
thresholds found in the section on thresholds. Thus, 1t 1s
important to achieve a high cooperativity, e.g., C

0)0|0):|¢0) 100. Reducing photon loss at the interfaces of
different optical elements and improving the qubit coherence
time (in the case of quantum dots) 1s also 1mportant.

[0133] In microwave photonics with itegrated supercon-
ducting circuits, a significantly higher cooperativity C =172
has been achieved [59]. In fact, more recently, coherent
interactions between a quantum emitter and a single time-
delayed photon that has propagated through a waveguide
have been demonstrated experimentally [60]. In Ref. [60],
an array ol microwave resonators 1s used to realize a
one-dimensional waveguide with delay time = =227 ns. The
waveguide 1s coupled to a qubit with photon emission rate
I', ,= 2nax21 MHz. This capability implies that around
7 I', /=30 propagating photons can be stored inside the
waveguide. Thus, integrated superconducting circuits are
also a physical platform to implement our protocols.

[0134] Finally, quantum acoustic systems with phononic
crystals are also rapidly emerging, and provide a physical
platform for our scheme. A single-mode phononic wave-
guide [26] and an extremely long phonon lifetime (1T,=1.5 s

and T,|0)0|0);i|d0) 0.3 ms) [55] have already been demon-
strated 1n two separate experiments. Providing a strong
coupling regime with a high cooperativity by fabricating
integrated nanostructures (similar to superconducting cir-
cuits [S59]), quantum acoustic systems can realize our pro-
tocols for reasonably large system sizes. For example, with
optimistic but reasonable estimates T,~1 ms and y=100
MHz, where v 1s the coupling strength, one can choose a
pulse-to-pulse time separation 7 =160 ns to realize high-
fidelity gates with error rates below our threshold of p,, ~0.
39%. (Here, we assumed that the gate fidelity scales as 1-1/(
7 v) based on symmetric wavepackets of phonons [20].)
This choice of v would lead to a delay line error rate per
time step of 1,~37 /T,~4.8x10™*. (Note: The logical error
rates achievable for other values of 7 /T, are tabulated in
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Table 3.) Although this 1s above the break-even point
6.5x107>, we note that the experimental technology for
quantum acoustic systems 1s 1n 1ts early stages and advanc-
ing rapidly. Through improving fabrication methods for
integrated circuits and lowering the temperature, the coher-
ence times of both qubits and a delay lines may be substan-
tially increased.

Discussion

[0135] We have described a method for preparing the
three-dimensional cluster state of Ref. [14] using a simple
device. The main advantage of our technique 1s that 1t has
low component overhead, meaning that we only need a
handful of experimental components to build a well-pro-
tected logical qubit. In contrast, standard protocols based on
three-dimensional cluster states or the surface code [22, 16,
15, 11, 61] are expected to require hundreds 11 not thousands
ol experimental components.

[0136] If memory errors are non-negligible, our protocols
do not have finite thresholds for the circuit error rate.
Nevertheless, the logical error rate can be made exponen-
tially

TABLE 3

The optimal code distance L. and corresponding logical error rate p-
for different values of ©/T5 1n quantum acoustic systems under
Error Model 3a, where T 1s the pulse-to-pulse separation between phonons.

/T, optimal code distance (L) logical error rate (p«)
1 x 107 21 1.43 x 107
1.3 x 107 17 3.24 x 107
1.6 x 107 15 5.59 x 1074
2 x 107 15 8.20 x 107
23 x 107 13 1.12 x 1073
2.6 x 107 13 1.42 x 1072
3x 107 13 1.79 x 1077
3.3 x 107° 11 2.06 x 1077
small in ™%, where m represents the memory error rate.

Although our estimates suggest that the error rates that have
been attained experimentally are not yet small enough, the
low component overhead of our approach means that
improvements i only a few physical components can lead
to extremely large reductions in the logical error rate.

[0137] While the most mature approaches to quantum
computation have high component overhead, ours 1s not the
first proposal aiming to reduce component overhead.

[0138] For example, the promise of anyon-based quantum
computation in topological materials [30, 36, 38] 1s that
natural physical interactions would greatly reduce the com-
ponent overhead. Likewise, the reader may wonder how our
scheme fares in comparison to those based on the Gottes-
man-Kitaev-Preskill (GKP) code [62]. This quantum error-
correcting code for a qubit 1n an oscillator was recently used
to demonstrate error suppression [63] by coupling cavity
modes that form a GKP code to a transmon. For the protocol
used, the logical error rate 1s determined by (1) a number that
decays exponentially with 072, where a is the standard
deviation of the Gaussian displacement channel [64] mod-
cling the dominant source of error on the modes, and (11) the
transmon error rate p. The dominant source of error in Ref.
[63] limiting the logical error rate 1s (11), leading to a logical
error rate that 1s significantly higher than what (1) might
naively suggest. The contribution from (11) can be reduced to
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O(p”) by using a recently proposed fault-tolerant method for
preparing GKP states [65], in which case we expect the
logical error rate to be limited by O(p?).

