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Recelve a function f(x) describing a quantity of a resource, x

representing a set of k parameters of the quantity
105

Repeatedly execute a quantum gradient algorithm on a quantum
computing system to determine a k-dimensional gradient of the function

f(x) within an error € at point x,
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QUANTUM ADVANTAGE USING QUANTUM
CIRCUIT FOR GRADIENT ESTIMATION

CROSS-REFERENCE TO RELATED
APPLICATION

This application claims the benefit of U.S. Provisional
Patent Application Ser. No. 63/281,313, filed on Nov. 19,
2021, which 1s 1incorporated by reference.

BACKGROUND
1. Technical Field

This disclosure relates generally to quantum gradient
algornithms, and more particularly to quantum circuits that
implement phase oracles to determine gradients.

2. Description of Related Art

Jordan (arXiv:quant-ph/0405146) and Gilyén (arXiv:
1711.00465) describe a quantum algorithm for determining
a gradient of a function. However, the algorithm can only
guarantee a complexity scaling advantage over classical
computations if the algorithm 1s applied to functions that are
a specific class of smooth functions (Gevrey class G'~
functions).

SUMMARY

Many functions describing real-world phenomena are not
Gevrey class G'“ functions. Thus, the algorithm described
by Jordan and Gilyén cannot guarantee a complexity scaling
advantage for these types of functions. In contrast, the
present disclosure describes quantum circuits implementing
quantum gradient algorithms (referred to as the SFQG
methods) that provide an advantage over classical compu-
tations for functions without requiring the functions to be
Gevrey class G'* functions.

In some embodiments, a quantum gradient algorithm
(e.g., an SFQG method) includes a phase oracle O™ defined
by a finite difference approximation with an order greater
than zero. A quantum gradient algorithm may be imple-
mented by preparing and executing a quantum circuit on
qubits of a computing system. The phase oracle Og" may be
given by: Og™

(2m)

|‘x> — EZﬂfSE}i_ma! f(ijl.x.'}?

where m 1s the finite-difference approximation order greater
than zero, IX ) is a k-dimensional vector representing the set
of k parameters, S 1s a scaling factor controlling the accuracy
of the finite-difference approximation, and a,*“”” are coeffi-
cients of the finite-difference approximation of order m. For
a function J(x) describing a quantity of a resource, where x
represents a set of k parameters of the quanfity, a quantum
gradient algorithm can be repeatedly executed by a quantum
compufting system to determine a k-dimensional gradient of
the function J(x) within an error € at point X,. Among other
advantages, a complexity of the quantum gradient algorithm

scales as O (\/E/e) or less.

Other aspects 1nclude components, devices, systems,
improvements, methods, processes, applications, computer
readable mediums, and other technologies related to any of
the above.
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2
BRIEF DESCRIPTION OF THE DRAWINGS

Embodiments of the disclosure have other advantages and
features which will be more readily apparent from the
following detailed description and the appended claims,
when taken 1n conjunction with the examples 1n the accom-
panying drawings, in which:

FIG. 1 illustrates an example probability distribution
resulting from a numerical simulation of a quantum gradient
algorithm.

FIG. 2 1illustrates an example probability distribution
resulting from a second numerical simulation of a quantum
gradient algorithm.

FIG. 3 1llustrates an example quantum circuit diagram of
a Simulation-Free Quantum Gradient (SFQG) algorithm.

FIG. 4 1llustrates an example probability distribution
resulting from a numerical simulation of the SFQG algo-
rithm.

FIG. 5a illustrates an example discrete probability distri-
bution for the basket option from FIG. 4.

FIG. 5b 1llustrates an example log-likelithood plot for the
basket option from FIG. 4.

FIG. 6 illustrates example simulated measurement out-
comes.

FIG. 7 1s a method chart illustrating an example method
for determining a gradient of a function f(x) describing a
quantity of a resource.

FIGS. 8A-8B are block diagrams that illustrate a com-
puting system, according to one or more embodiments.

FIGS. 8C-8D are block diagrams that i1llustrate embodi-
ments of a quantum computing system.

FIG. 8E 1s a flow chart that illustrates an example execu-
tion of a quantum routine on the computing system.

FIG. 9 1s an example architecture of a classical computing
system.

DETAILED DESCRIPTION

The figures and the following description relate to pre-
ferred embodiments by way of illustration only. It should be
noted that from the following discussion, alternative
embodiments of the structures and methods disclosed herein
will be readily recognized as viable alternatives that may be
employed without departing from the principles of what 1s
claimed.

Disclosed are quantum algorithms to compute, among
other things, the market risk of financial derivatives. Quan-
tum amplitude estimation can accelerate derivative pricing
quadratically in the target error and this may be extended to
a quadratic error scaling advantage in market risk compu-
tation. Employing quantum gradient estimation algorithms
can deliver a further quadratic advantage 1n the number of
the associated market sensitivities, called greeks. By
numerically simulating the quantum gradient estimation
algorithms on financial derivatives of practical interest,
example greeks can be successfully estimated, while the
resource requirements can be significantly lower 1n practice
than what 1s expected by theoretical complexity bounds.
This additional advantage in the computation lowers the
estimated logical clock rate used for quantum advantage
from Chakrabarti (arXiv:2012.03819) by a factor of ~7,
from 50 MHz to 7 MHz, even for a modest number of greeks
by industry standards (four). Moreover, using a system with
sufficient resources, the quantum algorithm can be paral-
lelized across up to 60 QPUs, 1n which case the logical clock
rate of each device used to achieve the same overall runtime
as the serial execution 1s ~100 kHz. Throughout this disclo-
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sure, several different combinations of quantum and classi-
cal approaches that may be used for computing the market
risk of financial denivatives (among other things) are sum-
marized and compared.

1. INTRODUCTION

(Quantum algorithms have the potential to accelerate cer-
tain real-world calculations, such as the pricing and risk
analysis of financial derivatives. Some of these algorithms
use quantum amplitude estimation to achieve quadratic
advantage compared to the classical Monte Carlo methods
that are used in practice for most computationally expensive

pricing. Let €, be the error in pricing. The quantum advan-
tage stems from the runtime of a classical Monte Carlo

simulation scaling as O (l/epz), while the quantum algo-

rithms have scaling O (17€,).

A related and important financial application 1s the com-
putation of the sensitivity of derivative prices to model and
market parameters. This amounts to computing gradients of
the denvative price with respect to input parameters. An
example business use of calculating these gradients 1s to
enable hedging of the market risk that arises from exposure
to dernivative contracts. Hedging this risk may be of critical
importance to financial firms. In some cases, gradients can
be computed analytically, e.g. when the dernivative price has
an analytical form. In some embodiments, the disclosed
systems and methods computes gradients where there 1s not
a closed form for the price and where the classical compari-
son 1s to Monte Carlo simulation. Gradients of financial
derivatives are typically called greeks, as these quantities are
commonly labeled using Greek alphabet letters. For k greeks
(a k-dimensional gradient) classical finite difference meth-
ods may compute the price at multiple points 1 each

parameter dimension for a scaling of O (k/epz).

One approach to quantum acceleration of greek compu-
tation 1s to construct a finite difference approximation of the
financial dernivative’s price on a quantum computer and
perform amplitude estimation on that quantity instead of its
price. Sec. 2.4 demonstrates that this approach, called the
semi-classical method, scales as (k/c), where ¢ 1s the target
error for the gradients. However, one can further improve
the scaling in the number of greeks k, using quantum
algorithms for computing the gradients.

A quantum algorithm to compute a gradient’s components
in superposition was originally imntroduced by Jordan (arXiv:
quant-ph/0405146) and more recently revisited by Gilyen
(arX1v:1711.00465), however these references do not con-
sider applying the quantum algorithm to greek computa-
tions. Gilyen perform an analysis of Jordan’s original quan-
tum gradient algorithm to show that in general it scales as

O (k/e”). Gilyén then generalizes the algorithm to arbitrary
higher order m and shows that an order m=log(Vk/e) quan-

tum gradient algorithm has runtime of O (Vk/eE) for a
specific class of smooth functions. For the sake of simplicity,
in the rest of this disclosure we refer to this result as the
GAW quantum gradient algorithm.

In this disclosure, the algorithmic framework from Gilyén
1s applied to compute financial greeks and study several
varieties of quantum gradient algorithms. The quantum
pricing method of Chakrabarti 1s used as a subroutine to the
GAW algorithm to numerncally estimate the resource
requirements of computing the greeks of two types of option
contracts: (a) a European call option, which can be used as
a benchmark to establish the validity of the algorithm and
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4

estimate the corresponding resource requirements, and (b) a
path-dependent basket option with a pricing profile that 1s
representative of typical financial derivative contracts of
practical interest.

This disclosure also introduces a second-order accurate
quantum gradient algorithm, the m=1 version, for which an
explicit and compact quantum implementation in the finan-
cial denivative case 1s disclosed that does not rely on block
encoding or Hamiltonian simulation. This Stmulation-Free
Quantum Gradient (SFQG) method may be used to compute
the greeks of a path-dependent derivative and can be sig-
nificantly cheaper to construct than the Hamiltonian-based
method. Additionally, the disclosed approaches can improve
the overall performance of quantum gradient estimation
algorithms by employing a maximum likelihood (MLE)
method to extract the most likely estimate of the gradients
with concrete confidence intervals. With these tools, quan-
tum advantage for calculating risk may be achievable with
quantum computers whose clock rates are seven times
slower than those for pricing itself. This 1s described 1n more
detail in Section 7.

Additionally, this disclosure includes a comparison

between quantum, classical, and semi-classical gradient
estimation algorithms 1n the context of financial derivatives,
summarized 1n Table 4.

Additional new contributions are highlighted in the fol-
lowing paragraphs:

Section 4 describes numerically studying the quantum
gradient estimation algorithms from Gilyen and Jordan for
functions of practical imterest to financial market risk and
compare the observed oracular cost to theoretical expecta-
tions.

Section S describes a method to construct a second-order
accurate oracle for quantum gradient estimation for func-
tions computed using quantum amplitude estimation that 1s
cheaper 1n resources used compared to existing methods.

Section 6 describes a way to improve gradient estimation
algorithms using classical maximum likelithood estimation
(MLE).

Section 7 provides resource estimates for quantum advan-
tage 1n financial derivative pricing.

Section 9 describes a technique to employ automatic
differentiation (AD) methods on quantum computers which
can enhance the quantum gradient estimation performance
in certain cases.

1.1 Quantum Amplitude Estimation

In various embodiments, gradient calculation algorithms
extend the quantum accelerated method for derivative pric-
ing that 1s based on quantum amplitude estimation (QAE).
QAE 1s further described here. Let the k-dimensional vector
x denote the set of market data parameters of the denvative
represented as a basis state |x ) and f(x) its price, rescaled to
satisty f(x)€[0, 1]. Assuming the existence of a unitary
operator A produces the state

)10 x A—-VTTEH o) A0 AVTE ()
Al Ayix A, (1)

where ,(x) A and h),(x) A are arbitrary, normalized
quantum states. The state |x A representing the market data
parameters acts only as input to ) and can be ignored for the
remainder of this section.

