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A method 1s disclosed for providing an optimal topology for
a structure based on a set of design criteria including at least

one support point and at least one force to be applied to the
structure. The method includes the steps of i1dentilying a
plurality of nodes within a structure design domain, and
assigning an 1nitial density value to the plurality of nodes. The
method also 1includes the steps of conducting a finite element
analysis on the nodes, determining a stress intensity value for
cach node, ranking the nodes by relative stress itensity val-
ues, and adjusting the density value for each node. The
method also includes the step of repeating the steps of con-
ducting a finite element analysis on the nodes, determining
the stress intensity value for each node, ranking the nodes by
relative stress intensity values, and adjusting the density value
for each node until a termination criternia 1s realized, thereby
providing an optimal topology.
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Problem definition:

Select design domain
Define support locations and types
Define applied loading
Specify volume of optimal structure
Specify desired number of 1terations, ing

202

Develop a finite element model of the design domain by
discretizing the region irito a finite number of elements 04
and nodes and imposing load and support conditions

consistent with the problem defimition

For first finite element 1teration (i=1), distribute mass
uniformly throughout the design domain by assigning
relative nodal density,

pum Vf/VB

200

to each of the nodes in the finite element model

Perform a fimite element analysis using an elastic modulus |—-208
that depends on relative density through the relation

E=L,p 216

The results of the fimte element analysis include stress,
strain and strain energy felds Optional step — at each

node, », adjust nodal
density for stability

Sort the nodes according to stress, strain or strain energy

210

Using nodal ranking based on stress, strain or sirain
energy, reassign nodal densities according to prescribed 519
family of statistical distribution function that gradually

transition from a nnimodal distribution, where all nodes
have the same relative density, to bimodal, where nodes

are erther fully dense (p=1) or void ( =0min, Where (Omin
<<1)

218 End
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SYSTEM AND METHOD FOR FINITE
ELEMENT BASED ON TOPOLOGY
OPTIMIZATION

PRIORITY INFORMAITTON

[0001] This application i1s a continuation of International
Patent Application No. PCT/US2006/62302, filed on Dec. 19,
2006 and claims prionity to U.S. Provisional Patent Applica-
tion 60/751,500, filed on Dec. 19, 2005, all of which are

incorporated herein by reference 1n their entirety.

GOVERNMENT SPONSORSHIP

[0002] This invention was sponsored by the National Sci-
ence Foundation under Project Numbers R032532 and
DMI0200058. The United States Government has certain

rights to this invention.

BACKGROUND

[0003] The present invention relates generally to design
optimization methodologies, and relates 1 particular to
design methodologies for developing designs of structures to
support a mass with a minimum amount of material.

[0004] The design of mimmal material (and therefore light-
weilght) structures 1s a subject of central importance 1n the
development of a very wide range of products from fighter
aircrait to wheel chairs. The design of absolute minimum
weilght structures requires the identification of an optimal
topology of the structural members. For a limited number of
loading configurations, analytic methods have been applied
to 1dentity optimal topologies. For more general loading con-
figurations however, the optimal topology cannot be deter-
mined analytically and numerical procedures become neces-
sary. In recent years, researchers have developed topology
optimization schemes that utilize finite element analyses
(FEA) to evaluate candidate topologies. Through iterative
finite element analyses, these schemes have been shown to
converge to known optimal topologies. Various commercially
available computer software programs exist for performing
FEA.

[0005] In particular, the homogenization method has been
proposed for generating optimal topologies based on minimi-
zation of structural compliance for a given design volume.
Homogenization methods include the classic homogeniza-
tion methods, artificial material models or Solid Isotropic
Material Penalization (SIMP) methods. In an alternate
approach, referred to as Evolutionary Structural Optimiza-
tion (ESQO), inellicient material in the design domain 1s
removed 1teratively. The ESO scheme 1s a relatively simple
algorithm that may be readily implemented in commercial
finite element software. Studies have revealed however, that
while the ESO method does provide reasonable results in
some simple test cases, in more complicated problems 1t has
been shown to fail to provide the optimal topology. The
homogenization method 1s more sophisticated than the ESO
but, due to the use of a unique varnational principal and the
addition of specialized constraint equations, 1t 1s not amenible
to being incorporated in standard finite element software.
Topology optimization methods incorporating features of
both these methods are called hybrid methods.

[0006] In the topology optimization methods described
above, the optimal topologies are generated based on design
variables computed over an element, which leads to numeri-
cal instabilities such as checkerboarding and mesh depen-
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dency, and node based approaches have been proposed to
address this where material density distribution 1s defined as
a nodal variable. The tedious computations involved 1n deter-
mination of effective Young’s modulus and the need for cus-
tomized finite element codes, pose significant limitations to
homogenization methods. Evolutionary optimization meth-
ods, where least stressed elements were removed succes-
stvely from the design domain, have gained popularity as
these methods are simpler to implement and have been shown
to generate good topologies utilizing standard finite element
codes. Other conventional techniques include a constant
weight fully stressed (CFS) method 1n which the total volume
of material 1s held constant. An advantage of this method 1s
that the density levels of elements are allowed to increase or
decrease. Such methods, however, are also not immune to
numerical instabilities and other limitations.

[0007] There 1s a need, therefore, for a more flexible, effi-
cient and economical methodology for performing topology
optimization analyses of structures.

SUMMARY

[0008] The mvention provides a method for providing an
optimal topology for a structure based on a set of design
criteria including at least one support point and at least one
force to be applied to the structure. The method includes the
steps of 1dentifying a plurality of nodes within a structure
design domain, and assigning an imtial density value to the
plurality of nodes. The method also includes the steps of
conducting a finite element analysis on the nodes, determin-
ing a stress intensity value for each node, ranking the nodes by
relative stress intensity values, and adjusting the density value
for each node. The method also includes the step of repeating
the steps of conducting a finite element analysis on the nodes,
determining the stress intensity value for each node, ranking
the nodes by relative stress intensity values, and adjusting the
density value for each node until a termination criteria 1s
realized, thereby providing an optimal topology. In accor-
dance with an embodiment, the density values of the nodes
are reduced based on the ranking of the nodes, and 1n accor-
dance with further embodiments, the density values of the
nodes are adjusted based on the ranking of the nodes and
based on a set of known density distributions.