[0139] In contrast, in an analogous setting, the logical
error rate of our protocols decays exponentially with 1 -1z,
even 1f the transmon error rate 1s significantly hlgher
Specifically, it suffices for the transmon error rate to be lower
than some threshold value, which we have estimated to be
0.39% 1n the standard depolarizing noise model for circuit
errors. Therefore, while approaches based on the GKP code
may seem advantageous at the moment, with improved gate
fidelities our scheme may be able to outperform them in the
future.

[0140] From a more theoretical perspective, our protocols
have a remarkable fault-tolerance property. Even though
there 1s one physical qubit that interacts with every other
qubit during the preparation of the cluster state, the proce-
dure 1s nonetheless fault-tolerant because any single-qubit
circuit-level error results 1n a constant-weight error on the
final state. What 1s interesting about this phenomenon 1s that
the propagated error may actually be highly nonlocal, yet its
effect on the specific state we wish to prepare 1s always the
same as that of a geometrically local error. Similarly, the
effect of any m-qubit circuit-level error on the final state 1s
equivalent to that of at most m geometrically local errors. In
fact, this applies not only to our protocols (Protocols A and
B) for preparing the specific cluster state of Ref. [14], but to
our general algorithm (Algorithm 1), which can be used to
prepare the cluster state corresponding to any graph. (For
general cluster states, geometric locality 1s defined with
respect to the underlying graph; see the section below on
error analysis for arbitrary graphs.)

[0141] By leveraging this fact, we were able to construct
fault-tolerant quantum circuits whose depth necessarily
scales with the total number of qubits. This 1s certainly
unusual. Fault-tolerant quantum computing protocols usu-
ally avoid circuits structured like ours because of the danger
that they will spread errors too widely. This often restricts
the design of these protocols, leading them to rely on a small
number of trusted and manifestly fault-tolerant building
blocks, such as transversal gates or “catch-and-correct” [66].
Our work shows that there can be a subtle form of fault-
tolerance 1n which physical errors spread but without
adverse effects. This observation may prove useful for
generalizing our methods to other fault-tolerance schemes.
Indeed, Algorithm 1 can immediately be used to generate
cluster states obtained by foliating arbitrary stabilizer codes
[29, 67]. The fault-tolerance of the resulting protocols can be
analyzed with the help of Table 4 in the section on error
analysis for Algorithm 1.

[0142] There are several variations an alternate instantia-
tions of the above that we envision. For one, the decoder we
used 1n our simulations was the most basic MWPM decoder,
which did not take into account matching degeneracies nor
the anisotropy of the underlying error model. Thus, we
envision the option of using decoders that exploit additional
information to obtain better logical error rates and thresh-
olds. Also, leveraging recent work on using so-called flag
techniques to make error-correction schemes more efficient
[68, 66, 69, 70], it is envisioned to use such techniques to
improve our protocols as well. More generally, it could be
advantageous to trade a slowly growing component over-
head for improved error tolerance. For instance, one could
adapt our protocols to build cluster states on an LXILLXN
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lattice using O(L) emitters instead of the single emitter
discussed here. Such a scheme would still have component
overhead parametrically smaller than the O(L*) physical
qubits live 1n the system. An analogous trade-off was found
in [71] between the number of emitters and the entanglement
generation rate 1n the context of quantum communication
using cluster states [72, 73]. Another strategy would be to
concatenate our scheme, replacing our bare single- or dual-
rail qubits with qubits protected by error correction, using
e.g., GKP [62] or binomial codes [74]. Conversely, our
scheme could be used as the inner code, choosing a small
value of L (e.g., 10 or less) to make the logical error rate
sufficiently small, e.g., 10™. We can then concatenate this
with a lower-overhead outer code, which may have a low
pseudo-threshold.

Alternative Algorithm

[0143] In this section, we present an alternative algorithm,

Algorithm 2, for preparing cluster states Iy) (see Eq. (1))
on arbitrary graphs G. Algorithm 2 1s similar 1n structure to
Algorithm 1. The main difference 1s that unlike Algorithm 1,
Algorithm 2 does not require any intermediate measure-
ments of the ancilla @ for any G.

[0144] To understand the form of Algorithm 2, recall the
defimition of the graphs G[k]|' from Eq. (4). For each ke [n],
G[k]' consists of the subgraph of G induced by the vertices
[k] together with an additional vertex, @, and an additional

edge, (Q.k). The cluster state 'y} is defined by Eq. (1).
In the section below on correctness of Algorithm 2, we prove

that for any ke [n], Iy is equivalently given by

1 (19)
1 1_[ 2o, |+>Qf!%1|0>f":

Wouy ) = H[HQXQJZQJ

[0145] where E[k]:={(.))€E: 1,)e [k]}. Therefore, taking
k=n 1n Eq. (19) yields a circuit that recursively generates
W) » @s described in the main loop of Algorithm 2. Once
we have prepared Iy, ) , the target cluster state [y) can

then be obtained by applying Zo,, (or by measuring Q in
the Z-basis).