QAE estimates f(x) with repeated applications of the

operator A=)S, .:»‘ITSW where S,=A-210 AL 0| and
Sy~ A=21Po(X) AIO ALOI Ap(x)l, where oA i1s the
identity matrix. The QAE algorithm relies on the fact that,
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by the construction of <A, the state produced after the
application of ) in Eq. (1) can be written in the eigenbasis

of A:

2 (I, (1)) — e O () = s (), )

N2

where W, (x) A and |Y_(x) A are the eigenvectors of
A with eigenvalues e, and f(x)=sin“(8(x)). Let inte-
ger m>0 denote the bits of precision with which we want to
estimate the amplitude. Applying H®™ on an m-qubit reg-
ister initialized at 10 ¢4 and using the register to control
different powers of <A, a phase kickback of the eigenvalues
of <A 1s induced onto the control register

(3)

OV () = Le-zfﬁ"*’?‘@‘*|j>|w+ (X)) —
M

=
— ) N ),
where 1y, (x) A=—ie™Dy, (x) ANZ and M=2". Subse-
quently, applying an inverse Quantum Fourier Transform on
the first register and measuring 1n the computational basis
gives an m-bit approximation of either 8, (x)=MO(X)/% or

0_(x)=—MBO(x)/r. This can then be classically mapped to an
estimate for J(x) using

(4)

f(x) = Siﬂz[ﬂg+ ) )

To approximate f(x) within additive error c, with high
probability, QAE uses M= 0(l/e,) invocations to Q. The
query complexity of the QAE algorithm 1s measured by
counting the number of calls to the oracles A and A" and

this scales as O(2/e€,). In the case of financial derivatives,
the function f is the expectation value of the payoff of a
derivative contract.

2. GRADIENT METHODS FOR FINANCIAL
DERIVATIVES

Several methods for computing the gradients of financial
derivatives may be used. The complexities of these
approaches are summarized 1n Table 1.

2.1 Greeks
Let S’e R,? be a vector of values for d underlying assets
at time t. Let (S', ..., S")=mc Q be a path of a discrete time

multivariate stochastic process describing the values of
those assets 1n time when the current (today’s) market values
of these assets are S°. Both notations may be used for a path
1n the text. The corresponding probability density function 1s
denoted by p(S°, ®). Let g(S°, ..., ®)=g(S8°,...,S)e Rbe
the discounted payoll of some derivative on those assets.
The price of the derivative may be calculated using:

5
E(g) = f _g‘)(SD, {T))g(Sﬂ,, {Tj)ﬂf{ﬁ ~ Zp(SD, w)g(SD, {u) )
el e
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6

where the bar notation has been removed to indicate a switch
from a continuous to a discrete model of prices. Gradients of
this price are known as greeks.

Example 1 (Delta) Consider a single underlying (d=1) and
define the gradient of the underlying with respect to the spot
price S° as

_ JE(g) (6)

A = .
a5

Other commonly used greeks are gradients of the price with
respect to the time T(theta), the volatility of the underlying
model for S(vega), the correlation between assets, or other
parameters. In general one calculates I (¢, x) for some model

and/or market parameters X and then wishes to compute the
set

{ JE(g) }
001 1)

Remarkably, k can be on the order of hundreds or thousands
in practical cases. For this reason, a k scaling improvement
represents advantage 1n this context.

2.2 Classical Finite Difference

Let f(x)=IE (g,x) be the pricing function for a fixed payoft
g. Classically, one can compute the gradients of a function
f: R*—> R using finite-difference methods by sampling the
function J over a sufficiently small region h so that expand-
ing f to first order gives a good approximation to f(X)=f
(aH+(x—a)-VJ. A forward finite-difference classical scheme
to compute the gradients at a point X, uses k+1 evaluations
of I, one at X, and k evaluations displaced from X, by h in
each dimension. The gradient 1s then approximated using
3f13x =[f(xthé ) ]—f (X Vh+ O(h), where €, is the ith nor-
malized basis vector. For a more accurate approximation, a
second-order scheme which uses 2k function evaluations
may be used, and the gradients may be approximated with:

(7

af/axf =~

Now suppose that the function J(x) is evaluated with a
finite accuracy 0=0. The associated error for the forward or
central finite differences formulas reads

fx+ = flx=(p—=Dh)+00) (3)

ph

+OWP) = 35 f(x) + O(8/h + h7),

where p=1 for forward and p=2 for central finite differences.
Suppose now that one wants to achieve an overall estimation
error of €>0):

8/ h+hP<e, (9)

focussing on the asymptotic scaling. While the step size h
can be freely chosen, improving the accuracy o is usually
related to increasing computational costs. Thus, the goal 1s
to maximize o by setting h while still achieving the target
accuracy €. This leads to

S=(e—H h=eh—h""" (10)
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Setting the first derivative of the right-hand-side with respect
to h to zero leads to

h=(e/(p+1)) 17,

which leads to the optimal 0 for a target € given by
5= O (e!*17P

(11)

(12)

When f(x) 1s approximated by algorithms relying on
sampling, the number of samples for a target approximation
error scales as 0=(1/M9), where M denotes here the number
of samples and q depends on the convergence rate of the
algonthm: q=1/2 for classical Monte Carlo simulation and
g=1 for QAE. Then, combining everything together leads to

(13)

Thus, using p=2 and gq=1/2, the complexity of computing
k greeks 1s calculated using a central-difference method with
Monte Carlo is O(k/e?). This approach may be referred to as
the classical finite difference (CFD) method.

2.3 Finite-Dafference with Common Random Numbers

Another approach for computing greeks, when derivative
pricing 1s done classically with Monte Carlo, 1s to use the
second-order central-difference method of Eq. (7), but to
perform correlated sampling by using the same random

numbers 1n the Monte Carlo evaluation of both

h q h
J(XD + 5 E’f) dIl f(.l]j 2 Ef).

This way the statistical fluctuations present 1in both terms
cancel out, effectively removing the overall error depen-
dence on the discretization step h. The complexity of evalu-
ating k greeks in this case is O(k/e”), which is also classi-
cally optimal. This method may be referred to as the
classical finite difference with common random numbers
(CFD-CRN).

2.4 Semi-Classical Quantum Gradients

An approach to mmprove the finite-difference method
using quantum computation 1s to use a central-difference
formula with quantum amplitude estimation algorithm for
each pricing step. This semi-classical quantum gradient
(SQG) method then scales as O(k/e'>), which can be
obtained by substituting p=2 and g=1 in Eq. (13). This
approach can be improved upon in a similar manner to using
CRN for classical finite difference. Instead of computing

(1o« 2e) ans ({0 22)

separately using amplitude estimation, one can compute

(V) o2

This can be done by computing the quantity

(e ) 2ot

in a quantum register, where I, denotes the payoff for each
path ® (ci. Sec. 2.1) and then using amplitude estimation on
this quantity. In this case the output of amplitude estimation
1S

M= O(E_( 1+ lfp}f:;).
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> p@)fulxo + (12)8) = fulwo - (2)e))/n ~ E@, 1Y

el

giving the expectation value of the finite difference approxi-
mation of the ith derivative. The advantage of this method 1s
that there are no separate statistical fluctuations associated
individually with f_(x,t(h/2)¢) and the standard O(1/e)
scaling of amplitude estimation 1s recovered. For k gradi-
ents, the overall complexity of this approach 1s O(k/e).

2.5 Quantum Gradients

Some quantum approaches (for computing greeks) may
use a quantum Fourier transform to compute the gradient
with an improved scaling in the dimension k. These quantum
algorithms include access to a fractional phase oracle for the
target function f: R“~ R, such as the pricing function of
Section 1.1. This oracle, given a point xe R* and S$>0,
performs the operation

Os.: x) 2SO y) (15)

To estimate the k-dimensional gradient of f at point x,,,
the oracle 1s evaluated over a uniform superposition of
points o in a sufficiently small k-dimensional hypercube fo
of edge length 1 around X, where each dimension 1s dis-
cretized using N points with n=log N qubits, such that

(16)

o278 f(xg)

1 Z LSV frg -5|§>

ﬁ seGh

A0

assuming f(XD—I—ﬁ):f(XDHVfIG-S for |[o][<<1. Choosing
S=N/l and applying the k-dimensional inverse Quantum
Fourier Transform on the resulting state, a measurement can
be made 1n the computational basis to get an approximation
of V§ . with precision e= O(1/N) and high probability. The
probability depends on parameter 1 but an example “high”
probability 1s a probability greater than 80%. The complex-
ity of these gradient estimation algorithms depends on the
resources used to construct the oracle of Eq (15) and the size
of G_* used to make the approximation in Eq. (16) accurate
w1th1n a desired threshold. As discussed 1n the next section
in more detail, the computational cost of the gradient esti-
mation method depends on the value of S=N/I. Intmtively,
the cost of the method i1ncreases as the desired precision of
the gradient estimate increases (larger N), and the value of
1 denoting the region in which the function f is evaluated
decreases. While the value of N 1s an input to the gradient
estimation method controlling the desired precision, the
value of 1 depends on the degree of non-linearity of the
function J in the region of evaluation around x,. The more
non-linear the function J is around X, the smaller 1 may be
used so that the function can be approximated by the first
order Taylor expansion used in Eq. (16).

3. HIGHER-ORDER METHODS FOR
QUANTUM GRADIENTS

To estimate k gradients of a function f with accuracy e,
the oracle in Eq (15) may be evaluated S=N/I~D, \/k/e
times, where D, 1s an upper bound on the magnitude Of the
second-order derivatives off and N, 1 as defined 1n Section
2.5. While this gives a quadratically improved scaling 1n k,
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it does not improve on the error scaling of the semi-classical
method. To improve also the scaling i1n accuracy € higher-
degree central-difference schemes may be used.