BRIEF DESCRIPTION OF THE DRAWINGS

[0009] The following description may be further under-
stood with reference to the accompanying drawings in which:

[0010] FIG. 1 shows an illustrative view of the process
steps 1n a topology optimization method 1n accordance with
an embodiment of the invention;

[0011] FIG. 2 shows an illustrative diagrammatic view of a
design domain of a system to be optimized 1n accordance with
an embodiment of the invention:

[0012] FIG. 3 shows an illustrative diagrammatic view of a
minimum weight topology of the domain shown 1n FIG. 2 1n
accordance with an embodiment of the 1nvention;

[0013] FIG. 4 shows an illustrative diagrammatic view of
near optimal topology of the domain shown in FIG. 2 1n
accordance with an embodiment of the invention;

[0014] FIG. 5 shows an optimization history for a conven-
tional finite element analysis for different numbers of 1tera-
tions;
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[0015] FIG. 6 shows an optimization history for an evolu-
tionary structural optimization in accordance with an
embodiment of the invention for a finite number of iterations;

[0016] FIG. 7 shows an illustrative diagrammatic view of
another design domain of a system to be optimized 1n accor-
dance with an embodiment of the invention;

[0017] FIG. 8 shows an illustrative diagrammatic view of a
mimmum weight topology of the domain shown 1n FIG. 7 in
accordance with an embodiment of the invention;

[0018] FIG. 9 shows an illustrative diagrammatic view of
the analytically optimal topology of the domain shown in
FI1G. 7 in accordance with an embodiment of the invention;

[0019] FIG. 10 shows an illustrative diagrammatic view of
another design domain of a system to be optimized 1n accor-
dance with an embodiment of the invention;

[0020] FIG. 11 shows an illustrative diagrammatic view of
a minimum weight topology of the domain shown 1n FIG. 10
in accordance with an embodiment of the invention;

[0021] FIG. 12 shows an illustrative diagrammatic view of
the analytically optimal topology of the domain shown in
FIG. 10 1n accordance with an embodiment of the invention;

[0022] FIG. 13 shows an illustrative diagrammatic view of
another design domain of a system to be optimized in accor-
dance with an embodiment of the invention;

[0023] FIG. 14 shows an illustrative diagrammatic view of
a minimum weight topology of the domain shown 1n FIG. 13
in accordance with an embodiment of the invention;

[0024] FIG. 15 shows an illustrative diagrammatic view of
the analytically optimal topology of the domain shown in
FIG. 13 1n accordance with an embodiment of the invention;

[0025] FIG. 16 shows an illustrative diagrammatic view of
another design domain of a system to be optimized 1n accor-
dance with an embodiment of the invention;

[0026] FIG. 17 shows an illustrative diagrammatic view of
a minimum weight topology of the domain shown 1n FIG. 16
in accordance with an embodiment of the invention;

[0027] FIG. 18 shows an illustrative diagrammatic view of
the analytically optimal topology of the domain shown in
FIG. 16 1n accordance with an embodiment of the invention;

[0028] FIG. 19 shows an illustrative view of the process
steps 1n a topology optimization method 1n accordance with a
further embodiment of the invention:

[0029] FIG. 20 shows an illustrative graphical representa-
tion of a transition process from initial to final probability
distribution 1n a system 1n accordance with an embodiment of
the invention;

[0030] FIG. 21 shows an 1illustrative graphical representa-
tion of a transition process from mnitial to final cumulative
probability distribution 1n a system in accordance with an
embodiment of the invention;

[0031] FIG. 22 shows an alternative 1llustrative graphical
representation of a transition process from initial to final
probability distribution 1n a system in accordance with an
embodiment of the invention;

[0032] FIG. 23 shows an alternative illustrative graphical
representation ol a transition process from imtial to final

cumulative probability distribution 1n a system 1n accordance
with an embodiment of the invention;

[0033] FIG. 24 shows an illustrative diagrammatic view of
a minimum weight topology of a domain as shown 1n FIG. 2
for a dual strength material 1n accordance with an embodi-
ment of the invention:
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[0034] FIG. 25 shows an illustrative diagrammatic view of
the analytically optimal topology of the domain shown in
FIG. 2 for a dual strength material 1n accordance with an
embodiment of the invention;

[0035] FIG. 26 shows an illustrative diagrammatic view of
a minimum weight topology of a domain similar to that
shown 1n FIG. 13 for a dual strength material in accordance
with an embodiment of the invention;

[0036] FIG. 27 shows an illustrative diagrammatic view of
the analytically optimal topology of a domain similar to that
shown 1n FIG. 13 for a dual strength material in accordance
with an embodiment of the invention;

[0037] FIG. 28 shows an illustrative diagrammatic view of
a test case expected topology for a methodology of the inven-
tion for use on a three-dimensional structure;

[0038] FIG. 29 shows an illustrative diagrammatic view of
a predicted topology using an adaptive topology optimization
program in accordance with an embodiment of the invention.
[0039] FIG. 30 shows illustrative diagrammatic views of
classifications used 1n the generation of top and bottom tri-
angulated surfaces 1n accordance with an embodiment of the
imnvention;

[0040] FIG. 31 shows illustrative diagrammatic views of
classifications used 1n the generation of lateral triangulated
surfaces 1n accordance with an embodiment of the invention;
[0041] FIG. 32 shows an illustrative diagrammatic view of
a minimum weight topology of the domain shown 1n FIG. 16
for use as mput to the geometry extraction algorithm 1n accor-
dance with an embodiment of the invention; and

[0042] FIG. 33 shows an illustrative diagrammatic view of
a stereolithography (STL ) model generated from the image 1n
FIG. 32 1n accordance with an embodiment of the invention.

[0043] The drawings are for illustrative purposes only.
DETAILED DESCRIPTION OF THE
ILLUSTRATED EMBODIMENTS
[0044] The invention provides topology optimization algo-

rithms that may be implemented as supplemental or front end
routines to standard commercial programs, allowing the
designer to use finite element codes that are familiar, efficient,
and currently available from many different sources. In an
example, a methodolgy of the invention may be implemented
with the finite element analysis program, Abaqus, sold by
Abaqus, Inc. of Providence, R.1., through the use of a set of
FORTRAN programming language user subroutines. With
this implantation, a designer familiar with using Abaqus may
casily perform topology optimization without the need for
acquiring and learning new software. It 1s expected that this
scheme may also be easily implemented 1in other popular
finite element software.

[0045] The adaptive topology optimization schemes of the
invention provide robust topology optimization tools for use
in 1identiiying optimal, minimum weight designs of frame-
like structures. In methodologies of the invention, a user that
1s already proficient 1n using a particular commerical program
will have little difficulty 1n performing optimization studies.
The optimization method may be applied to address optimi-
zation problems that have not been previously studied with
other finite element based optimization procedures. The opti-
mization method may be applied to consider the case of
dual-matenal-property structures in which tensile members
may be constructed using a different material than the com-
pression members. Alternatively, the method may be applied
for cases where a material whose tensile properties are dii-
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ferent than the compressive properties. Preliminary studies
have shown that the optimization method may effectively
identily optimal topologies for dual-material-property struc-
tures. Also, the method may be applied for structures that
experience multiple alternative load configurations.

[0046] Methodologies of the invention may further be
employed for topology optimization even when different
structural member types have different material properties.
This expands the application of the methods to the latest
generation of continuous carbon fiber reinforced plastic and
ceramic fiber reinforced metal alloy structures. Other gener-
alizations of the procedures include extension to three dimen-

s10ns, optimization of multiply loaded structures, and extrac-
tion of precise geometry for component manufacture.

[0047] In various embodiments, the mvention provides a
node based evolutionary procedure that 1s immune to numerti-
cal instabilities, 1s easy to implement, and incorporates some
attributes of homogenization procedures while retaining
computational stmplicity. Optimal topologies may be gener-
ated by a material enhancement and reduction algorithm. In a
procedure of the invention, nodal densities are gradually
adjusted based on nodal stress, strain or strain energy levels
determined through iterative finite element analyses. The pro-
cedure 1s continued until the discussed volume 1s achieved.