[0146] Observe that 1f for a given j, if (J—1, j) 1s an edge
(Line 4 of Algorithm 2), then

Zojr || Zoi= || Zos (20)

(7, DeEj] i#j-1
(£, NEEL]]

so we do not apply Zo.;—1 at all (instead of applying it twice
In succession).

[0147] Algorithm 2 correctly prepares W} for any order-
ing of the qubits, which 1s implicitly chosen by labelling the
vertices 1n V from 1 to n. The proof of correctness 1s given
in the section below on correctness of Algorithm 2.
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Algorthm 2

prepare the cluster state ) given a graph G = (V, E) (with V = [n])

1: initialize Q in [+)

2: foryj=1ton do

3:  initialize qubit j in 10)
4. if (-1, € E then

5:
apply HoXa; | | Zas
i+ 71
(i, DeE[]]
O: else
7
apply HoXq jZq ;1 l_[ Qi
(1, e E|]]

// the Z¢; gates may be applied in any order
8: apply Zox

Correctness

[0148] In this section, we prove that Algorithms 1 and 2
correctly prepare cluster states N} on arbitrary graphs

G=(V.E). We begin with Algorithm 2.

Correctness of Algorithm 2

[0149] The correctness of Algorithm 2 follows immedi-
ately from Eq. (19), which we now prove. For any graph G,
the cluster state [y, corresponding to G[K]' 1s, by defi-
nition (see Egs. (1) and (4)),

| 1_[ Zf,j-' 2 |+), D

(. HeEIA]

‘WG[;C]"> =20k

[0150] First, we prove by induction that

(22)

[k
k
aur) =|[ 100, 20,8 1

where

7o Aw 1, >
ADDj -Zijq‘i.ﬁ-ﬂfjﬂv?-ZQJ_l l_[ J{.;'J" (£3)
i (7, eEl]

Here, Swap_ , denotes the Swap gate between qubits a and b.
For the base case k=1, Zg.x—1=I and E[k]=¢, so

ADDI |+>Q|+>1 — ZQ,ISWAPQJ |+>Q|+>1
= Zp1l+)ol+),

= ‘%}[1]’)

since G[1]' contains only the edge {Q, 1}. Assume that Eq.
(22) holds for k—1. Then,

17
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k
(e 814 = App, [Wop_1y N+

I (1 ) E[k] ]

i k-1
Zgiji_;ﬁ...._q r[ ijj _‘5{;} J@ |—|—>f! |‘|‘>J|gC
_ (i, HeEk-1] =l
=Zoa| ||z ] Z|
I (1 k)eE[k] (7, NeE[h—1]
k
Swarapl+ie ®+)7
=1
: k
GpeERl | T
= [V opr
[0151] where third equality wuses the 1denfity

SWAPQ 1201 =7Z, SwaPg for Ik, and the fourth equality
follows from the fact that E[k]=E[k—1]u{(L.k)e E[k]} (see

Eq. (3)).
[0152] Next, we observe from Eqgs. (23) and (22) that for

every je [n], when YWAPg ; is applied to Q and j the qubit
j 1s 1n the fixed 1nitial state |+) . This implies that we do not
need to mmplement a Swap gate that works correctly on
arbitrary states.

[0153] We can instead use an operation that has the same
effect when one of the qubits is 1n the state |+) . (Of course,
if the Swar gate were experimentally available, this trans-
formation would be unnecessary. We were primarily moti-
vated to replace the gates in Eq. (22) by ones that are more
amenable to experimental implementation in the setup con-
sidered 1n the experimental realization section.) In particu-
lar, we use the 1dentity

Zg,;swePojl¥)ou) =HaXa,; )0 0) .,

(24)

for any arbitrary state 1} ) of @ (potentially entangled with
other qubits).

[0154] Substituting Eq. (24) into Eq. (22), we arrive at Eq.
(19), which forms the basis for Algorithm 2.

Correctness of Algorithm 1

[0155] To prove the correctness of Algorithm 1, we show
by induction that for every ke [n], after Line 4 in the kth
iteration of the for loop has been executed, the state of
@ and the first k data qubits 1s |10 (see Eq. (21)).
[0156] For the base case k=1, E[1]=¢ so 1n Line 4, HQ X
Q@ , 1s applied to @ and qubit 1, which are in their 1nitial
states |+) and 10}, respectively. By Eq. (19) with k=1, this
yields the state

HoXg, H‘)Q 0) FWGUJ') -

[0157] For the inductive step, there are two cases to

consider, (k—1.,k)e E and (k—1,k)¢ E. For both cases, 1t will
be useful to observe from Eq. (19) that for any 1<k<n,

(25)

‘U/G[gc]*"> . [HQXQakZQﬁkl H 29, ‘U'/G[k—u’NO}k-

i+ (£, k) E[k]

[0158] Also note from the defimition of E[j] in Eq. (3) that
the controlled-Z gates applied in Line 4 can be equivalently
written as
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[ | zoi= || Zox

I*-‘»T.j— I:.":j—
(i,j)eE (7, ))eElf]

[0159] In the first case (k—1.k)e E, Lines 5-9 in the (k—1)th
iteration are skipped, so by the inductive hypothesis, the
state at the start of the kth iteration 1s 1\y,_,7) . Then, Lines
3 and 4 1n the kth iteration produce the state

HoXo i 1_[ 29, ‘W{}[k—u’}w}k = ‘WG[&]’)-
i1

(i k) E[k]

This follows from Eq. (25), noting that Eq. (20) holds since
(k—1.k)eE.