The 2m-point central-difference approximation for the
gradient of J at 0 is given by

FH

Viam@ = ) ai™ f(tx),

f=—m

where the coefficients a,“™ depend on the choice of m and
for uniform grid spacing one has a‘*"™=—a_/*"™. A phase
oracle for the general 2m-point scheme of Eq. (17) can be
constructed by composing individual fractional phase
oracles for each of the 2m terms, scaled by the appropriate
coefficient a,”™. This leads to a family of algorithms with
different phase oracles at different orders m

2miS Yos ag}zm) f (fx)l x>

04/7:1x) — € (18)

with S=N/1. For example, the phase oracle for the two-point
approximation

0, x) = 2HEE T2 ) (19)

can be constructed as the product of oracles OfIx) =

e™ ™%y and O, 1x) —e %) |

With these higher-order methods, estimating the gradients
of a class of smooth functions (specifically, Gevrey class
G'’* functions (a function is a Gevrey class G'’~ function if
it satisfies Eq. 20 1n Theorem 1 below)) to accuracy € can be
done with S= 0(\/E/e) phase oracle applications by picking
a large enough value for m (in other words, setting

|

as Turther described below) 1n the central-difference approxi-
mation used. Therefore, for this class of smooth functions,
gradient estimation using high-order central difference
methods scales quadratically better in the desired accuracy
€. This 1s described formally in the following Theorem:

Theorem 1 Let xe R e<ce R_ be fixed constants and
suppose f: R¥— R is analytic and satisfies the following:
for every je N and ae [k}

13, flx)l<c/ 772,

Using the GAW Algorithm and setting mzlog(c\/E/e) we can
compute an e-approximate gradient Vf(x)e R* such that

IVF()-VF(x)||..<e,

with probability at least 1—0, using

{Loit)

queries to a probability or (fractional) phase oracle of .
In addition to the desired 0(\/E/e) scaling, the complexity
of the GAW algorithm 1in Theorem 1 includes a factor of log
k/o stemming from the fact that we extract the medians after
the application of the quantum gradient estimation algo-
rithm, with probability of 1—6. While the following sections
focus on the O(\IE/E) factor to establish the dominant
scaling of the complexity with respect to k, Sec. 6 shows
how the log (k/0) factor can be eliminated by using classical

cN Kk
€

m = lﬂg[

(20)
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maximum likelihood estimation (MLLE). This approach not
only decreases the overall computational complexity of the
algorithm, but also provides concrete confidence intervals
for a given confidence level.

Table 1 summarizes the scaling 1n k and ¢ of the algo-
rithms discussed 1n this Section.

TABLE 1

Summary of the complexity scaling of the different market
risk algorithms. Here € 1s the absolute error in
gradient estimation, and k 1s the dimension of the gradient.
For the CFD and semi-classical methods, which depend additionally
on the discretization step h, we assume the optimal choices,
which are derived in Section 2.2.

(Classical Finite CFD with
Difference CRN

GAW Quantum

Semi-classical  Jordan’s Gradient

O (k/e3) O (k/e2) 0 (k/e) 0 (VK/e2) 0 (\K/e)

3.1 Creating Phase Oracles from Probability Oracles

Because the function whose gradients are to be computed
1s accessible through a probability oracle 1n the form of Eq.
(1), a corresponding phase oracle of Eq. (15) may be used.
To implement the quantum gradient method described 1n this
section using the phase oracle, a block encoding technique
may be used:

Definition 1 Suppose that A 1s an operator on a Hilbert
space M, then we say that the umitary U acting on

%
H | 3 is a block-encoding of A if A=({0IRI)

U@ 0)R1).
Intmitively, the block-encoding U i1s a unitary whose
top-left block contains A:

14 - (22)
v-[4]
For the probability oracle A of Eq. (1)
(I yA z21)A )1 8) O =diag(1-2f(x). 23)

and from Definition 1, U=A "(ZX1 )A 1s a block-encoding
of a diagonal matrix H with diagonal entries (1-2f(x)). With
access to this block-encoding, a Hamiltonian simulation
method (e.g., from arXiv:1610.06546v3 or arXiv:
1806.01838) allows implementation of an €, -approxi-
mation of the unitary e”, through repeated applications of

U and U', which scales as O (Itl+In(1/e ). Therefore,

phase)
with a block encoding of J(x) and t=2xS, Hamiltonian

simulation can be used to produce an €, -approximation
of the phase oracle O, from Eq. (15) (as suggested earlier,
an e-approximation of a quantity means the approximation
1s within error € of the quantity). Note that while the
block-encoding of Eq. (23) allows the creation of a phase
oracle with phase of 1-2f(x) instead of f(x) in Eq. (15), the
first term ends up as a global phase which can be 1gnored,
and the factor of —2 can be absorbed 1n the factor t of the
Hamiltonian simulation.

While Hamiltonian simulations may be used to realize the
unitary evolution, some of these methods (e.g., as 1n arXiv:
1610.06546v3 and arXiv:1806.01838) may require post-
selection, which 1s factored 1n for an end-to-end resource
estimation. On the other hand, Martyn (See arXiv:
2110.11327) introduces a coherent Hamiltonian simulation
method which does not require post-selection and instead
succeeds with arbitrarily high probability 1—0, scaling as

O (Itl+In(1/e ;. )+In(1/0)). For a target t, approximation
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EITOL €7, .and 5=2€Fm5€, this §0herent Hamiltonian simu-
lation algorithm queries U and its inverse a total number of
fimes

1 E?lfl SEphase Ephase
Nt e =2 5755 2 )|+ (= 1= ) 1.

Where (1)Be (0, 1) is a user-chosen parameter; (2)r(T.e)=

|T|eW(EH(L’E)KITI), where Wi(x) is the Lambert —W function; and (3) ,Y(E
bl

A)=2.

+ 1.

() G (2 )

Using this method, the total number of oracle (Eq. (1))
calls used to construct an €, -approximation of the m-or-
der phase oracle of Eq. (18) 1s then given by

(25)

Z NU(Q;?T%‘HEHI) s €phases ﬁ]

The optimal value of B depends on the target approxima-
tion error €,,,... For the cases studied in this disclosure,

B=0.5 is an improved (e.g., optimal) choice and may be used
in Eq. (25).

4. RESOURCE ESTIMATION OF QUANTUM
GRADIENT METHODS

This section describes an asymptotic resource estimation
for the gradient methods described previously. Representa-
tive parameters from the financial domain may be used for
gsradient estimation problems, targeting k=1000 greeks and
an approximation error of e=107". For the resource estima-
tion of the GAW method, it can be assumed that the
smoothness conditions of Theorem 1, with smoothness
parameter c=1, apply for the problem at hand and that the
Hamiltonian simulation phase error 1s epha5E=10_4. Here c=1
1s used to estimate the possible usefulness of the algorithm
In a best-case scenario of smoothness from Theorem 1.
While the phase error €,,,,  may be treated as a free
parameter at this point, the particular choice of 107" is
motivated by numerical simulations which show this to be a
good choice. The numerical simulations and the impact of
the phase error are discussed in more detail 1n subsequent
sections. The finite-difference approximation degree may be
set to

m=lﬂg(c\/E’E) (26)

and the spacing parameter set to (see proof of Theorem 5.4
from Gilyén):

129 emVE(8 1x8x4271 cm\e) Y™ (27)

Using the proofs from Gilyén, the number of oracle calls to
achieve the target error can be estimated. Notice that, in
these example estimates, only the asymptotic scaling 1is
considered (assuming remaining constant factors are 1) and
it 1s assumed that €, . 1s sufficiently small to have no
impact on performance. This results in 6.3x10” oracle calls.

This can be compared asymptotically to the performance
of both classical finite difference (with common random
numbers and without) and semi-classical quantum finite
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difference. These results are summarized 1n Table 2. In one
embodiment, optimal values of the discretization step h as
calculated 1n Section 2.2 are chosen to minimize the gradient
estimation error €, and €=10-3 1s picked for these bench-
marks.

Table 2 illustrates that using the parameters from the
proofs 1n Gilyén, the GAW algorithm fails to deliver an
advantage compared to the semi-classical method for k as
high as 103. However, while this analysis gives an indication
of how the different methods compare 1n theory, the esti-
mates are based on asymptotic bounds with parameters
which may be loose in practice and are dependent on the
smoothness of the functions considered. The following
section analyzes the performance of the GAW method
numerically on examples that are representative of some
practical cases 1n finance.

TABLE 2

Table of asymptotic oracle calls used (e.g., required) to
compute quantum gradients for financially relevant greeks.
Parameters for this benchmark are described in the text.
This asymptotic analysis indicates that quantum gradient
method has potential to outpertorm classical finite difference
methods but 1s on par with semi-classical methods.

Classical Finite CFD with GAW Quantum
Difterence CRN Semi-classical Gradient
102 10° 10° 107

4.1 GAW Numerical Estimates

The GAW method described 1n Sec. 3 gives a quantum
algorithm for gradient estimation which scales as O (\/E/e)
when the target function satisiies the conditions of Theorem
1. However, 1n most relevant financial models of interest,
closed form solutions that can be examined to check whether
they satisly the smoothness conditions required of the theo-
rem are not available (e.g., numerical methods are used to
approximate the function of interest that does not have a
closed form solution). As used herein, a closed form expres-
sion 1S a mathematical expression that uses a finite number
of standard operations. It may include constants, variables,
operations (e.g., + — X +), and functions (e.g., nth root,
exponent, logarithm, trigonometric functions, and inverse
hyperbolic functions), but no limit, differentiation, or inte-
gration. In some embodiments, a function does not have a
closed-form solution if numerical methods are used to (e.g.,
must be used to) approximate the function.

As such, this section describes numerically examining the
behavior of the high-order methods of the GAW gradient
estimation algorithm for two financial use cases: (a) a simple
(vanilla) European call option for which there is an available
analytical closed form solution allowing benchmarking of
the performance of the algorithm against the exact gradients,
and (b) a path-dependent basket option with a knock-in
feature which has no known analytical solution and 1s 1n
practice classically evaluated using Monte Carlo methods.
In particular, this section examines the central-difference
approximation order m and spacing 1 used for adequately
precise gradient estimation and compare 1t to the theoretical
values of Eq. (26) and Eq. (27) respectively. This section
focuses on these two parameters because they determine the
overall complexity of the algorithm, which can then be
compared to the other methods of Table 2.

Because the resulting quantum circuits are prohibitively
wide and deep for numerical simulation 1n practice, the
following practical method 1s adopted to emulate the algo-
rithm’s performance: to estimate k greeks using n bits of
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precision we 1nitialize a k*2"-dimensional array with the
amplitudes of Eq. (18) computed classically for the chosen

derivative order m. k*2"-dimensional classical inverse Fou-
rier transforms of the array are performed to get the resulting
probability distribution which 1s the output of the GAW
algorithm before measurement. To account for the phase
error €,,,,..>0 from the Hamiltonian simulation, a random
number 1s added to each encoded phase 1n Eq. (18), uni-
formly picked from the interval [—e € hasel -

4.1.1 Vanilla Options

A simple example 1n derivative pricing 1s a European call
option whose price depends on the performance of a single
asset at a pre-determined future time (the expiration date),
relative to a reference price (the strike). In the Black-
Scholes-Merton model, where the asset undergoes Geomet-
ric Brownian Motion (GBM), a call option on a non-
dividend-paying asset has a closed form solution given by

phaseﬁ

C =SN(d)—Ke ' N(d»), (28)

In(S/K) + (r+0%/2)T

- 0N

with dl =

, tdy = d

where S 1s the asset price today, K the strike of the option,
r 1S a risk-free rate of return, a the annualized volatility of the
asset, T 1s the time until the option’s expiration date and
N(x) denotes the CDF of the standard normal distribution.
The quantum algorithm may be tested for the four greeks of
this option/model: delta=cC/3S,rho=cC/r,vega=0C/36G, and
theta=cC/cT. Numerical simulation may be performed of the
GAW algorithm for increasing k (the number of greeks we
compute simultaneously) and central-difference approxima-
tion order me [1, 4]. In each case, a search 1s conducted for
the largest value of the spacing/for which the algorithm
produces an estimate e-close to the exact value with prob-
ability>83% for each greek. We target a gradient error of
e=2x107* which uses n=[log(1/€)]=6 qubits in each dimen-
sion (these numerical simulations scale exponentially in this
parameter as they are emulating the quantum circuit on these
qubits).