[0048] Many finite element based topology optimization
methods treat design variables such as material density,
stress, etc. as an element variable. Such methods are referred
to as element based methods. Element based methods esti-
mate design variables such as density, stress, strain, strain
energy density, etc. by averaging at the element centroid or at
(Gauss points. Such treatments do not guarantee inter-clement
continuity and may result 1n a structure that has elements with
alternating high and low density areas referred to as checker-
boarding.

[0049] The present invention provides a node based
approach in accordance with an embodiment of the invention
in which material density 1s specified at nodes. In a node
based approach, design variables are defined as nodal vari-
ables and are interpolated within each element. This ensures
inter-element continuity and as a result, prevents numerical
instabilities. In order to update nodal density values, stress
intensities (such as nodal stresses, strains or strain energies)
are computed by extrapolation of integration point stresses to
the nodes and averaging stress components from adjacent
clements. This stress averaging approach 1s commonly used
in finite element post processing of stresses. Material prop-
erties required at element Gauss points are computed using
appropriate mterpolation functions.

[0050] Withreference to FIG. 1, an optimization algorithm
used 1 an embodiment of the invention mvolves the follow-
ing steps. The process begins (step 100) and a finite element
model of a design domain 1s generated with prescribed load-
ing and boundary conditions (step 102). The material density
at all nodes 1s then defined as a field variable, and each node
1s assigned an 1mitial density value of unity (step 104). Dis-
placement finite element analysis 1s then conducted (step
106), wherein at maternial integration points the effective
modulus 1s computed according to the relationship that
E=E_p where E 1s the effective modulus, E_, initial modulus
and p 1s the material density. The principle stress values o,
and o, are then computed and averaged at each node (step
108), and the strain energy density values are then averaged at
cach node as
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S S 2, Y
U’ = E,(U'l +073) — E(Ulﬂ-z)

[0051] A penalization percentage {3 1s then defined (step
110). This parameter represents the fraction of nodes whose
density 1s to be incrementally reduced. The number of nodes
to be penalized 1n the current iteration 1s defined as

[0052] N,/=fN,,,,, for the first iteration
[0053] N,.=N_.""+(N . -N, "B for subsequent itera-
tions.

where N, is the number of nodes to be penalized in the
current iteration, N, _ . 1s the total number of nodes in the
finite element model, and N,,’~*, the number of nodes penal-
1zed 1n the previous iteration. The nodal strain energy values
are then sorted in the order of increasing magnitude as U/’
The limiting value of strain energy U, __ 1s then chosen (step
112) as the strain energy of the N, ‘'th node in the sorted list,
and all nodes with U'<U,__ are identified as nodes to be
penalized. The nodal density of the nodes identified for penal-
1zation 1s then updated (step 114) according to prrp=(P—Q)
and the density value 1s increased for each of the remaining
nodes according to P —(P,+¢). To maintain density values
within the range 10 *<p<1, nodal densities are adjusted
according to the relationship:

[0054] il prrp=10"% set ppp,=107"

[0055] 1l prrp=1, set parn—1

where p ;- 15 the new density value for the next iteration.
[0056] The finite element analysis 1s then repeated (step
116) using the new nodal density distribution, and 1f a termi-
nation criteria 1s satisiied (step 118) then the program ends
(step 120), otherwise the program returns to step 108 above.
[0057] To demonstrate the performance of this topology
optimization algorithm four structural topologies are gener-
ated and are compared against known solutions. For the first
test case a topology 1s also generated using a conventional
scheme to demonstrate the improved computational effort
and effectiveness of a methodology of the invention in 1den-
tifying an optimal solution.

[0058] FIG. 2 shows the design domain and boundary con-
ditions for loading of a cantilever beam. The points of support
of the mitial volume 10 (of 20 mm by 14.14 mm) are shown
at 12 and 14, and the applied force 1s shown at 16. FIG. 3
shows at 20 the analytic optimal topology for this problem
that provides the minimum weight. The topology shown at 22
in FIG. 4 1s shightly heavier (less than 1%) than the topology
shown 1n FI1G. 2 but 1s near optimal for strength. For the finite
clement based scheme, the domain was discretized using
7100 bilinear quadrlateral elements. The optimization pro-
cedure seeks uniform strain energy in the domain, with vol-
ume reduction as the termination criteria. The topology cor-
responding to 54% volume reduction 1s shown in FIG. 5. In
particular, the topology following ten iterations 1s shown at
30, twenty iterations 1s shown at 32, thirty five iterations 1s
shown at 34, forty five iterations 1s shown at 36, and fifty
iterations 1s shown at 38. It 1s clear that in less than fifty finite
clement 1terations, the optimal topology 1s 1dentified.

[0059] These results compared with a typical element
based material removal scheme for the same design using
ESO procedures as shown 1n FIG. 6 where the topology after
one hundred iterations 1s shown at 40, two hundred iterations
1s shown at 42, four hundred 1iterations 1s shown at 44, six

hundred iterations 1s shown at 46 and eight hundred eighty
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five 1terations 1s shown at 48. It may be seen 1n FIG. 6 that
despite requiring many more finite element iterations, the
ESO method fails to 1dentity the optimal topology and con-
vergence to the near optimal solution shown 1n FIG. 5.

[0060] As shown in FIG. 7, a volume 50 (of 160 m by 100
m) 1s supported by supports 52 and 54, and 1s subjected to a
load force as shown at 56. The design domain of FI1G. 7 results
in a centerfan design 1n accordance with an embodiment of

the invention. Using a volume reduction of 71% and a design
domain modeled using 12000 bilinear quadrilateral elements,
the desired volume reduction 1s achieved 1n 150 1terations
corresponding to volume reduction of 71%. The resulting
structural topology 1s shown at 60 1n FIG. 8 and agrees with
the analytic result shown at 62 1n FIG. 9.

[0061] Asshownin FIG. 10, a volume 70 (o 100 m by 100
m) may be supported as shown at 72 and 74, and subjected to
a load force as shown at 76. Using a target volume reduction
ol 83% and a design domain modeled using 19200 bilinear
quadrilateral elements the desired volume reduction was
achieved 1n 85 1terations. As 1n the previous example, the
numerically generated topology as shown at 78 in FIG. 11
agrees with the analytic result as shown at 80 1n FIG. 80.

[0062] AsshowninFIG. 13, avolume 84 (of 300 m by 300
m) may be supported as shown at 86 and 88, and subjected to
a load as shown at 90. The height to span ratio may be, for
example, 2.5. Using a target volume of 32% of the iitial
domain volume, the topology shown at92 1s shown in FI1G. 14
was achieved in 130 1terations using 14400 elements. FI1G. 15
shows at 94 the analytic minimum-weight topology for this
design domain.