[0160] In the second case (k—1.k)¢ E, the 1f condition of
Line 5 1s satisfied and @ 1s measured in the Z-basis. By the
inductive hypothesis, Q and the first k—1 data qubits are 1n
the state |Y,_;) 1mmediately before this measurement.
By Egs. (2) and (4), the stabilizers of Iy ,._,,) are gener-
ated by { XoZ,_ hJ{S,: 1€ [k—1]}, where

x, || z i<k—1

- (4, HEE[k—1]
s=4 7 .
XR—IZQ 1_[ Zj i=k—-1

7 k—DeE[k-1]

Hence, the stabilizer generators of post-measurement state
of the first k—1 data qubaits are {S," 1€ [k—1]}, where S./'=S,
for 1<k—1 and

.

f
Si—1 = T X 2

L

(i Ek—1DeE[k-1]

Here, the + sign corresponds to the post-measurement state
of @ being 10), and the — sign to 1) . If the outcome 1s |1
), Line 8 applies Z,_,, which negates S, ;" and leaves the
other stabilizer generators unchanged. Thus, the state of
Q (which i1s reinitialized 1n 1+) by Line 9) and the first k—1
data qubits at the end of the (k—1)th iteration 1s the cluster
State

k—1
X |+>f"
i =1

(26)

[+ o =Zor1Wep-1y )

1

(7, /)eE]A—1]

Applying Lines 3 and 4 1n the kth 1teration then leads to the
state

[ Zos Eq. (25)

itk—1
(i.k)eE[k]

IH;;},XQ.L ZQ,R'_l‘wG[k—l]"NO)k = ‘U'/G[k]’> by.

In both cases, therefore, the state of O and the first k data
qubits 1S W) at the end of Line 4 of the kth iteration, as
claimed. In particular, in the nth iteration, the state 15 Y/

) at the end of Line 4. G[n]' differs from G by an extra edge

18
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1(Q,n)}, so by measuring @ 1n the Z-basis and applying Z,
if necessary 1n Lines 6-8, we obtain the desired state 1y} .

Error Analysis for Arbitrary Graphs

[0161] In this section, we analyze how errors propagate
through Algorithms 1 and 2, both of which can be used to
prepare cluster states ;) defined by arbitrary graphs
G—(VE) We show that for any G, any Smgle—qublt eITor
occurring during either algorithm results 1n an effective error
(see Eq. (8)) whose weight scales with the maximum degree
of . For Algorithm 1 and for certain instances of Algerlthm
2, the effective error resulting from a smgle-qublt EITOT 1S
always geometrically local, meaning that it 1s supported on
some subset of {1fUN(@1) for some qubit 1€ V, where

N():={j:(i.))e E}

denotes the nearest neighbors of 1 in the graph G. (In the
context of quantum error correction, the notion of geometric
locality often applies only to graphs that can be embedded
into finite-dimensional space. The definition we use here
extends to arbitrary graphs, including e.g., expander graphs.)

[0162] An important feature of both algorithms—and one
of the main intmitions behind the proof below—is that at any
point 1n the procedure, the ancilla qubit Q 1s entangled with
a restricted number of data qubits (depending on the maxi-
mum degree of (G). Moreover, all or almost all of the qubits
with which @ 1s entangled at a given point are close to each
other 1n G. As a result, even though @ interacts at least once
with every data qubit in V, most (and 1n some cases, all) of
the errors that could occur on O lead to effective errors on
the final state that are localised to neighborhoods of G.

(27)

Error Analysis for Algorithm 1

[0163] In this section, we prove that for any input graph,
single-qubit errors occurring during Algorithm 1 1nduce
geometrically local effective errors.