For each value of k, what 1s numerically found as the
optimal values for (im, 1)—that minimize the total number of
oracle calls N, from Eq. (25) while maintaining a success
probability of 283% —1s compared to those used 1n the proof
of Theorem 1, given by Eq. (26) and Eq. (27), assuming the
smoothest possible parameter c=1. The approximation error
from the Hamiltonian simulation 1s set to epha5€=10_4 and
included as an error source 1n the numerical simulations. The
gradients of the vanilla option 1n Eq. (28) are evaluated at the
pomnt (S, r, G, T)=(99.5, 1%, 20%, 0.1), with K=100, chosen
so that the parameter values are reasonably realistic from a
finance point of view, but at the same time probing a domain
where the function 1s as non-linear as possible (where the
function 1s (approximately) linear then simple finite differ-
ence methods perform well already). Table 3 shows the
results of the numerical simulation and the corresponding
theoretical estimates from Theorem 1 and FIG. 1 shows the
resulting probability distribution from the quantum gradient
estimafion algorithm for each greek, for the case k=4 1n
Table 3. To simulate the algorithm for increasing values of
k, we pick k out of the four parameters S, r, G, T with respect
to which the gradients are computed and fix the values of the
remaining 4-k parameters. For the cases ke[2, 3] where
there 1s a choice of which parameters are fixed, the simu-
lation results in Table 3 are qualitatively independent of the
choice.
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FIG. 1 1illustrates the probability distribution resulting
from the numerical simulation of the GAW quantum gradi-
ent estimation algorithm with m=3 and 1=0.58 for the four
greeks (delta, rho, vega, theta) of the vanilla option of Eq.
(28), and the corresponding exact values shown as dashed
vertical lines. Measurement of the registers corresponding to
each greek will result in a value at most e=1/N=2x10"" away
from the exact value with probability=85%.

TABLE 3

This table shows (a) numerical estimates of the query complexity
N, (Eq. (25)) and parameter values (m, 1) used by the GAW gradient
estimation algorithm in order to estimate k greeks for the vanilla
option of Eq. (28) within € =2 x 1072 with probability >85%
and (b) the corresponding values used in the proof of Theorem 1.
For a vanilla option, the central-difference order can be decreased
and the spacing increased by more than two orders of magnitude
compared to the theoretical values. As such, the query complexity
estimated numenically 1s ~200 times smaller than the theoretical value.

Numerical Theoretical
K m I N, m I N,
2 (delta, rho) ] 0.65 1976 5 0.0028 570592
3 (delta, tho, vega) 3 0.65 4664 5 0.0022 712008
4 (delta, tho, vega, theta) 3 058 4904 5 0.0019 833296

Interestingly, Table 3 shows that the query complexity
used to estimate the gradients of the vanilla option with high
probability in practice, 1s orders of magnitude smaller than

what 1s expected from the parameters used in proof of
Theorem 1. Because the types of vanilla options explored 1n
this section are primarily a motivating example of relevance
to finance that are simpler to analyze, the following sections
focus on more complex derivatives for which gradient
estimation 1s used for business use 1n practice.

4.1.2 Path-Dependent Basket Options

The previous section described numerically examining
the performance of the GAW algorithm for vanilla options
for which there are known analytical solutions that may be
used to benchmark the algorithm’s performance compared
to the exact gradients of the model. A similar analysis may
be performed for a path-dependent option on multiple under-
lying assets, which has no known closed form solution, and
the query complexity from the numerical simulation may be
compared to the theoretical complexity from Theorem 1 as
well as to that of the SQG method (Sec. 2.4) which calcu-
lates gradients using finite-difference using values estimated
using QAE. Similarly to the previous section, the approxi-
mation error from the Hamiltonian simulation may be set to
e=2x107".

The option considered in this section 1s defined on three
underlying assets undergoing GBM with volatilities
6,=20%, 0©,=20%, 0©,=10% and spot prices

S (t=0)=(S,(t=0) S,(t=0), S,(t=0))=(2.0, 2.0, 2.0). The risk-

free rate 1s set to r=1% and the option expires 1n T=3 years.

%
The weighted sum of the asset prices ® -g(t) with weights

%
0=(w,, ®,, Wy)=(0.5, 0.3, 0.2) 1s observed on five days

t®=[T/5%*i] for ie [1,5] across the duration of the contract and
the option’s payoll 1s given by

(8w, k. B) = {max(a’.§(T)—K, 0). if @3> B for any = (29)

0, otherwise
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where the strike 1s set K=1.0 and B=2.5. This option 1s said
to have a knock-1n feature, because 1t only pays off (in other

words, 1s knocked-1n) if the observed weighted sum exceeds
the knock-1n barrier B at any of the pre-defined times before
the contract’s expiration. The GAW algornithm 1s simulated
to estimate four gradients of this option contract’s price V:
the three deltas (OV/3S,) and the vega with respect to the first
asset oV/2oG,. Because this option does not have a closed-
form solution, the option 1s priced using classical Monte
Carlo with 106 paths and use finite-difference to compute the
expected gradients which we may be used as benchmarks for
the quantum algorithm. The quantum algorithm may be
simulated using n=4 qubits for each gradient register, which
sets the target error of the algorithm to e<%4*=0.0625. Using
m=1 and 1=0.25 the simulated GAW algorithm gives us an
e-close estimate with probability 85% for each greek. The
SQG method uses 1/e calls to the @ operator of QAE, and
each @ includes two calls to the unitary 4 of Eq. (1) and
its 1nverse, therefore the complexity for k greeks 1s 2k/e.
Because the SQG method computes the payolf twice in order
to construct the finite difference (Eq. (14)), the <A operator
1s approximately twice as large as the regular pricing oracle.
To compare the query complexity more accurately with the
other quantum methods, a factor of two 1n the complexity
may be included, for a total of 4k/e.

Table 4 shows the query complexity and parameters from
the numerical simulation of the GAW method for this
path-dependent basket option, along with (a) the asymptotic
estimates from Theorem 1, (b) the query complexity of the
SQG method and (c¢) the query complexity of the CFD and

CFD-CRN methods, all for the same target approximation
error. For the CFD and CFD-CRN methods, the reported
query complexity 1s the total number of Monte Carlo paths
used for the evaluation of the k greeks within the target
approximation error € with probability 85%, computed
numerically. The table also includes the parameters and
resources used for the same calculation using the Simula-
tion-Free Quantum Gradient (SFQG) algorithm described 1n
the next section. The resulting probability distribution for all
greeks along with the MC-estimated “true” values 1s shown
in FIG. 2.

FIG. 2 illustrates the probability distribution resulting
from the numerical simulation of the GAW quantum gradi-
ent estimation algorithm with m=1 and 1=0.25 for the four
osreeks of the path-dependent basket option of Sec. 4.1.2,
along with the values estimated using classical Monte Carlo
(MC) with 10° paths (vertical dashed lines). Measurement
provides estimates for each greek with error €<0.0625 with
probability>85%.

5. SIMULATION-FREE QUANTUM GRADIENT
(SFQG) METHOD

This section describes construction of a second-order
accurate quantum gradient algorithm, corresponding to m=1
in Eq. (17). This 1s higher order than Jordan’s algorithm
(Jordan’s algorithm has unfavorable complexity scaling),
but lower order than required from the analy31s in Gilyén to
gnarantee the CJ(\/k/e) scaling. A benefit 1s that, 1n the case
of derivative pricing, we provide an explicit construction of
the phase oracle without using block encoding or Hamilto-
nian simulation. This may be referred to as the Simulation-
Free Quantum Gradient (SFQG) method.

To describe this construction, this section first shows how
to turn the denivative pricing setting of Sec. 1.1 into a
first-order phase oracle O¢ and then how to build a second-
order extension to construct O Sf as defined 1n Eq. (18). This
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algorithm can be simulated to estimate the greeks of the
basket option from Sec. 4.1.2, allowing comparison of its

performance to the corresponding second-order accurate

GAW method.

5.1 First-Order Pricing Phase Oracle

To apply the quantum gradient algorithms to estimate the
gradient of a function J (x), a phase oracle of the form of Eq.
(15) may be constructed. This oracle can be evaluated on a
superposition of points X 1n a k-dimensional hypercube of
edge length 1, G*=[-1/2, 1,]* around x,, where each dimen-
sion 1s discretized using N points with n=log N qubits and
1 chosen small enough so that J(x) 1s approximately linear in
that region (so that the approximation in Eq. 16 holds). For
simplicity, let x,=0 as gradient estimation at other points can
be achieved by redefining the function f. Evaluating the
A operator of Eq. (1) on all points X in superposition gives:

(30)

D (T = 700 o), 10y +

A |
g

N ), 1) = —Z|.x>(|w+(x>> ()

JNE 4

g+1

where W, (x)[ =i1e™° Ny (x)1 N2 and f(x)=sin?(0(x)).
similarly to Eq. (3). Now, define the Grover operator Q=
ASy ATS,, . where So=1“"®() -210I _,,(0l_,,) and S, (
[-21ye) 10) (0I{y,l ). Let D be an upper bound on (30

(x)/3x;)| for all 1€ [1,k] and apply the @ operator TS times
to the state in Eq. (30) with S=N/DI to get’

' Because the states |'¥P+(x)) in Eq.(31) depend on x, care is typically taken
to ensure that they do not interfere with the phase kicked back to the Ix)

register. As discussed in Section 9, the structure of the A operator used in
derivative pricing allows the phase kickback to take place correctly.

(31)

1 1 .
: NZM%I = ﬁZezﬂfW|x>|w+(x>>—

D Ty @),

1
VNS

Note that the application of Og =9 A in Eq. (31) is close
to the desired phase oracle for quantum gradient estimation,
but (1) for 0 rather than f, and (11) with a superposition over
the positive and negative phases that are sought.

An inverse Quantum Fourier Transform (F ,~")** on the
first register gives an estimate of the derivatives of 8(x) at x,

N@9>N{99> N@9> (32)
D@Il D@J‘L’g D&x;c

N 69> N 69> N 69>
o D@xl D@x; D@xk .

This method gives an oracle for 8 and not for § directly.
However, because 0 and f are related through f(x)=sin“(8
(X)), the der1vatives of 0 may be computed and the chain rule
applied to get the gradients of J:

a6 . .
=+ —| Xxsin(28(xo)).

5}:1-
X0

+£

5.1}' X
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This uses knowledge of 9(x,) which may be calculated
through QAE via the operator of Eq. (1).