[0063] As shown in FIG. 16, the domain with boundary
conditions and loading provides a volume 130 (of 25 mm by
100 mm) that may be supported as shown at 132 and 134, and
subjected to a load as shown at 136. The beam has a width to
depth ratio of 4.8. The domain was modeled using 21000
quadratic bilinear elements. For this test case optimization
procedure was terminated when a volume reduction of 36%
was achieved. The resulting topology 1s shown at 140 1n FIG.
17. Analytic minimum-weight topology corresponding to this
test case 1s shown at 142 in FIG. 18.

[0064] In accordance with an embodiment therefore, the
invention provides a node based structural topology optimi-
zation scheme. The illustrative examples demonstrate the
ability of the proposed scheme to generate optimal topologies
and are shown to be immune to numerical instabilities such as
checkerboarding. The topologies generated using the current
scheme were 1n very good agreement with minimum-weight
topologies generated using analytic optimality criteria meth-
ods.

[0065] The performance of the new scheme was explored
through several numerical examples. It 1s noted that the
desired volume reduction was achieved 1n all cases with
50-150 finite element runs. From the test case of FIGS. 2-4, a
significant reduction in computational effort as compared to
the ESO method 1s evident. It was observed that with recom-
mended parameters for the ESO scheme, the number of finite
clement analysis required to achieve a prescribed volume
reduction 1s significantly higher than that of the new scheme.
From FIGS. 5 and 6, 1t 1s clear that the topologies generated
by ESO and current scheme may be different. For this case,
the ESO method generated the near optimal solution (FI1G. 4)
while the current scheme successtully identified the optimal

layout (FIG. 3).
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[0066] The evolutionary algorithm of certain embodiments
of the invention 1s guided by two user defined parameters, o
and p. Through parametric studies 1t was noted that with
values 0.1 and 0.01 for o and [3, respectively successtully
produced optimal topologies. The parameter o controls the
degree of penalization applied to each node. It has been
observed that a value of o above 0.40 causes rapid volume
reduction. Rapid reduction in volume may result 1t large
stress, strain and strain energy density variations, which can
lead to non-optimal topologies and can cause slender mem-
bers to disappear from the domain leading to near optimal
solutions. Obtaining an approximate form of the optimal
structural topology using higher values of o and p however,
may vield some insights to the designer with very few number
of finite element analysis.

[0067] From the above examples 1t may be concluded that
the proposed scheme 1s immune to phenomena such as
checker boarding and 1slanding 1n certain embodiments. It
was observed however, that the proposed scheme 1s sensitive
to relative sizes of structural members 1n optimal solutions.
Mesh sensitivity analysis reveals that a very coarse mesh can
cause slender structural members 1n optimal solutions to dis-
appear, leading to near optimal solutions. It should be noted
however, that the 1n such cases the difference 1n the material
volume between optimal and near optimal solutions 1s negli-
gible. The novel scheme with high mesh resolutions is
capable of 1dentifying minimum-weight structures as can be
seen Irom the test cases. The topologies of structural mem-
bers are identified from maternial density contours varying
from 1 to 10~*. From the density contours it is evident that
proposed scheme drives the design domain to fully dense
material and voids, but 1t may be noted from the density
contours the presence of intermediate density contours at the
edges of fully dense structural members. This 1s an outcome
ol the progressive material penalization scheme used here and
presents no difficulty in the interpretation of the topologies
generated.

[0068] Forthe above examples, the termination criteria was
the prescribed volume reduction, but the current scheme may
be easily extended to handle other constraints such as pre-
scribed deflections, compliance, stress levels, multiple load-
ing cases, etc. The presence of optimality criteria along with
perimeter controls can make the proposed scheme robust,
capable of 1dentifying global optimal solutions.

[0069] In accordance with another embodiment, the 1nven-
tion provides a further topology optimization methodology
that mnvolves continuous material redistribution and 1s based
on sorted nodal stress, strain or strain energies. In such a
topology optimization procedure and with reference to FIG.
19, the process begins (step 200) and the first step (step 202)
1s to define the problem. The problem definition includes
specification of the two or three dimensional space that 1s
available for the structure. In particular, the design domain,
support locations and types, applied loading, volume of opti-
mal structure, and desired number of iterations 1, __ are all

defined.

[0070] For cases with infinite or semi-infinite design
domains, a finite size region that extends well beyond the
expected topology 1s specified. The location and type of sup-
port conditions must also be specified, as well as the location,
direction and magnitudes of any applied mechanical loads
that the structure must support. Finally, the problem defini-
tion must specity the desired final volume, or mass, of the
optimal structure.
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[0071] A fimte element model of the design domain 1is
developed (step 204) consistent with the problem definition
parameters (design domain) by discretizing the region into a
finite number of elements and nodes and 1imposing load and
support conditions. The domain 1s typically, though not nec-
essarily, discretized into an array of regular shaped elements.
Load and support conditions consistent with the problem
definition are applied to the model.

[0072] The desired final mass of the structure 1s specified at
the beginning of the analysis and 1s held fixed through the
course of the numerical 1terations. This material mass 1s 1ni-
tially distributed uniformly throughout the design domain
resulting 1n a umiform, partially-dense maternal. For first finite
clement 1teration (1=1), distribute mass uniformly throughout
the design domain by assigning (step 206) to each node 1n the
finite element model a relative nodal density of:

P = V_.f/ Vo

where V ; 1s the final structural volume and V, 1s the volume
of the partially-dense design domain. Since all of the nodes
are mnitially assigned this relative density, the distribution of
material densities may be described by the probabaility distri-
bution function, §,, given by

§o(p)=0(p—po)

where 0 1s the Dirac delta function and p 1s the relative
material density (0=p=1). The corresponding cumulative
distribution function, F_, 1s given by

F,(p)=H(p—po)

where H 1s the Heaviside step function.

[0073] A finite element analysis 1s then performed (step
208) using an elastic modulus that depends on relative density
through the relation

E=E.p

[0074] The results of the finite element analysis 1nclude
stress, strain and strain energy fields.

[0075] The nodes are then sorted (step 210) according to
stress, strain or strain energy. The nodes are then ranked (step
212) based on stress, strain or strain energy, and nodal den-
sities are assigned according to a prescribed family of statis-
tical distribution functions that gradually transition from a
unimodal distribution, where all nodes have the same relative
density, to bimodal, where nodes are either fully dense (p=1)
or void (p=p,,, . where p, . <<1). The process then repeats
steps 208-212 until 1=1,__ (step 214), whereupon the process
ends (step 218). The process may also optionally include a
step of adjusting (step 216) nodal density for stability as
discussed in more detail below.

[0076] The desired final material distribution 1s character-
ized by distinct regions of fully dense material (p=1) and
regions that have zero relative density. The geometry of the
tully dense regions represent the optimized structural topol-
ogy. For the finite element calculations, a material density of
zero would result 1n zero material stiffness and a singular
global stifiness matrix. For these calculations, these regions
are assigned a very small relative density, p . <<1. The
resulting final material distribution can be described by the
probability distribution function, f., given by

J#(P)=(1=Po)O(P=Prin +PO(P-1)
and the corresponding final cumulative distribution 1s given
by

F(p)=(1=po ) H(p—Prmin P A(p-1)
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Note that for both the 1nitial and final material distributions,
the specified material mass 1s maintained.