Claim 1. Consider an arbitrary graph G=(V,E), and choose
any ordering of the qubits 1n Algorithm 1 by labelling the
vertices in V from 1 to n. Then, any single-qubit error
occurring between the elementary operations in Algorithm 1
results 1n effective error (see Eq. (8)) that 1s supported on
some (possibly empty) subset of {1} UN(1) for some 1€[n].
Proof. For each je[n], let

- 28
B :=HpXp; | | Zo (28)

i< j—1
(f,/)cE

denote the block of gates applied 1n the jth iteration of the
for loop 1n Algorithm 1 (Line 4). We consider the effect of
all possible X and Z errors that could occur during Algo-
rithm 1. (The support of arbitrary errors can then be deduced
using Eq. (9).) Spatially, these errors may inflict the ancilla
¢ or one of the data qubits 1, . . ., n, and temporally, they
may occur between two blocks B ; and B ;. ,, before the first
block B ,, after the last block B , or between two elemen-
tary gates in the same block. We do not consider where the
errors occur relative to the Z; corrections that may be applied
for certain j (Line 8), as a Pauli error P immediately before
Z;1s equivalent to P 1mmedlate1y after Z; up to a sign. (Note:
Reeall that 1f (j,j+1)¢ E, Q 1s also measured in the Z-basis
and reset to |+) (Lines 6 and 9) in the jth iteration, between
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Biand B . In this case, we consider errors (on Q) both
before the measurement (i.e., immediately after 3 ;) and
after the re-initialization (1.e., immediately before B ;,,).)

Z.. Errors

[0164] Suppose that a Z error occurs on a data qubait 1€ [n].
Clearly, Z, commutes with every operation in Algorithm 1
except for the X ¢ ; gate in Bi. This Xo ; gate 1s the first gate
that acts on qubit 1, which 1s 1initially in the state 10).
Therefore, if the Z, error occurs somewhere before the Xo ,,
it has no effect, whereas if it occurs after the Xg ,, 1t 1s
equivalent to a Z. error on the final state.

X Q Errors

[0165] We first show that an X & error occurring imine-
diately after 55 , results in an effective error Z, on the final
state, 1n the sense of Eq. (8). This 1s a consequence of the fact
(proven 1n the section below on the correctness of Algorithm
1) that immediately after 5 , has been applied, @ and the
first k data qubaits are in the cluster state Iy ;.,.) (and the rest
of the qubits are still in their initial state, | )'@”_k) Recall
from Eq. (4) that G[k]' 1s the graph with vertices [k]\ O and
edges E[k]Ww{(Q .k)}. Importantly, k 1s the only qubait that
shares an edge with @ 1n GJ[k]', so 1t follows from Eq. (2)
that X @7, 1s a stabilizer of 1.}, which 1mplies

X QW) =Z ey - (29)

Hence, an X Q error immediately after 5 , 1s equivalent to a
7. error immediately after B ,, and we know from above that
the latter results 1n a Z, error on the final state.

[0166] Trivially, an X Q) error occurring at the beginning
of the circuit, 1.e., before B |, has no effect since the initial
state |+) of Q 1s stabilised by X. The same goes for X
¢ errors that occur immediately after the re-initialization of
O (to 14)) in the iterations where Q is measured.

[0167] It remains to consider X & errors that occur
between two consecutive gates in the same block B ,.

Suppose that an X o error occurs somewhere in 5 , before
the Xg , gate. At this point, the first k—1 iterations of the for
loop have been performed, followed by some subset of the

controlled-Z gates in B .. To be precise, let J denote the

subset of qubits j for which Z¢.; is in 5, and is located
before the X @ error. From Eq. (28), we have

JcC{j<k—1:(,k)e E}. (30)

The qubits that are included 1n J depend on the location of
the X O error as well as on the order i1n which the con-

trolled-Z gates in 8, are actually applied (since they mutu-
ally commute, they can be applied in any order).

[0168] As shown 1n the section below on the correctness
of Algorithm 1, the state of the first k—1 qubits at the end of
the (k—1)th iteration is IWgp_qq) if (k=1.k)€E, or ZQ ,_
W) if (k—1.k)¢E (see Eq. (26)). Consider the case
(k—1.,k)e E. The state of the first k—1 qubits at the point
where the X Q error occurs is then [IL_,ZQ J\Wsp1y)-
This state 1s a cluster state in which @ shares an edge with
k=1 (see Eq. (4)) and with every jelJ, and 1s therefore
stabilised by X @7, ,11._,7Z.. It follows that the X @ error 1s

JE ST
equivalent to Z, HJE 7L Wthh commutes with all subse-

quent operations 1n the circuit. The effective error on the

final state 1s therefore Z,_ 1HJE sZ;. Similarly, in the case

(k—1.k)¢ E, the state at the point Where the X O error occurs
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18 [ILo,ZQ JZQ . \\Wsu_1y)- This is stabilised by X
OHJE JrZJ,, SO by the same argument, the X @ error results in

an effective error I1._,Z..

[0169] The only other possibility 1s that an X Q error

occurs after the X , and before the Hg in 5 ,. Since
H X =7_H_, this is equivalent to a Z Q error occurring after

id (Z?

the Hg, ie., immediately after 5,. As shown directly
below, such an error results in a Z,_ , error on the final state

if (k.k+1)eE, and no error if (k.k+1)¢E.
/. Errors
[0170] The identities Z,,Z=7.7., and H_Z =X_H,

imply that a Z Q error occurring immediately before 5 or

within B, (i.e., between any two of the gates in 5 ) is

equivalent to an X Q error immediately after B, which in
turn results 1n a Z, error on the final state (see Eq. (29)).