The positive and negative cases can be distinguished by
adding a dummy dimension to § with a gradient that has a
known sign. For example, one can transform the function (J:
R“%— R) (f4+0.5x,.: R“"'— R). Inspecting the sign of
the k+1-th derivative tells us if we are in the positive or
negative case.

Because 1n this setting the value of ®S=nN/DI indicates
the number of times the @ operator in Eq. (31) is invoked,
1t must be expressible as an integer. Since N=2" 1s an integer,
this can be achieved by picking a value of D such that 7/DlI
1s also an integer. After application of the @ operator, the
resulting integral number of times, the measured gradients in
Eq. (32) are classically multiplied by the choice of D to
recover the magnitude of the gradients.

3.2 Second-Order Pricing Phase Oracle

A possible high-order extension 1s to construct an oracle
which encodes the two-point approximation shown in Eq.
(19), which corresponds to m=1 1n Eq. (17). Because 1n the
QAE setting the gradients of G(X)zsin_l\/m are computed
instead of f(x), the constructed oracle may perform:

Ocq L) x) _ 2T S(B(—8(=x))/2) x) ’

(34)

where 9(—X)=sin_1\/f(—x). In general, high-order oracles of
this form may be constructed as the product of two separate
oracles with opposite phases. This 1dea can be used to
construct the oracle of Eq. (34) using appropriately defined

oracles. Let <A | label the A operator of Eq. (1) and define
operator 4 _ which acts as a probability oracle for the value

J(=x)

A 10 Y I} (T =y, (=) ) 104 +
T, (=0 ) 1D) 10,

as well as corresponding Grover operators Q . = S,

A jS% and Q@ _=A _S A _'S . From Eq. (31) we see that

the product of the oracles OSBH'IEQ A, and Oy, =@ ™
A _ generates the state

(35)

(36)

1 .
> SEOHD eyl (1)) +

VNS
1

N

1 |
Z P 27ISOC)+6(—x) O () +

VNF S

Y e HSEDHED s (1)) +
X

1

ﬁ

Z E—EHI'S(H(IHH(—I}) 0] Ura X))
X

where Y, denotes products of eigenstates of @ . and ==_
which can then be 1gnored for the rest of the algorithm.
While the first two terms include the appropriate phase
kickback (up to the sign) for the two-point approximation
method of Eq. (34) with combined probability of 50%, the
last two terms encode a phase proportional to 8(x)H+0(—X)=
B(x,)+0 (3°0(x)/3x”), which create a probability peak
around zero instead of the gradient, with similar combined
50% probability. By adding a dummy variable to the func-
tion as described at the end of Sec. 5.1, we can distinguish
which eigenstate we are 1n by measuring the gradient of the
dummy variable after applying the inverse Quantum Fourier
Transform. Because the gradient with respect to the dummy
variable 1s known by construction, measuring the positive
(negative) gradient of the dummy variable means measuring
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the positive (negative) gradient with respect to the other
variables. Otherwise, 1f zero 1s measured in the dummy
variable register, that measurement may be ignored. This
means that additional post-processing 1s used for this
method, and 50% of the shots are discarded. The total
number of shots used depends on the desired accuracy of the
estimation and this choice 1s discussed 1n more detail in Sec.
6. A circuit diagram of the SFQG method 1s shown 1n FIG.
3. Note that the operators Q _ and @ _ are applied to separate
registers 1n order to generate the correct phases for Eq. (36).

FIG. 3 illustrates a quantum circuit diagram of the SFQG
method used to generate the state of Eq. (36). First, Had-
amard gates are applied to k registers of n qubits each to
generate the superposition of points X Ix). CNOT gates
(controlled by qubits 1n the first set of k registers of n qubits)
are then used to create a copy of each Ix} (in a second set
of k registers of n qubits), which allows evaluation of the
oracles Oy,'=Q@ A, and Oy, =@ _™A _ in parallel at
the cost of extra qubits. After uncomputing the copies using
another set of CNOT gates (controlled by qubits 1n the first
set of k registers of n qubits), an n-dimensional inverse
Quantum Fourier Transform 1s applied to each of the initial
k registers 1n the first set to give the state of Eq. (36) which
1s then measured to estimate the k gradients.

Using the operator to construct the state of Eq. (36),
numerical simulation may be used on the SFQG algorithm
to compute the greeks of the basket option of Sec. 4.1.2. In
this case, the algorithm 1s used to compute the gradients
36/3S,, 30/3S.,, 36/3S., 36/36,, where O=sin"'VV, and V is
the option price, from which the option’s greeks can be
estimated using Eq. (33), assuming the contract 1s already
priced. Similar to the simulation of the GAW algorithm 1n
Sec. 4.1.2, a search 1s performed for the parameter value 1
which estimates the gradients within €<0.0625 with prob-
ability of success=83%, using n=4 qubits for each gradient
register. Here, the probability of obtaining the states dis-
carded 1n Eq. (36) 1n post-processing can be 1gnored. Intui-
tively, one can think of the effective oracular cost as being
twice what 1s computed from this simulation given that there
1s a 50% probability of failure, but as shown 1n Sec. 6, there
1s a more efficient way of combining measurement results to
obtain estimates and confidence intervals for the gradients.
The complexity of the algorithm 1n terms of the number of
serial invocations to the < operator of Eq. (1) used to
construct the state of Eq. (36) 1s then TS=nN/l, where N=2".

The probability distribution in the non-discarded states for
all four gradients after the application of the SFQG algo-
rithm 1s shown 1n FIG. 4, and the parameter values and query
complexity of the algorithm i1s shown 1n Table 4 along with
the other quantum, classical, and semi-classical methods
studied 1n this disclosure. The classical method complexity
1s estimated by computing the greeks with finite-difference
using 3000 Monte Carlo simulations of the basket option
price and searching for the number of Monte Carlo paths
which give the same target error €<0.0625 with probabil-
1ty>85% as the quantum and semi-classical methods.

FIG. 4 1illustrates the probability distribution resulting
from the numerical simulation of the second-order accurate,
SFQG algorithm with m=1 and 1=0.25 for the four greeks of
the path-dependent basket option of Sec. 4.1.2, along with
the exact values estimated using classical Monte Carlo
simulation (vertical dashed lines). This algorithm allows
estimation of the gradients of the fTunction G—Sin_l\lv, where
V 1s the option price, from which the option’s greeks can
then be estimated using Eq. (33). Similar to FIG. 2, mea-
surement gives estimates for each greek within error
€<0.0625 with probability>85%.
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TABLE 4

Comparison between (a) the numernical estimates of the query complexity
N, (Eq. (25)) and parameter values (m, 1) used by the GAW gradient
estimation algorithm in order to estimate k greeks for the basket
option of Eq. (29) within € £ 0.0625 with probability =
85%, (b) the corresponding theoretical values used in
the proof of Theorem 1, {c) the parameters and resources used
for the same calculation using the Simulation-Free Quantum Gradient
(SFQG) algornithm described in Sec. 3, {d) the query complexity
of an SQG method for the same target accuracy and confidence
interval and (e) the total number of simulated classical Monte
Carlo paths used for the same accuracy and confidence interval

using CFD and CFD-CRN methods.

N, m 1

Quantum Simulation-Free (SFQG)* 201 1 0.25

Semi-classical (SQG) 256 n/a n/a

GAW (Numerical) 1600 1 0.25

GAW (Theoretical) 201,528 4 0.0018
Classical Finite-Difference w/CRN 32,000 n/a n/a

(CFD-CRN)

Finite-Difference (CFD) 400,000 n/a n/a

Numerically i1t can be demonstrated that for this path-
dependent basket option, the m=1 GAW method can esti-
mate the four greeks within E with probability 83%, with
125 times smaller query complexity implied by the proof of
Theorem 1 and 20 times smaller than the best finite-
difference-based classical method (CFD-CRN). (* For the
SFQG method, the effective oracular cost can be thought of
as being twice what 1s reported in this table given that there
1s a 50% probability of failure, but as shown 1n Sec. 6. there
1s a more elficient way of combining measurement results to
obtain estimates and confidence intervals.)

6. QUANTUM GRADIENT ESTIMATION USING
MAXIMUM LIKELIHOOD ESTIMATION

The success of the quantum gradient estimation algo-
rithms studied 1n this disclosure (e.g., the SFQG methods),
as well as those 1n Jordan and Gilyén, may be judged by their
ability to estimate the gradient within € with high probabil-
ity. In Gilyén the authors suggest repeating the gradient
estimation algorithm O (log(k/p)) times for k gradients and

taking the median to get the estimates within error € with
probability at least (1-@. However, this approach has two
main drawbacks: a) 1t doesn’t characterize the correctness of

the output with precise confidence intervals, and b) the

output can only be one of the N possible values of the
discretized hypercube Gxﬂk of Eq. (16). These 1ssues may
apply to amplitude estimate algorithms as well.

Maximum Likelihood Estimation (MLE) may address
these 1ssues for amplitude estimation algorithms. For
example, the quantum circuits are sampled more than once
and the results are classically post-processed with MLE.
This section shows that we can additionally apply the MLE
method to the quantum gradient estimation algorithms to
enhance the final estimate.

(Given a probabality distribution p with unknown param-
eter g and data x; with 1=1, . . . , M sampled from 1t, MLE
may obtain an estimate § for g. This 1s done by maximizing
the log-likelihood log L, where log L(g")=log(I1._,"p(x,1g")
and g' are candidates to be evaluated:
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(37)

g = argmaxlogl(g’)g' =
g.l"

M M
al‘gmg}dﬂg(np(xf |g’ )] = argrfla}{[zmgp(xf | g")],

g i=1 g =1

which measures how likely 1t 1s to measure the data x; 11 g’
1s the true parameter. The general quantum gradient estima-
tion algorithm from Section 2.5 uses a region 1 where the
function whose gradients we are computing 1s approxi-
mately linear. In this case, the probability distribution after
the 1nverse Quantum Fourier Transform 1s applied to Eq.
(16) 1s the same as that of phase estimation and 1s given by:

sin® (NA7) (38)

N?sin*(An) ?

plx) =

where A=(x—g") and N 1s the number of possible measure-
ments.

Confidence intervals for the MLE estimate § can be
derived using the likelihood ratio (ILR). The confidence
interval at the (1-o) confidence level 1s the value g' satis-
fying {g'€[0, 1]:log L(g)2log L(g)—q, (1—a)/2}, where
d, 2 denotes the (1-a) quantile of the ¥~ distribution.

FIG. 5a illustrates the discrete probability distribution
before measurement of Vega 00/0G for the basket option
from FIG. 4 (bars) 1s fitted to the theoretical distribution p(x)
of Eq. 38) (solid line). The maximum of the distribution
occurs at the exact analytical value (dashed vertical line).

FIG. 5b 1llustrates a global maximum of the log-likeli-
hood log L(g") (dot) which provides a better estimate of the
true value (dashed vertical line) than the most likely result
if we sample from the probability distribution and take the
median (triangle). The log-likelithood plot was produced by
sampling the quantum gradient estimation circuit 30 times
and allows us to estimate this greek to within €<2x10™ with
confidence level 1-0=0.68. When using the SFQG method
we have 50% probability of discarding a measurement, and
the expected number of shots for this target accuracy 1s thus

60.