[0077] For intermediate iterations, families of probability
and cumulative probability distribution functions can be
established which provide a smooth transition from the mitial
distribution for § _(p) and F _(p) above to the final distributions
for f(p) and Fq(p). FIGS. 20 and 21 illustrate the gradual
transition from the 1nitial to the final probability and cumu-
lative probability distributions respectively. Conditions for
the probability distribution function are that all material
points have densities between zero and one, leading to the
requirement

1
f flpydp =1
()

The requirement that the total mass of material be held con-
stant 1s satisfied by the condition that the average density
remain constant according to

1
fﬂ pfp)dp = po

Finally, a scheme 1s required to incrementally transition from
the 1nitial to the final material distribution.

[0078] One example of a family of distribution functions 1s
given by the uniform distribution. For this family of distribu-
tion functions, FIG. 20 shows at 146 the transition from 1nitial
to final probability distributions, and FIG. 21 shows at 148 the
transition from initial to final cumulative probability distri-
bution.

[0079] Another example of a family of distribution func-
tions 1s given by the beta distribution

P -y
B(r, s)

fp)=Bp, rs)=

where r and s are adjustable parameters and

where I 1s the gamma function. The corresponding cumula-
tive distribution function, also known as the incomplete beta

function, 1s given by

1 0
F(p) = Binclp, 1, 8) = B 5) fﬂ )1 -p'rtdp

This choice of material distribution functions satisfies this for
any combination of parameters r and s. It can be shown that
the requirement for constant average density p_ 1s satisfied 1t

(7]
S = ¥
Fo
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To provide a smooth transition from the initial to the final
material distribution, the following scheme can be imposed.
A non-dimensional time parameter, t, 1s defined such that t=0
corresponds to the initial material distribution and t=1 corre-
sponds to the final matenial distribution. To provide a smooth
transition from the initial unimodal distribution where all
material points are assigned the initial density to the final
bimodal distribution where all maternial points are fully dense
or have essentially zero density, an appropriate function r(t)

must be specified. This 1s achieved by determining r(t),
0=t=1, such that

1
f |}85m:(p;a F(I), 5) - Ff(pf)lfﬂﬁ; — 2(1 - r)ﬁﬂ(l _)GD)
0

where I, 1s the final bimodal cumulative distribution. The
function r(t) can be determined numerically during the finite
clement 1terations numerically using standard root finding
and numerical integration algorithms. Alternatively, the func-
tion r(t, p_) can be prescribed analytically or established a
prior1 with values stored 1n a lookup table; for example, using,
a Fortran DATA statement. During the finite element itera-
tions, a bicubic mterpolation algorithm 1s typically used to
determine the desired values of r(t, p_). With this scheme, for
the family of distribution functions described by the beta
distribution, FIG. 22 shows at 150 the transition from 1nitial to
final probability distributions, and FIG. 23 shows at 152 the
transition from initial to final cumulative probability distri-
bution.

[0080] At each finite element 1teration, the desired r(t) 1s
used to assign nodal densities according to the current density
distribution function. The nodal density assignment 1s per-
formed based on the sorted nodal stresses, strains or strain
energies computed from the previous iteration. Nodes with
relatively low stress, strain or strain energy are assigned
reduced nodal densities and nodes with relatively high stress,
strain or strain energy are assigned increased nodal densities.
Through direct assignment of nodal densities, the desired
progression of density distributions is enforced. In computing,
the element stifiness matrices, the nodal density field 1s inter-
polated to give the Young’s modulus, E, at each Gauss point
according to the relation

E:Eﬂ?p

where E ; 1s the fully dense Young’s modulus. Since the den-
sity of each node 1s reassigned at each finite element iteration,
convergence to the final topology can be achieved in rela-
tively few finite element 1terations.

[0081] In the material redistribution scheme described
above, nodal densities are assigned based on global nodal
strain energy distributions with no consideration of the pre-
vious density history of a given node. As a result, if too few
iterations are performed, numerical instabilities can occur. To
avold such 1nstabilities, a scheme similar to the Euler method
for the numerical solution of first order ordinary differential
equations 1s used (step 216). In this scheme, the density at
node n at iteration 1+1 1s computed using

Piv1 =P +AP”

where Ap” 1s computed from the gradient of p” at 1teration 1.
This gradient 1s estimated by fitting a quadratic interpolation
through the points p”,_,, p”,and o’ ,, , where p”" ,_ , is the new
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nodal density obtained from the strain energy sorting algo-
rithm discussed above. The resulting nodal densities are
updated according to

ﬁ?ﬂ — ﬁ?—l
2

ﬁirl =ﬁ? +

[0082] Through this scheme, stable convergence to the final
topology can be achieved with relatively few iterations. The
topology optimization scheme based on nodal strain energy
sorting has been implemented using the commercial finite
clement code, Abaqus. It 1s expected that the above process
should require fewer required iterations. Several different
families of intermediate density distributions have been
evaluated and have been shown to perform effectively. Fami-
lies of intermediate density distributions that reliably predict
optimal topologies may be identified for certain applications.
Once an appropriate family of Tunctions is 1dentified, numer-
ous two and three dimensional test cases may be evaluated to
validate the robustness of the methodology.

[0083] Inaccordance with a further embodiment, the inven-
tion provides a methodology for dual strength or dual stifi-
ness (dual property) matenials. In this scheme, a fictitious
modulus field 1s introduced such that the optimality critenia
for dual property materials are satisfied. The design domain 1s
initially taken to be fully dense. Through iterative finite ele-
ment analyses, nodal densities are progressively adjusted
based on current nodal strain energy levels. After each 1tera-
tion, a new modulus field 1s established and the process 1s
repeated, until the domain satisfies optimality criteria for
minimum-weight or a prescribed volume reduction 1s
achieved. Illustrative examples are presented in which the
material domain converges to discrete structural members
that are either in the state of pure tension or compression and
are stressed to the tensile and compressive strengths, respec-
tively. The resulting structural topologies satisty optimality
criteria for dual strength minimum-weight topologies.

[0084] For example, optimality criteria for generating
minimum-volume topologies for dual strength materials
require that tensile and compressive members follow the
directions of maximum and minimum strain (€., € ) respec-
tively 1n a virtual strain field which 1s compatible with the
support constraints and which satisfies

Or€r~Ockc

where, 0, € ~are the tensile strength, tensile strain and, 6, €~
are the compressive stress and strain respectively.

[0085] Introducing a fictitious modulus for members 1n
compression and tension, this requirement reduces to

o o%
Er E¢

with E, E,. being modulus 1n tension and compression
respectively.