[0171] A Zg error could also occur immediately after
B .. If (kk+1)eE, this is equivalent to a Z¢ error imme-

diately before B ,_ ., and therefore results in a Z,_, error on
the final state. On the other hand, if (kk+1)¢E, O is

measured in the Z-basis before B _ | is applied. In this case,
the Zo error has no effect since it directly precedes a
/Z-measurement.

X, Errors

[0172] Finally, consider the effect of X, errors. The only
gates 1n Algorithm 1 (besides the Z. corrections) with which
X, does not commute are the ZQ ;. From Eq. (28), we see

that a Z Q) ; gate appears in block B ; for every j>1+1 such
that (1,])€ E. Hence, for each 1€[n], define the index set

I-={j>i+1:(ij)e E} (1)

so that Bj includes a ZQ ; gate iff jel,.

[0173] Suppose that an X, error occurs before 5 , (but after

B, ) for some k. It can be checked using the identities
2, X=X, 2.7,,and H X =7 H_ that this 1s equivalent to
an X error at the end of the circuit, along with an X Q error

immediately after each block 5 ;forall jeI; such that j2k. As

proven above, X O immediately after 55 ; Tesults 1n an effec-
tive error Z; on the final state. Therefore, it follows from Eq.

(9) that an X, occurring immediately after 5, results in an
effective error on the final state, up to a sign.

2ol
Jjeliij=k

[0174] These results are summarized in Table 4. Note that
the effect of any circuit-level Z error 1s at worst a single-
qubit Z error, while the effective error resulting from any X
error 1s (equivalent under stabilizers to) a product of Z errors
supported within N(1). It can be verified using Table 4 that
X and Z errors occurring at the same spacetime location 1n
the circuit result in effective errors supported within {1} UN
(1) for the same 1. This implies via Eq. (9) that any single-
qubit error at that location leads to an effective error sup-
ported within {1} UN(1), as claimed.
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[0175] Tables 1 and 2, which are used in our simulations Error Analysis for Algorithm 2

in the section on thresholds and the analysis section above,

[0177] A simalar result holds for Algorithm 2. However, 1n
contrast to Algorithm 1, the effective errors resulting from

reduces to Table 1 (which corresponds to the first step of single-qubit errors occurring during Algorithm 2 are not all
Protocol A) for G=G,_ geometrically local for every instance.

are both special cases of Table 4. Specifically, Table 4

TABLE 4

A complete list of X and Z errors that could occur during Algorithm 1 (applied
to an arbitrary graph G = (V, E)) and their effect on the final state (see Eq.

(8)), up to a sign. B; 1s defined in Eq. (28). Note from Eqgs. (30) and (31) that for
each B, J is always a subset of N(k), and that for all i € [n], [, = N{i).

Circuit- effective error
level error location 1n circuit on final state
AQ before B, or after a re-initialization of Q none
immediately after the gates HZQ* ; In By ZR_IHZ g1t (k-
jeJ jed
1. k)€ E: ]_[zj if
jed
(k — ]-: k) QE E

7, if k, k+ 1) e E;

between Xy, and Hoin B,
none if (k, k+1) & E

immediately after B, (i.e., after Hg in B) Zy
Zg before or within B, 2y
before a Z-measurement of Q none
X before B, (but after B, ;, if k > 1) x || z
Jjeliij=k
4 before Xg, (in B) none
after X, (in 5) Z;

and O ~A; (see Eq. (10)), and to Table 2 (which corresponds Claim 2. Consider an arbitrary graph G=(V,E), and choose

B B any ordering of the qubits 1n Algorithm 2 by labelling the
to Protocol B) tor G=G,, and BJ_BJ' (see Eq. (11)). vertices in V from 1 to n. Then, any single-qubit error

[0176] We remark that unlike Algorithm 1, not all cluster occurring between the elementary gates in Algorithm 2

state preparation circuits have the property that any single- results 1n an effective error (see Eq. (8)) that 1s supported on
qubit circuit-level error results 1n a geometrically local some (possibly empty) subset of {1pUN()U{1+1}, for some
effective error. For instance, Algorithm 2 can likewise be 1€ [n].

used to generate ;) for any graph G=(V,E). However, as [0178] Specifically, Table 5 gives the effect of all possible
discussed in the following section, there exist single-qubit single-qubit X and Z errors that could occur during Algo-

errors in Algorithm 2 that lead to nonlocal effective errors _ _ 3 .
unless the n qubits are ordered such that (i,i+1)eE for every ~ rthm 2. In this table, © ;is used to denote the jth block
1€ [n—1]. (More precisely, since multiple operators fit the

definition of an effective error resulting from a particular TABLE 5
circuit-level error (see Eq. (8)), none of the effective errors