FIGS. 5a and 56 show how MLE can be used to improve
the estimate of Vega (09/06) for the basket option from FIG.
4 calculated with the simulation-free quantum gradient
(SFQG) method. As discussed 1n Section 5.2, the SFQG
method generates a probability peak of 30% around the
gradient up to the sign and another peak of 0% around zero
which we 1gnore. Because this approach can distinguish
between these cases by adding a dummy variable to the
function with a known gradient, just the case where the
gradient 1s measured may be considered and the number of
shots may be doubled to take into account the discarded
measurements. FIG. 5a shows that the final probability
distribution after the application of the quantum gradient
estimation algorithm (labeled “Quantum Gradient”) does

indeed fit Eq. (38) (plotted 1in FIG. 5a and labeled “p(x)”),
and thus the QAE with MLE results can be used here too.

For clarity, the measurement outcomes are only plotted 1n
the interval which contains most of the probability mass.

FIG. 5b plots the log-likelihood log 1.(g') as a function of
g' across the same interval when the quantum gradient
circuit that produces the probability distribution in FIG. 5a
1s sampled 30 times. In FIG. 5a, the MLE estimate g (dot)
1s the global maximum of the function (labeled “Log L(x)”),
which 1s very close to the true value g (vertical dotted line)
and significantly better than the median of the final prob-
ability distribution (triangle). In practice, the SFQG method
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may use double the number of shots (60) to account for the
discarded shots due to the extra terms of Eq. (36).

One significant advantage of the MLE method 1s that
because the final estimate 1s not constrained to be one of the
N possible discrete values, the value of N may be decreased
at the cost of increasing the number of samples taken, thus
lowering the overall width and depth of the quantum circuit.
For instance, while the distance between the N possible
discrete values 1n FIG. 5a 1s 0.0625, the error € in the MLE
estimate in FIG. 5b is e=4x107".

While the MLE post-processing uses additional classical
compute cost, calculating the MLE 1n this setting 1s done by
Increasing (e.g., maximizing) a concave function over a
one-dimensional compact interval, which can be 1gnored 1n
the overall complexity analysis.

7. UPDATED ESTIMATES FOR QUANTUM
ADVANTAGE

The resource estimation of Chakrabarti established that
quantum advantage for derivative pricing with respect to
classical Monte Carlo methods requires a quantum processor
that can execute ~10” T-gates per second at a code distance
that can support ~10'° logical operations. More specifically,
pricing the autocallable contract studied in Chakrabarti
using the reparameterization technique introduced therein to
within e<2x10™ with confidence level 1—-0=0.68 requires a
T-depth of 5x107. As such, in order to match the classical
Monte Carlo pricing time estimated as 1 second, a logical
gquantum clock may use a rate of 50 MHz. The same
reparameterization technique from Chakrabarti may be used
to construct oracle size estimates and estimate the T-depth of
the quantum circuit for the SFQG method to compute the
four greeks of the basket option of Sec. 4.1.2 and Table 4.
To calculate the greeks to within the same €<2x10™ and
confidence level 1-0=0.68, the SFQG method may be used
with the parameters of FIG. 4 and the maximum likelihood
estimation (MLE) method from Sec. 6 using 60 shots (see
FIG. 5b). Using these parameters provides an estimate that
the total T-depth of the SFQG circuit multiplied by the
number of shots is 5.5x10’, with the end-to-end circuit using
12k logical qubits and execution of T-gates at a code
distance that can support 108 logical operations. Assuming
the contract can be classically priced using Monte Carlo 1n
1 second to within the same error and confidence level and
that the greeks can be calculated using a second-order
finite-difference method applied to Monte Carlo pricings,
the greeks of the basket option can be classically estimated
in 8 seconds (four greeks, two pricings per greek). There-
fore, quantum advantage using the SFQG method 1n calcu-
lating the greeks of this derivative contract may include
executing T-gates at a rate of 7 MHz, which 1s 7 times lower
than the estimate of Chakrabarti for quantum advantage 1n
derivative pricing. Moreover, because the quantum gradient
circuit 1s sampled 60 times when the MLE method 1s used
(see FIG. 5), providing parallel access to 60 QPUs on which
the quantum circuit can be loaded and sampled simultane-
ously enables achieving the same runtime as the serial
execution 1if the logical cock rate of each device 1s ~100 kHz,
which 1s closer to current estimates of feasible logical clock
rates around 10 kHz.

While the computational cost for the numerical simula-
tions of the SFQG method currently limits the analysis to a
maximum ol k=4 greeks for practically relevant use cases,
the SFQG method can scale favorably to derivative pricing
problems of higher dimensionality, motivated by the fact
that most, 1f not all, derivative contracts of practical interest
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have piecewise-linear payolifs. While Theorem 1 provides a
complexity of O (\/E/e) for the class of functions considered,
it does not preclude higher-order speedups with respect to k
for smoother functions. For instance, the SFQG method
applied to simple polynomial functions can achieve a com-
plexity of O (log(k)/e€). Derivative contracts often include
market parameters with little or no cross-dependence, e.g.,
" f/(ex,™3x,"™)~0 for n>1, me[1, n—1]. For example, the
basket option from Sec. 4.1.2 without the knock-in feature
J"V/(3S,;"3§,™)=0. The absence of such higher-order terms
allows us to pick values of m and 1 1n the application of the
SFQG method which lead to smaller overall oracular cost
than what 1s specified by Theorem 1. An example upper
bound on the potential advantage compared to classical
Monte Carlo 1s the case where the function 1s at most a
second-degree polynomial in all k vanables, yielding an
overall speedup of (k). Therefore, the possible extent of
quantum speedup of the SFQG method may be dependent on
the nature of the price function for each derivative. Assum-
ing the SFQG method can be applied to larger number of k
(as argued above), then one or more of the above advantages

may apply to the GAW m=1 method as well. However, the
SFQG method 1s still cheaper to construct than the GAW

method, as indicated by Table 4.

3. PHASE KICKBACK

For the Simulation-Free Quantum Gradient (SFQG)
method described 1n Sec. 5, care may be taken for the
appropriate phase kickback to occur 1n Eq. (31) (e.g., to get
the correct gradient after the application of the inverse
Quantum Fourier Transform). Eq. (31) includes the states

Icoi(x)) which 1n general interferes with the subsequent
inverse Quantum Fourier Transform through their depen-
dence on x. The application of the @ operator 1n the SFQG
method creates the state

1 ,
Yy = ——= > ey (1)) -

VNF S

ey ().

YVE S

Applying the inverse Quantum Fourier Transform to the Ix

) register gives

j\.% 22N s, ()~ ﬁ% S5 ezlsa =y, 4
X ¥ ¥ %

The probability of measuring a value 1z) in the first register
1s given by

(41)

1 A Iy !i
ﬁ[;;e ZHI(S(:?(I) X N)

<y"l<u’f+ ()l = ZZEM(SH(I”_I’%)@’ [ — (r')l](lz> Dzl ® 1)

I.I' y!

R
X ¥ A ¥

| N : -
v [ZZ o~ 27800 y=x" 2/N) 2mi(S(x)—x2/N) o () | g () +
X oy



US 12,493,812 B2

-continued
Z Z EE}If(SH(x")—x" 2/N) o= 27i(S6(x)~x2/N) O ) | 0 (X)) —
If y!‘
Z Z E—zm(m(x’)—x’ 2N =27 S6(x)—x:2/N) O ( ) ‘ b (x) ) —
I" J}!‘

Z Z Eznf(se(x’ V—x"-z/W) o~ 27i(S6(x)—x-z/N) O () | g ()
IF y!

In the derivative pricing context considered 1n this disclo-
sure, the <A operator may 1mplement a re-parameterization
method (e.g., the re-parameterization method 1n
Chakrabarti). To do this, the <A operator can be written as
the product of two operators § and F . The § operator
loads standard normal distributions corresponding to the
number of assets of the derivative contract and the timesteps
used 1n the pricing

(42)

G: 10) - > lpi i,

where the probabilities p; are independent of any market
parameters. Then, the F operator computes the payoif g(1)
using quantum arithmetic on i), which is subsequently
rotated 1nto the amplitude of an ancilla qubait

F: Y AP DI0Y, = > A IDgT - g@10)+4g@ 1)) ©)

After the final rotation, the register lg(i)) can be uncom-
puted, so that the overall effect of the A =F (§ Q AY)

operator can be written as

(44)

AN0),1 = AP D1 = g0) 10)++/g0) 1)

where g(1)e [0.1]. When A 1s evaluated 1n superposition
over a register |x) representing tweaks to input market
parameters as shown in Eq. (30), the resulting state becomes

(45)

A :

| 1 1
ﬁ le’}lO)mﬂ — ﬁZM}Z‘\/pI |;}(.\j1 —g(f, .I) |O} +

1 . ,
— ) [ () — e T, (o))

JNE

N1+g6, x)|1)) =

with
l (@ g(i, %) (46)
|w+(x>>=—[ NP lid(=i 1) +
V2 Z \ 2, pigths
1 — o(i,
B on
\ 2Pl - 86 0
and
(47)

B(x) = arcsin[
.V

where k 1s the dimension of the gradient we are estimating,
and N=2", and n qubits are used for the superposition

Zpig G, x)]
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¥ Ix} in each dimension. Choosing x<<1 means that the
function O(x) 1s approximately linear in the vicinity of x=0.
In this regime, the Iy, x) states in Eq.(46) give 1y (x)Ihy_
=Ty _(x)y,(x))=0 and Ty, (X, (x))=Ty_(x)y_
(x) }=1. The probability of measuring a value 1z ) in Eq.(41)
1s then given by

1 Z EZFTf (E Hx)y—xz/N )

= N2k

2 (48)

X

| Z Z E_ZHf( 56(x" V—x" -2/ N) Ezﬂf(ﬁ’e(x)—x. ziN )
2k
N e

which 1s similar to the standard quantum phase estimation.
Note that the application of the @ operator in Eq. (39)
induces the correct phase kickback to the Ix) register
because the x-dependence in Eq. (46) 1s limited to the
amplitude of the last qubit. If the probabilities p. become
dependent on x or other qubit registers remain entangled
with x, the phase kickback fails.