If 1t 1s assumed that the tensile strength 1s related to compres-
stve strength as

GT:I]‘UC

combining the preceding equations provides the relation
between the fictitious moduli as
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[0086] It may be inferred that once the design domain 1s
reduced to regions of uniaxial tension and compression with
stress levels reaching the respective strength limits, the result-
ing structural configuration will correspond to the minimum-
volume topology. Initially the domain 1s assumed to be fully
dense. Convergence to the optimal solution requires that
regions 1n the state of uniaxial tension should take the modu-
lus value of E . and regions 1n the state of uniaxial compres-
s10n take on a modulus value of E .. During the course of the
finite element 1terations, certain regions experience a biaxial
stress state. In these regions, appropriate imntermediate modu-
lus values must be assigned. A procedure for determining an
appropriate modulus value for regions of biaxial stressing 1s
described below.

[0087] Leto, and o, denote the principal stresses averaged
at a given node with o,>0,. If 0,>0,>0, the node 1s predomi-
nantly tensile and 1s assigned a modulus, E,. Similarly
0>0,>0,, the node 1s taken to be 1n a compressive state and 1s
assigned a modulus, E . For nodes where o,>0>0,, an etlec-
tive strain energy 1s defined as

Uj Uj VrV
U=+ 2 - | — (007)
2Er  2Fc ErEe

This strain energy density 1s used to define the following
elfective modulus for regions in a state of biaxial tension/
compression

Eg==(01+03) - (1072)

2U

V VTV
U

With this formulation, the fictitious modulus varies continu-
ously as the state of stress 1n a given node varies in the course
of finite element 1terations. Converged topologies consist of
tensile and compressive members where the tensile members
have a modulus of E, and compressive members have a
modulus E .. Regions of biaxial stress state essentially disap-
pear during the course of the iteration. The continuous ficti-
tious modulus and density fields associated with the node
based approach are shown to provide optimal topologies with
no numerical instabilities. The above scheme can readily be
extended to three dimensions.

[0088] The optimization algorithm used for the present
embodiment 1s the process discussed above with reference to
FIG. 1 except that 1n step 106, p 1s the density at any given
iteration with E_. and E - being the modulus 1n tension and
compression respectively, and that step 108 further includes
establishing a fictitious modulus based on optimality criteria
trom the equation above for E_; The process repeats as in
FIG. 1 until convergence criteria are met.

[0089] The optimization procedure was implemented using
a MATLAB code which generates input file data for a finite
clement analysis code ABAQUS system based on the above
mentioned optimization algorithm. After each finite element
iteration, stress values were extracted from output files by the
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MATLAB code. Based on nodal stresses strain energy values
were computed and material density values are updated. Opti-
mal structural topologies are generated for two cantilever
designs using the current scheme. The material considered for
both test cases are taken to be dual strength with the ratio of
tensile strength to compressive strength being three (n=3).
Topologies generated using current scheme are compared
against analytical layouts generated using matrix operator
methods. The optimization procedure was terminated when
prescribed volume reduction was achieved. The solutions
obtained were optimal as the design domain was driven by
optimality criteria and the design domain reduces to regions
of pure tension and compression with respective fictitious
modulus.

[0090] The first example for this embodiment considered
involved a cantilever loading with dimensions, loading and
boundary conditions as shown 1n FI1G. 2. The structural topol-
ogy corresponding to a 60% volume reduction 1s shown 1n
FIG. 5 (after 50 iterations) for the case of material having the
same strength 1n tension and compression. For the case of
dual strength material with n=3, the optimal topology 1is
shown at 160 in FIG. 24. The theoretical layout 1s shown at
162 1n FI1G. 25. Comparing these numerical results with theo-
retical layouts for these cases reveals excellent agreement.

[0091] In another dual strength cantilever example, a vol-
ume was considered with a span to height ratio of 2.5. The
design parameters were similar to those shown in FIG. 13
with the distance between supports (86 and 88) being 100 m,
and the distance between the applied force (90) and a line
connecting the supports 1s 250 m. Using a volume reduction
of 68% vields topologies similar to that shown 1n FIG. 14 for
the case of single strength material, but yields a topology as
shown at 164 1n FIG. 26 for the case of dual strength materi-
als. Comparing these results to the theoretical layouts to this
case as shown at 166 1n FIG. 27 reveals excellent agreement.

[0092] Themethodology of the present embodiment, there-
fore, may be developed for structures composed of members
having different properties in tension and compression. The
optimization procedure proposed here 1s readily imple-
mented. By specifying n=1, optimal structural topologies
may be generated, which permaits the proposed scheme to be
generally applied. It has been observed that optimization of
material having different strength 1n tension and compression
increased computational time compared to the material hav-
ing same strength in tension and compression. This 1s
explained by the fact that establishing the fictitious modulus
field requires more equilibrium 1iterations.

[0093] One significant advantage of the proposed scheme
over other finite element based topology optimization algo-
rithms 1s that the parameters that control the optimization
procedure are limited to two. The default values of the two
parameters o and {3 used for the illustrative examples were
¢=0.10 and p=0.0 1. Through multiple optimization runs it
was observed that higher values of these parameters cause
large density varnation in a given step, which 1n turn may
cause significant variation in strain energy levels. Large varia-
tions in strain energy densities can result 1n non-optimal
solutions. A lower value of ¢ and 3 however, increases the
computational effort due to a reduced material removal rate.

[0094] The 1illustrative examples considered here con-
verged to the prescribed volume reduction in less than 150
finite element 1terations. For the test cases presented here 1t
may be noted that for the same design loads the volume of
material for optimal structural topologies of material having,
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same strength 1n tension and compression and dual strength
material was less than 3%. The robustness of the proposed
scheme 1s established by the excellent agreement observed
between the analytic solutions and optimal topologies gener-
ated using the proposed scheme. To mvestigate the procedure
used to establish fictitious modulus, contour plots where gen-
erated for the modulus field corresponding to a converged
solution. Tensile and compressive structural members con-
verge to moduli values of E.-and E - respectively. The node
based approach ensures a continuous distribution of moduli
in the design domain.

[0095] Topology optimization methodologies therelore,
are provided for design domains composed of dual strength
materials. The optimization procedure was based on optimal-
ity criteria for mimmum-weight structures, where the mate-
rial considered have different strength in tension and com-
pression. A node-based approach 1mmune to various
numerical imnstabilities was used to establish both the fictitious
modulus distribution and the material density distribution.
From the 1illustrative examples it 1s concluded that the pro-
posed optimization procedure 1s robust in 1dentifying mini-
mum-weight topologies for dual strength material domain.

The use of a commercial finite element analysis code makes
the proposed scheme highly versatile.

[0096] These dual strength material demonstration cases
are performed using the algorithm described 1n FI1G. 1. Alter-
natively, the algorithm described mm FIG. 19 may also be
employed, 1n which case step 208 further includes establish-
ing a fictitious moduli based on optimality criteria from the
equation above for E_.

[0097] In accordance with further embodiments, the
method may be extended to the design of three dimensional
structures as well. In this case, the design domain 1s taken to
be three-dimensional, typically but not necessarily rectangu-
lar 1n shape and discretized using hexahedral brick finite
clements. Alternatively, tetrahedral finite elements can be
utilized. As an example, FIG. 28 shows at 170 the analytic
solution for a three dimensional generalization of the two
dimensional centerfan shown in 80 1n FIG. 12. In the three
dimensional generalization, a concentrated vertical load 1s
applied atthe base of a semi-infinite design domain with eight
equally spaced roller supports along a circular path that pre-
vents motion 1n the vertical and circumierential directions.
The corresponding result from the finite element based topol-
ogy optimization 1s shown 1n 172 of FIG. 29.