A complete list of X and Z errors that could occur in Algorithm

COI‘I‘BSpO.IldiIlg to these Single'quit circuit-level errors are 2 and their effect on the final state (see Eq. (8)), up to a sign.
geomet“(faﬂy IOCEﬂ-.) [t .fOHOWS that fO.I' any gr aph that d_OBS 3; 1s defined in Eq. (32). Note from Eqgs. (33) and

not contain a Hamiltonian path, Algorithm 2 does not yield (34) that I, =« N(G) w {i+ 1} for all i € [n], and

for any possible ordering of the qubits a preparation circuit that for each B,. J is always a subset of N(k) u {k — 1}.

for which the effective errors are all geometrically local. As

another example, certain single-qubit errors occurring in the circult- L ctfective error
. .. : . level error location in circuit on final state

circuit given by Equation 2 of Ref. [20], which prepares a

two-dimensional cluster state, would lead to nonlocal errors. Xo before B, none

This results from the inclusion of several redundant con-

trolled-Z gates. (It should be noted, however, that the immediately after the gates | [Zo, in B Ziy| |2

experimental protocol proposed in Ref. [20] does not actu- el e

ally apply these redundant gates.) More generally, by adding

redundant controlled-Z gates, 1t 1s 1n fact possible to con- between Xo, and Hoin B, Lir1

struct circuits in which certain single-qubit errors induce immediately after 5, (i.e., after Il in B,) Z

effective errors whose weights necessarily scale with the 4o before or within B, Zy

number of qubits.
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TABLE 5-continued

A complete list of X and Z errors that could occur in Algorithm
2 and their effect on the final state (see Eq. (8)), up to a sign.

f‘% is defined in Eq. (32). Note from Egs. (33) and
34 that I, © N(1) w {1+ 1} forall 1 € [n], and

that for each g&, J is always a subset of N(k) U {k —

circuit- effective error
level error location 1n circuit on final state
% before B, (but after B, ) A; 1_[ Z;
jel;j=k
Z; before Xo, (in B) none
after Xo; (in B) Z;

of gates applied 1n Algorithm 2:

HoXo, || Zo, G, i+ eE (32)
i+ j—1
B, = ¢, )eEL] |
HoXoZo 1y || Zos Git+DEE
i (4, eELj]

[0179] The proof of Claim 2 1s essentially the same as that
of Claim 1, requiring only the following modifications. First,

there are no intermediate measurements of ¢) in Algorithm
2, so unlike for Algorithm 1 there 1s no need to consider
errors occurring before a measurement or after a re-initial-
1zation of Q. Second, the index sets J and I, (see Eqgs. (30)
and (31)) considered in the proof of Cla:lm 1 are slightly
different for Claim 2. Specifically, [. should be replaced by
its analogue [, defined as

; lj>i+1: (i, j) € E] G,i+1)ecE (33)
Wi Ui G peE) GivDgE’

so that the gate block b5 ; includes a Zg ; gate iff j& I, as can
be seen from Eq. (32). (Note that in contrast to I, which 1s
always contained within the nearest neighbors N(i) of 1, L
may contain i+1 even if (i,i+1)¢E.) Similarly, if J is a subset

of the controlled-Z gates in B . 1t follows from Eq. (32) that

; {{j{k—l:U,k}EE} k-1,kcE (34)
C .
k-1 U{j<k: (. eEl k-1, b¢E

[0180] It can then be verified using Table 5 (in conjunction
with Eq. (9)) that any single-qubit error occurring in Algo-
rithm 1 results 1n an effective error supported within {1 UN
(1){1x1}. These effective errors are not geometrically local
in general, as 1—1 and 1+1 are not necessarily nearest
neighbors of 1.

[0181] Itis worth noting, however, that the effective errors
would always be geometrically local 1f (1,1+1)e E for all
1€ [n—1]. This 1s possible 1iff

[0182] 1) the underlying graph G of the target cluster
state contains a Hamiltonian path, and
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[0183] 2) we use the ordering of the vertices along the
Hamailtonian path as the ordering of qubits 1n Algorlthm
2. (Recall that different orderings of the qubits 1n
Algonthm 2 give rise to different circuits for preparing
the same state.)
For instance, the cubic lattice G_. prepared in Protocol A
contains a Hamiltonian path, and the vertices are ordered 1n
Eqg. (5) such that (1,1+1) 1s an edge for every 1€ [n—1]. For
G=G_, Algorithm 1 and Algorithm 2 reduce to the exact
same circuit when we use this ordermg of the vertices, and
Table 1 shows that all of the effective errors are indeed
geometrically local.
[0184] More generally, even 1if the graph G does not
contain a Hamiltomian path, Claam 2 shows that every
effective error has weight at most D(G)+3, where D((G) 1s the
maximum degree of G, regardless of the ordering of vertices
that we choose.
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1. A device for fault-tolerant quantum computation com-
prising:

(a) a quantum emitter implementing a control qubat;

(b) a first router coupled to the quantum emutter;

(c) a second router coupled to the quantum emitter;

(d) a first delay line coupled to the first router and the

second router,

() a second delay line coupled to the first router and the

second router; and

(1) a detector coupled to the first router;

wherein the first delay line, the second delay line, the first

router, the second router, and the quantum emaitter are
configured to form two loops to support propagating
modes implementing data qubits that passively interact
multiple times with the control qubit to generate three-
dimensional cluster states:

wherein the quantum emitter implementing the control

qubit 1s configured to generate the propagating modes
implementing data qubits;

wherein the first router and the second router are config-

ured such that a propagating photon or phonon travels
through each of the first delay line and second delay
line a predetermined number of times before being
measured by the detector;

wherein the detector 1s configured to measure data qubaits

aiter multiple interactions with the control qubit.