FIG. 6 shows that the simulated measurement outcomes
after the creation of the state 1n Eq. (39) and the subsequent
inverse Quantum Fourier Transform for an example when
the A operator is in the form of Eq. (45) and k=1. The
probabilities p; are taken from a normal distribution with
unit variance defined on three qubits (m=3), normalized
such that X p.=1, and g(i, x)=sin“(b*i+2x) for b=0.405. After
applying the Quantum Fourier Transform and measuring the

X) register, an estimate can be obtained of the gradient
dO/dx (or —dO/dx as described by Eq.(32)) at x=0 where
E}zarcsin(\lﬁ) and a=X p, sin“(b*i+2x). For the parameter
values chosen, d0/dx=0.253 at x=0. Three qubits may be

used for the register Ix) (n=3) which allows resolution of the
gradient with accuracy Ys=0.125. The value of b was chosen
for clarity, so that the resulting gradient 1s close to one of the
values which can be represented exactly with three qubits.
I=nt/256 and D=1 may be picked and thus the @ operator
may be applied S=N/DI1=2048 times. Because the <A opera-
tor used 1n this simulation i1s 1n the form of Eq. (45), the

correct phase is kicked back to the Ix) register, and the
inverse Quantum Fourier Transform generates two probabil-
ity peaks around *£d9/dx where d0/dx=0.253.

FIG. 6 illustrates simulated measurement outcomes after
the application of Eq. (31) and the subsequent inverse
Quantum Fourier Transform when the <4 operator is in the
form of Eq. (45). The measurement outcomes correspond to
estimates of the gradient dB/dx at x=0 where Bzarcsin(\/a)
and a=Y p, sin“(b*i+2x) for b=0.405 and p=[0.03149738,
0.08388914, 0.16118575, 0.22342773, 0.22342773,
0.16118575, 0.08388914, 0.03149738]. The probability
peaks around £0.25, which 1s the closest value representable
with n=3 qubits to the expected d6/dx=0.253.

9. AUTOMATIC DIFFERENTIATION AND
MULTI-OBJECTIVE QAE

Another way to compute gradients (e.g., 1n the considered
setting) 1s automatic differentiation (AD). AD repeatedly
applies the chain rule to every elementary arithmetic opera-
tfion that 1s used to compute an objective function and keeps
track of the analytical gradient throughout the calculation. In
many practical applications the gradient can be computed at
a constant overhead, independent of the dimension. In some
cases, the overhead can even be stated to be bounded by a
factor of four compared to evaluating the function alone at
the expense of larger memory requirements.
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Suppose one wants to estimate an expectation value
¢ (2(S, x)) for a payoff function g, a random variable S and
some given parameters X as well as the corresponding
gradient V_E (g(S, x)).

To construct the probability oracle <A (x) used by QAE for

a fixed x, one can first create a weighted superposition of

(e.g., all) scenarios, then evaluate the corresponding payoil

for each scenario, and prepare an objective qubit to get

pALES |

> AP Isplgls s, XA = glss 1) 100+ 4fglsy, 1) (1)
7=0

(49)

such that the probability of measuring |1) in the last qubit
corresponds to [ (g(S, X)), and where the s; denote the
possible realizations of S represented by m qubits and the p;
denote the corresponding probabilities.

For every scenario Isj> , quantum arithmetic can be applied

to compute the payott 1g(s,, x)) . Thus, for each s, AD can
be used 1n the same way as classically to compute the
gradient V,g(s;, X), while using at most twice the resources
used classically due to the use of a reversible 1mplementa-
tion. Thus, with a constant overhead compared to the evalu-
ation of the expectation value, this results in the state

S _1 , (50)
Z J?jlgj}lg(sj, X)) ®1 |10: g(s;, X))
j=0 .

The following shows how to use QAE to read out multiple
objectives defined on the same random variables, which then
immediately applies to the gradient as constructed in Eq.
(30).

Suppose a random variable S and a set of functions
f.,1=1, ..., k, that map realizations of S to R. Further,
suppose one 1s Interested in estimating the expectation
values E (J(S)) for all i, and that one can construct a state
of the form

21 51)

k
Z N D18 ® | fils;))
=0 i=1

L (J(S)), first introduce k addi-

tional m-qubit registers Ic.), each initialized with some

value c,, and second, use quantum arithmetic to compute the
SUI

To estimate the values

k (52)
Cfﬁ(ﬂj)
=1

i

into another register. In other words, an operator can be
constructed that acts as

i - (53)

k i Z
®c)I0) & 10)10) @Icﬁzjﬂ

i=1
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By adding an objective qubit and applying a rotation con-
trolled by the last register, this can also be used to construct
a probability oracle <A (¢) that corresponds to the function

(54)

k
fe) = [E[Zcfff(S)].

i=1

This 1s a linear function in ¢ and using the quantum gradient
algorithm with respect to ¢ results 1n

v fe)=CIE 5, . . ., L (F (ST,

which 1s the read out of all k expectation values.

[f the values of f, are such that the weighted sum in Eq.
(52) satisfies £,_,“c,f {8;)<1, since the function by construc-
tion 1s linear in c, the resulting complexity of the quantum
gradient algorithm for a target accuracy e€>0 scales as
(O (1/e), independent of k (1gnoring logarithmic terms). The
multi-objective QAE uses (e.g., requires) k-m additional
qubits as well as the weighted sum 1n Eq. (52), which can be
computed in logarithmic depth by using a divide-and-con-
quer summation scheme. If on the other hand, Eq. (32) 1s
normalized by dividing the weighted sum with a factor D,

(35)

the complexity of the algorithm becomes O (1/eD). When
f.~1, Vi, we may choose D~1/k, which adds a factor of k
back to the complexity of the algorithm, negating the
advantage of this method.

Since Eq. (50) has the desired (e.g., required) shape, the
multi-objective QAE can be applied to evaluate the gradient
that has been evaluated using AD implemented by quantum
arithmetic. If no additional normalization 1s desired (e.g.,
required), AD and (multi-objective) QAE can be combined

to get the gradient algorithm with runtime O (1/€), indepen-
dent of the dimension and with a quadratic speed-up 1n the
accuracy. Thus, like classically, AD 1s a promising approach
to estimate market risks with a significant advantage over
finite difference schemes.

10. DISCUSSION

Among other things, this disclosure provides a new appli-
cation of the GAW algorithm and a new modification to the
GAW algorithm. Specifically, this disclosure describes using
a modified version of the GAW algorithm (m=1) to compute
gradients of financial derivatives (greeks)(even if 1t 1s
unclear whether the functions of interest satisfy Theorem 1).
For example, as shown in Table 4, while theory of the GAW
algorithm dictates that m should be 4, this disclosure dem-
onstrates that m=1 can be used. This demonstrates that
additional quantum advantage 1s possible 1n risk analysis, on
top of the quadratic speedup of derivative pricing. Classi-
cally computing k greeks with fimite-difference methods—
when the underlying derivative 1s priced using Monte
Carlo—has complexity O (k/e”) and straightforward exten-
sion of finite-difference methods to derivative pricing using
amplitude estimation provides a quadratic advantage with
complexity O (k/e). In this disclosure, the modified GAW
algorithm provides an additional quadratic advantage for
overall complexity of O (\/E/e). Theorem 1 specifies this
quadratic advantage with respect to the number of greeks
when the pricing function safisfies the smoothness condi-
tions of Theorem 1. However, because derivative pricing
problems of practical interest in finance i1nvolve numerous
diverse multivariate price functions and generally have no
analytical solutions, understanding whether and which
financial denivatives satisfy the aforementioned smoothness
conditions may be a challenging task. For this reason,
numerical methods were employed to simulate the modified
GAW algorithm for two example derivatives: a) a European




US 12,493,812 B2

27

call option which has a closed-form solution and 1s used to
establish the validity and benchmarks of the algorithm and
b) a path-dependent basket option which has no known
analytical solution and 1s representative of typical derivative
price functions. The results not only succeed 1n estimating,
the associated greeks for these examples with high prob-
ability, but the resulting query complexity 1s significantly
smaller than that suggested by Theorem 1 (e.g., See Tables

3 and 4).

This disclosure also provides a rigorous resource estima-
tion of the quantum oracles mvolved 1n the above modified
GAW algorithm. Due to the extra cost associated with the
block-encoding and Hamiltonian simulation used to
approximately construct the phase oracle of Eq. (15) from
the probability oracle of Eq. (1) used in denivative pricing,
Sec. S5 of this disclosure develops new methods (the SFQG
methods) to construct a cheaper, second-order (m=1) phase
oracle by taking advantage of the structure of amplitude
estimation.

Sec. 6 shows that quantum gradient algorithms (e.g., the
SFQG methods) may be enhanced by employing maximum
likelthood estimation (MLE), allowing us to determine the
resources used to estimate gradients with precise confidence
intervals and confidence levels. Using this MLE method,
Sec. 7 describes estimating the resources used for quantum
advantage 1n derivative market risk for typical use cases of
practical interest. Employing quantum gradient methods in
derivative pricing can lower the logical clock rate estimate
for quantum advantage described in Chakrabarti (arXiv:
2012.03819) by a factor of seven.

While finite-difference methods may be used to compute
ogrecks, classical automatic differentiation (AD) methods
may also be used. AD methods may be advantageous
because of their ability to significantly reduce the associated
computational costs, at the cost of increased memory foot-
print. In particular, the adjoint mode of automatic differen-
tiation (AAD) 1n certain cases allows the computation of all
k gradients of a scalar function f at a cost which is
independent of k, meaning that the overall classical com-
plexity cost in this case becomes (} (w/e?), for some constant
co depending on the function f. For example, while the
complexity of the GAW quantum gradient estimation algo-
rithm scales as O (VK/e) for the class of smooth functions in
Theorem 1, 1n Sec. 4.1 we saw that for practical use cases
in {inance, the algorithm scales 100x-200x times better than
the theoretical estimate from Theorem 1 for a given € (e.g.,
See Tables 3 and 4). As such, depending on the practical
scaling of the GAW algonthm to larger values of k for

finance use cases, 1t 1s possible that it could also outperform
the complexity of AAD methods. Note that i1if the GAW

algorithm outperforms AD, then the SFQG methods do as
well. However, SFQG methods can outperform AD even it
the GAW algonthm does not, since SFQG methods are
cheaper than GAW as shown in the examples studied. It 1s
also interesting to consider whether a similar construct as
that employed by AD can be applied 1n a quantum setting.
Section 9 provides such a construct and shows that 1n certain
settings 1t can lead to similar performance profile as classical
AD, 1n that the runtime of the algorithm 1s mndependent of
the number of greeks at the expense of increased memory
usage.

Although this disclosure describes calculating gradients,
the teachings herein may also be applicable to other usetul
risk metrics, such as the computation of portiolio value-at-
risk (VaR). For example, based on the results described
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herein, further quantum advantage in the derivative pricing
subroutine may be leveraged at these higher levels of
calculation and aggregation.

11. EXAMPLE METHOD

FIG. 7 1s a flow chart illustrating a method 700 (in
accordance with the SFGQ methods) for determining a
ogradient of a function f(x) describing a quantity of a
resource, according to an embodiment. For example, the
method may be for determining a gradient of a price function
for a product, such as a financial dernivative (e.g., a greek).
The steps of the method 700 may be performed in different
orders, and the method 700 may include different, addi-
tional, or fewer steps. In the example of FIG. 7, the steps of
the method 700 are performed by a computing system (e.g.,
including a classical computing system (e.g., 810) and a
quantum computing system (e.g., 820)).