[0098] In yet further embodiments, the ivention may be
applied to the case of multiple loading. Extension of the above
methods to the case of multiple loadings 1s achieved by con-
sidering the stress, strain or strain energy distributions asso-
ciated with each loading. Again, the design domain 1s 1nitially
taken to be partially dense such that the desired final mass of
material 1s uniformly distributed throughout the design
domain. During each finite element iteration, material 1s
gradually redistributed using a family of statistical distribu-
tion functions which evolve from the initial unimodal distri-
bution to the final bimodal distribution. The material stifiness
1s taken to be proportional to the material density such that
tully dense regions have the actual material stiffness and
material with zero density have essentially zero stifiness. In
cach iteration, the stress, strain or strain energy at each node
1s computed. The nodal stress, strain or strain energies are
then sorted and the material density 1s adjusted according to
the current desired density distribution. As shown above for
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cases of single loading, several cases have been examined 1n
which the optimal topology is correctly identified.

[0099] For the case of multiple loadings, the material redis-
tribution scheme 1s applied after each of the separate load
configurations have been applied independently to the design
domain with the current density distribution. For each node,
the maximum stress, strain or strain energy experienced for
each load 1s saved and the nodal stresses, strains or strain
energies are sorted. Then, the matenal redistribution scheme
1s applied to the sorted maximum nodal stress, strain or strain
energies. In this manner, 11 a region experiences high stress,
strain or strain energy during any of the loadings, 1ts density
will be increased. As a result, over the course of the 1terations,
structural members evolve such that all loadings are sup-
ported.

[0100] Inthe single loading procedure, a single load step 1s
applied at time, t=0, and the maternial redistribution 1s per-
formed using time dependent material properties. At t=0, the
ummodel density distribution 1s imposed and at time t=1, the
final bimodal distribution 1s imposed. For the case of multiple
loadings, the time stepping scheme 1s modified such that
numerous load steps are applied. For example, 11 three load
configurations are to be considered, Step 1 1s taken to be the
first loading, Step 2 1s taken to be the second loading, Step 3
1s taken to be the third loading, Step 4 1s taken to be the first
loading for the second 1teration, etc. In this example, at the
end of every third load step, the maximum stress, strain or
strain energy experienced by each of the nodes during the
previous three load steps 1s sorted and the algorithm 1s applied
to determine the density distribution for the next three load
steps.

[0101] Validation of the procedure described above was
achieved by applying the procedure for test cases where the
optimal topology for multiple loadings 1s known. In certain
cases, the optimal topology may consist of either two or three
member truss structures, depending on the load orientations,
0,, and 0 ... These predictions are based on a failure criteria
in which the material 1s taken to be elastic—pertectly plastic
and all members reach the yield stress, 0. For three member
trusses, since yielding of one member does not correspond to
collapse of the structure, the collapse load 1s higher than the
clastic limit. Examination of cases where three members are
predicted to be optimal, reveals that lighter two member
structures may be found if the failure criterion is taken to be
initial yielding. For example, consider the cantilever beam
case where P,=P,=P and 0,,=-0,,=60°. Using plastic col-
lapse as the failure criterion predicts an optimal three member
truss. I however, imitial member yielding 1s taken to be the
tailure criteria, the volume of matenal required to support the
load for a two member truss 1s V=2.385 PL/o; with members
oriented at £36.36°. This volume 1s smaller than that for the
three member truss where members are oriented at 45°, 0°,
-45° where V=2.688 PL/0;. Note that for the two member
solution, each member has half the total volume of the struc-
ture. For the three member solution, the member volume
fractions that minimize the required volume are v,=v,=0.462,
v,=0.076. It 1s of interest to note that 11 plastic collapse 1s
taken to be the failure criterion, the three bar truss topology
gives a value of V=2.564 PL/0,. Since the finite element
based optimization procedure does not consider plastic defor-
mation and 1s designed to keep stresses at or below the elastic
limat, 1t 1s expected that topologies predicted by the finite
clement based scheme will correspond to analytic topologies
based on the elastic limit. Based on the observations dis-
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cussed above, 1t 1s expected that the optimal solution 1s a two
member truss where the members are oriented at +o.. Due to
symmetry of the loadings, the required cross-sectional area of
the two members 1s 1dentical and, since the structure 1s stati-
cally determinate, can be computed from force equilibrium.
The required volume to support the load, V, 1s non-dimen-
sionalized as V=V/(PL/oy). It can be shown that for a given
member orientation, o, the non-dimensional volume required
to support both loads 1s given by

__ costp s1nfp
V = ,
cos?@  sinacose
[0102] The multiple loading procedure discussed above

was applied to the above test case for various load angles
0°=0,=90°. A 71x142 element rectangular design domain
was selected. Two hundred load steps (100 topology optimi-
zation 1terations ) were used for these cases. The desired final
volume was taken to be 5% of the design domain. Examina-
tion of the final density contours reveals that 1n all cases, two
member truss topologies were 1dentified. To estimate the
member angle, o, the vertical coordinate, y, of the node clos-
est to the center of each member was extracted from the finite
clement results. The member angle was then estimated using
the formula o~tan™'(y/L). These results provide excellent
correlation with the theoretical result. Also, the optimal truss
volumes computed with the member angles determined from
the finite element topology optimization results are compared
to the theoretical values. Again, excellent correlation 1s
observed. The results of this study demonstrate that extension
of the optimization procedure to cases mvolving multiple
loading effectively predicts optimal topologies for the test
case considered.

[0103] In accordance with further embodiments, method-
ologies of the invention may be employed 1n a system for
extracting a precise geometry for component manufacture.
Coupling of finite element based topology optimization with
precise geometry extraction algorithms and rapid manufac-
turing technologies provides a comprehensive tool set 1n the
development of lightweight component designs. For 1llustra-
tive purposes, an algorithm 1s developed in which the results
of 2-D topology optimization are used as input. The extrac-
tion algorithm defines smooth surfaces that are then saved in
a standardized CAD format.

[0104] The 2-D finite element topology optimization
results consist of 2-D density field data as characterized by
nodal densities. For model data extraction, the finite element
optimization code has been adapted to create three output
files. The node definition file contains the node numbers and
x- and y-coordinate data stored mm an N__ . x3 array where
N  1s the number of nodes 1n the finite element model. The
clement file definition contains the element connectivity in an
N_, , x4 array where N_,__ 1s the number of elements 1n the
finite element model. The nodal density data file contains the
nodal densities at each finite element 1teration stored in an
NsmeNm 4 array where N, 1s the number of finite element

iterations. Density fields for all iterations are saved to provide
for visualization of the incremental evolution of the structure.