2. The device of claim 1 the first router and the second
router are configured such that a propagating photon or
phonon travels through each of the first delay line or second
delay line only once before being measured by the detector.

3. The device of claim 1 wherein 1nteractions of the data
qubits with the control qubit are separated by time delays
determined by the first delay line and the second delay line.

4. The device of claim 1 wherein multiple interactions
between the control qubit and data qubits are fixed and
periodic.

5. The device of claim 1 wherein each of the data qubits
does not interact with other data qubats.

6. The device of claim 1 wherein stable internal states of
the quantum emitter encode qubit degrees of freedom for the
control qubit, while radiative states of the quantum emitter
that are coupled to the waveguides realize gates between the
control qubit and a data qubit realized as a photon or phonon
propagating in the waveguides.

7. The device of claim 1 wherein the quantum emitter 1s
an atom or an artificial atom, the first delay line and the
second delay line are optical fibers, and the propagating
modes are photons in the optical fibers.

8. The device of claim 1 wherein interactions of the data
qubits with the control qubit are implemented via resonant
scattering.

9. The device of claim 1 realized as an integrated super-
conducting circuit wherein the quantum emitter 1s a super-
conducting qubit, the first delay line and the second delay
line are microwave waveguides, and the propagating modes
are microwave photons.

10. The device of claim 1 realized as a quantum acoustic
system wherein the quantum emaitter 1s a transmon qubait, and
the first delay line and the second delay line are phononic
waveguides.

11. The device of claim 1 wherein the detectors comprise
one or more beam splitters coupled to one or more additional
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detectors such that photons or phonons in different fre-
quency modes or polarization modes are separated into
different spatial modes before detected by the additional
detectors.

12. The device of claim 1 wherein the detectors comprise
one or more single photon detectors detecting or distinguish-
ing one or more photons i different frequency modes,
polarization modes, or spatial modes.

13. The device of claim 1 wherein the detectors comprise
one or more photon number counters detecting or distin-
guishing different numbers of photons 1n a mode.

14. The device of claim 1 wherein the detectors comprise
one or more microwave cavities coupled to one or more
superconducting qubits such that the number of photons, the
frequency modes of photons, or the spatial modes of photons
in the cavities are 1dentified by measuring the states of the
qubits.

15. The device of claim 1 wherein the detectors comprise
one or more mechanical oscillators coupled to one or more
superconducting qubits such that the number of phonons, the
frequency modes of phonons, or the spatial modes of pho-
nons 1n the mechanical oscillators are 1dentified by measur-
ing the states of the qubits.

16. The device of claim 1 wherein the detectors comprise
one or more mechanical oscillators coupled to optical reso-
nators such that the number of phonons, the frequency
modes of phonons, or the spatial modes of phonons 1n the
mechanical oscillators are identified by measuring the states
of photons from the optical resonators.

17. The device of claim 1 further comprising additional
routers, delay lines, and detectors configured to produce
cluster states supported on propagating data qubits with
higher dimensional geometry.

18. The device of claim 1 wherein the device has no more
than one quantum emitter.

19. A method for fault-tolerant quantum computation
comprising;

(a) generating a three-dimensional cluster state using the

device of claim 1; and

(b) performing adaptive single-qubit measurements on the

three-dimensional cluster state.

20. The method of claim 19 wherein generating the
three-dimensional cluster state comprises encoding multiple
data qubaits 1n a single waveguide by controlling the rate of
the excitation pulses using a time multiplexing technique.

21. The method of claim 19 wherein generating the
three-dimensional cluster state comprises sequentially
applying resonant coherent excitations to a quantum emitter.

22. The method of claim 19 wherein generating the
three-dimensional cluster state comprises applying a rapid
resonant excitation pulses to a quantum emitter to induce
spontaneous emission ol a photon or phonon 1mnto a wave-
guide.

23. The method of claim 19 wherein generating the
three-dimensional cluster state comprises creating with a
quantum emitter a propagating photon or phonon in a
waveguide, routing the photon or phonon through a delay
line, and scattering the propagating photon or phonon
against the quantum emitter.

24. The method of claim 19 wherein generating the
three-dimensional cluster state comprises applying to a
quantum emitter a sequence of resonant r pulses to induce
transitions between internal states of the quantum emaitter,
where some of the states are stable and some are radiative.
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25. The method of claim 19 further comprising perform-
ing measurements of a quantum emitter state via quantum
non-demolition measurements.
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