[0105] Construction of a 3-D surface model from the 2-D
field results 1s achieved 1n a two step process. First, the top and
bottom surfaces of the model are constructed by defiming
triangulated surfaces on an element by element basis. Follow-
ing the marching cube classification procedure for 3-D sur-
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face modeling, each 4 node element 1s classified by a binary
designation 1n which each node 1s assigned a value of 1 11 1ts
density 1s above a specified threshold, and 0 if 1t 1s below the
density threshold. With this method of classification, 16 dii-
terent surface types are possible as shown at 300-330 in FIG.
30. These classifications may be represented by 4 digit binary
numbers that consist of the four nodal assignments. The dense
surfaces can be defined as triangles. For the lateral edges,
cach element 1s 1magined to be extruded in the thickness
direction to a specified thickness. The lateral edges are then
classified 1n a manner similar to that imposed for the top and
bottom surfaces. In this case, however, only 4 surface types as
shown at 332-338 1n FIG. 31 need to be defined. With these
surface classifications, the 2-D finite element based optimi-
zation results for each 4 node element are used to create
triangulated surfaces on 3-D hexahedral elements.

[0106] Adter identitying the triangulated surfaces for the
hexahedral elements. The exact location of the triangle ver-
tices are determined through linear interpolation of the nodal
densities using the threshold density for the desired surface.
Since the density field results often consist of discontinuous
variations in nodal density within elements along the edge of
the converged domain, generation of smooth surfaces 1s
enhanced by imposing a nodal density smoothing. The fol-
lowing smoothing algorithm can be imposed 1n which the
nodal density of each interior node 1s replaced with a
weilghted average of densities of adjacent nodes.

1 1

P =Pt 3 +t =
A 8[ Pi -1+ 0i j+1

Pi-1,; + Pi+l,; +] 1 [ﬁil,jl + Pivl, -1 +
16

LPi+l, j+1 T Li—1,j+1

[0107] To investigate the procedure for geometry extrac-
tion, the case of a simply supported beam with a central load
applied to the top of the mid-span 1s considered. The optimal
topology 1s known from analytic optimality criteria. A 2-D
finite element based optimization procedure 1s applied and a
contour 1image providing regions of fully dense material and
regions of essentially voids. These results are shown at 340 1n
FIG. 32 and are then used as input for the geometry extraction
algorithm to produce a 3-D tniangulated surfaces that
encloses the fully dense regions. These trnangulated surtaces
are then saved 1in a standard CAD format (.STL) that was
originally developed for the rapid prototyping technology,
stereolithography. STL files are now used routinely as input
for a wide variety of rapid manufacturing processes. The
resulting STL file for the example case 1s shown at 342 in F1G.
33.

[0108] Those skilled in the art will appreciate that numer-
ous modifications and variations may be made to the above
disclosed embodiments without departing from the spirit and
scope of the present invention.

What is claim 1s:

1. A method of providing an optimal topology for a struc-
ture based on a set of: design criternia including at least one
support point and at least one force to be applied to the
structure, said method comprising the steps of:

identifying a plurality of nodes within a structure design

domain, and assigning an imtial density value to said
plurality of nodes;

conducting a finite element analysis on said nodes;

determining a stress intensity value for each node;

ranking the nodes by relative stress intensity values;
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adjusting the density value for each node; and

repeating the steps of conducting a {inite element analysis
on said nodes, determining the stress intensity value for
cach node, ranking the nodes by relative stress intensity
values, and adjusting the density value for each node
until a termination criteria 1s realized, thereby providing
an optimal topology.

2. The method as claimed 1n claim 1, wherein a final den-
sity value for each node 1s either a substantially maximum
density value or a substantially mimimum density value.

3. The method as claimed 1n claim 1, wherein said stress
intensity value 1s a stress value, and the method further
includes the step of defining a penalization for certain nodes
and 1dentilying the number of nodes for penalization.

4. The method as claimed i1n claim 1, wherein the stress
intensity value 1s one of a stress value, a strain value or a strain
energy value.

5. The method as claimed 1n claim 1, wherein said method
turther includes the step of assigning the nitial density value
to said plurality of nodes 1nvolves distributing a mass uni-
formly through the structure design domain.

6. The method as claimed in claim 1, wherein said method
turther 1includes the step of reducing the density of certain
nodes based on the ranking of nodes by stress intensity values.

7. The method as claimed 1n claim 1, wherein said method
turther includes the step of comparing the densities of certain
nodes to a set of known density distributions at each 1teration
to provide a smooth transition from uniform partially dense to
distinct regions of tully dense material and regions of voids.

8. The method as claimed 1n claim 7, wherein said set of
known density distributions are employed to map a propor-
tional position ranking of nodes based on stress, strain or
strain energy at an end of each 1iteration to their nodal densi-
ties for a next iteration.

9. The method as claimed 1n claim 1, wherein said method
employs artificial elastic moduli to generate optimal topolo-
gies for structures composed of a plurality of materials having
different properties 1n one of tension and compression.

10. The method as claimed in claim 1, wherein said method
employs artificial elastic moduli to generate optimal topolo-
gies for structures composed of a plurality of materials having
different properties in one of strength of stiflness.

11. The method as claimed 1n claim 10, wherein one of said
maternials includes a fiber reinforced material.

12. The method as claimed 1n claim 1, wherein said set of
design criteria includes a plurality of force to be applied to the
structure.

13. The method as claimed in claim 1, wherein said method
1s employed to provide a three-dimensionally optimized

topography.
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14. The method as claimed in claim 1, wherein a nodal
density distribution 1s employed to generate precise geometry
in a standard computer aided design file format for direct use
in the design and manufacture of minimum weight structures.

15. A method of providing an optimal topology for a struc-
ture based on a set of design criteria including at least one
support point and at least one force to be applied to the
structure, said method comprising the steps of:

identitying a plurality of nodes within a structure design

domain, and assigning an initial density value to said
plurality of nodes;

conducting a finite element analysis on said nodes;

determining a stress intensity value for each node;

ranking the nodes by relative stress intensity values;
reducing the density value for certain nodes based on the
ranking; and

repeating the previous four steps until each node has either

a substantially maximum density value or a substantially
minimum density value.

16. The method as claimed 1n claim 15, wherein said stress
intensity value 1s one of a stress value, a strain value or a strain
energy value.

17. A method of providing an optimal topology for a struc-
ture based on a set of design criteria including at least one
support point and at least one force to be applied to the
structure, said method comprising the steps of:

identifying a plurality of nodes within a structure design

domain, and assigning an imtial density value to said
plurality of nodes;

conducting a finite element analysis on said nodes;

determining a stress intensity value for each node;

ranking the nodes by relative stress intensity values;

applying a set of known density distributions to to adjust
the density value for certain nodes based on the ranking;
and

repeating the previous four steps until each node has either

a substantially maximum density value or a substantially
minimum density value.

18. The method as claimed 1n claim 17, wherein said stress
intensity value 1s one of a stress value, a strain value or a strain
energy value.

19. The method as claimed 1n claim 17, wherein said step of
assigning the initial density value to said plurality of nodes
involves distributing a mass uniformly through the structure
design domain.

20. The method as claimed 1in claim 17, wherein said 1nitial
density value 1s neither the substantially maximum density
value or the substantially minimum density value.
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