The computing system receives 705 a function f(x)
describing a quantity of a resource, where X represents a set
of k parameters of the quantity. In some embodiments, f(x)
does not have a closed form solution (e.g., numerical meth-
ods are used to approximate f(x)) or f(x) is not a Gevrey
class G'? function. The function f(x) may be determined
within an error €, by using a quantum computing system
(e.g., of the computing system) to repeatedly execute a
quantum function algorithm (e.g., a quantum pricing algo-
rithm). The quantum function algorithm may scale as O (1/
€,). The quantum function algorithm may be a quantum
amplitude estimation algorithm.

A quantum computing system of the computing system
repeatedly executes 710 a quantum gradient algorithm to
determine a k-dimensional gradient of the function f(x)
within an error € at point X,. The quantum gradient algorithm
includes a phase oracle Og" defined by a finite difference
approximation with an order greater than zero. A complexity
of the quantum gradient algorithm scales as @ (VK/e). In
some embodiments, the quantum gradient algorithm scales
better (e.g., less) than as 0 (VK/e) (e.g., see Sec. 5.2, Table
4, and FIG. 4, where m=1 1s used instead of m=4 (Theorem
1 dictates m=4 should be used). Since a smaller value of m
can be used, the function 1s smoother that a Gevrey class
G2 function and can thus scale better than O (Vk/e). Deter-
mining the k-dimensional gradient of the function f(x) may

include performing a maximum likelithood estimation
(MLE) or performing automatic diflerentiation.
The phase oracle Og" may be given by: Og"l

o 2m)
X)—> 2™iS Li=-m ey [ (%) 1x), where m is the finite-differ-

ence approximation order greater than zero, |x) is a k-di-
mensional vector representing the set of k parameters, S 1s
a scaling factor controlling the accuracy of the finite-
difference approximation, and a,*™ are coeflicients of the
fimte-difference approximation of order m. In some embodi-
ments, m<log(cVk/e), where ¢ is a smoothness parameter of
a Gevrey class GY* function (this may occur when the
function is smoother than a Gevrey class G'# function (as
defined 1n Theorem 1). See also Sec. 5.2, Table 4, and FIG.
4, where m=1 1s used instead of m=4 (Theorem 1 dictates
m=4 should be used). Since a smaller value of m can be
used, the function is smoother that a Gevrey class G2
function and can thus scale better than O (VK/e). For
example, m=1.

In some embodiments, executing the quantum gradient
algorithm comprises executing a quantum circuit on qubits
of the quantum computing system. Executing the quantum
circuit may include: (1) applying a first quantum unitary
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operator to qubits 1n a first register and 1n a second register,

the first unitary operator given by ).:10)Ix)(VI-FX)
Po(X) ) |0>+‘/3’(?)|w1(?<)> 1)), Po(x)) and

[, (X)) are normalized quantum states; and (2) applying a
second quantum unitary operator to qubits 1n a third register
and 1n a fourth register, the second unitary operator given by

A _:10) 1x) =(VI-F0)o(=%)) 10) +VFE 1, (-x)} 1))

X}, where 1, (=x)}and [,(-x)} are normalized quantum
states. The first and second unitary operators may be applied
in parallel to the respective qubits. Executing the quantum
circuit may further include: (1) subsequent to applying the

first unitary operator, applying a third quantum unitary
operator to qubits in the first register and 1n the second
register, the third unitary operator given by Q  =cA .S,

A TS,,., where S;=1-210) 101 and S,, =T -2Ip,(x)) 10}
IOITy,(x)l; and (2) subsequent to applying the second
unitary operator, applying a fourth quantum unitary operator
to qubits 1n the third register and in the fourth register, the
fourth unitary operator given by @ =cA _S, A _TSW. The
third and fourth unitary operators may be applied 1n parallel
to the respective qubits. The third unitary operator may be
applied multiple times to qubaits 1n the first register and in the
second register, and the fourth unitary operator may be
applied multiple times to qubits 1n the third register and 1n
the fourth register. For example, the third and fourth unitary
operators are each applied m*S times, where S=IN/DI.
Executing the quantum circuit may further include: (1) prior
to applying the first unitary operator, applying Hadamard
gates to qubits 1n the first register of qubits (e.g., to each
qubit in the first register); (2) prior to applying the second
unitary operator, applying controlled NOT (CNOT) gates to
qubits 1n the third register (e.g., to each qubit 1n the third
register), the CNOT gates controlled by qubits in the first
register; and (3) subsequent to applying the third and fourth
unitary operators, applying CNOT gates to qubits 1n the third
register (e.g., to each qubit 1 the third register), the CNOT
gates controlled by qubits 1n the first register. Executing the
quantum circuit may further include applying an inverse
quantum Fourier Transform to qubits in the {first register.

where

After the quantum circuit 1s executed, the quantum state of

qubits on the first register may be measured.

After the gradient of the function f(x) is determined, the
computing system may transmit instructions to purchase the
resource, sell the resource, or adjust a hedging of a portiolio
including the resource based on the gradient.

12. DESCRIPTION OF A COMPUTING SYSTEM

Embodiments described in the disclosure above may be
implemented using one or more computing systems.
Example computing systems are described below.

FIG. 8A 15 a block diagram that 1llustrates an embodiment
of a computing system 800. In the example of FIG. 8A, the
computing system 800 includes a classical computing sys-
tem 810 (also referred to as a non-quantum computing
system) and a quantum computing system 820, however a
computing system may just include a classical computing

system or a quantum computing system. An embodiment of

the classical computing system 810 1s described further with
respect to FIG. 9. While the classical computing system 810
and quantum computing system 820 are illustrated together,
they may be physically separate systems. For example, FIG.
8B 1llustrates an example cloud computing architecture
where the computing system 810 and the quantum comput-
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ing system 820 communicate via a network 857. The com-
puting system 800 may include different or additional ele-
ments than illustrated (e.g., multiple quantum computing
systems 820). In addition, the functions may be distributed
among the elements 1n a diflerent manner than described.

The classical computing system 810 may control the
quantum computing system 820. For example, the classical
computing system 810 generates and transmits instructions
for the quantum computing system 820 to execute a quan-
tum algorithm or quantum circuit. Although only one clas-
sical computing system 810 1s illustrated 1n FIG. 8A, any
number of classical computing system 810 or other external
systems may be connected to the quantum computing sys-
tem 820.

FIG. 8C 1s a block diagram that 1llustrates an embodiment
of the quantum computing system 820. The quantum com-
puting system 820 includes any number of quantum bits
(“qubits”) 850 and associated qubit controllers 840. As
illustrated 1 FIG. 8D, the qubits 850 may be 1 a qubait
register ol the quantum computing system 820 (or multiple
registers). Qubaits are fturther described below. A qubit con-
troller 840 1s a module that controls one or more qubits 850.
A qubit controller 840 may include a classical processor
such as a CPU, GPU, or FPGA. A qubit controller 840 may
perform physical operations on one or more qubits 8350 (e.g.,
it can perform quantum gate operations on a qubit 840). In
the example of FIG. 8C, a separate qubit controller 840 1s
illustrated for each qubit 850, however a qubit controller 850
may control multiple (e.g., all) qubits 850 of the quantum
computing system 820 or multiple controllers 850 may
control a single qubit. For example, the qubit controllers 850
can be separate processors, parallel threads on the same
processor, or some combination of both.

FIG. 8E i1s a flow chart that illustrates an example execu-
tion of a quantum routine on the computing system 800. The
classical computing system 810 generates 860 a quantum
program to be executed or processed by the quantum com-
puting system 820. The quantum program may include
instructions or subroutines to be performed by the quantum
computing system 820. In an example, the quantum program
1s a quantum circuit. The quantum computing system 820
executes 865 the program and computes 870 a result (re-
terred to as a shot or run). Computing the result may include
performing a measurement of a quantum state generated by
the quantum computing system 820 that resulted from
executing the program. Practically, this may be performed
by measuring values of one or more of the qubits 850. The
quantum computing system 820 typically performs multiple
shots to accumulate statistics from probabilistic execution.
The number of shots and any changes that occur between
shots (e.g., parameter changes) may be referred to as a
schedule. The schedule may be specified by the program.
The result (e.g., quantum state data) (or accumulated results)
1s recorded 875 by the classical computing system 810.
Results may be returned after a termination condition 1s met
(e.g., a threshold number of shots occur). The classical
computing system 810 may determine a quantity based on
the recerved results.

The quantum computing system 820 exploits the laws of
quantum mechanics 1n order to perform computations. A
quantum processing device (QPU), a quantum computer, a
quantum processor, and a quantum processing unit are each
examples of a quantum computing system. The quantum
computing system 800 can be a universal or a non-universal
quantum computing system (a universal quantum computing
system can execute any possible quantum circuit (subject to
the constraint that the circuit doesn’t use more qubits than
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the quantum computing system)). In some embodiments, the
quantum computing system 800 1s a gate model quantum
computer. As previously described, quantum computing
systems use so-called qubits, or quantum bits (e.g., 850A).
While a classical bit always has a value of either 0 or 1, a
qubit 1s a quantum mechanical system that can have a value
of 0, 1, or a superposition of both values. Example physical
implementations of qubits include superconducting qubits,
spin qubits, trapped 1ons, arrays of neutral atoms, and
photonic systems (e.g., photons in waveguides). For the
purposes of this disclosure, a qubit may be realized by a
single physical qubit or as an error-protected logical qubait
that itself comprises multiple physical qubits. Additionally,
the disclosure 1s not specific to qubits. The disclosure may
be generalized to apply to quantum computing systems 820
whose building blocks are qudits (d-level quantum systems,
where d>2) or quantum continuous variables, rather than
qubits.

A quantum circuit 1s an ordered collection of one or more
gates. A sub-circuit may refer to a circuit that 1s a part of a
larger circuit. A gate represents a unitary operation per-
formed on one or more qubits. Quantum gates may be
described using unitary matrices. The depth of a quantum
circuit 1s the least number of steps used to execute the circuit
on a quantum computing system. The depth of a quantum
circuit may be smaller than the total number of gates because
gates acting on non-overlapping subsets of qubits may be
executed 1n parallel. A layer of a quantum circuit may refer
to a step of the circuit, during which multiple gates may be
executed in parallel. In some embodiments, a quantum
circuit 1s executed by a quantum computing system. In this
sense, a quantum circuit can be thought of as comprising a
set of mstructions or operations that a quantum computing
system can execute. To execute a quantum circuit on a
quantum computing system, a user may inform the quantum
computing system what circuit 1s to be executed. A quantum
computing system may include both a core quantum device
and a classical peripheral/control device (e.g., a qubit con-
troller 840) that 1s used to orchestrate the control of the
quantum device. It 1s to this classical control device that the
description of a quantum circuit may be sent when one seeks
to have a quantum computer execute a circuit.

The parameters of a parameterized quantum circuit may
refer to parameters of the gates. For example, a gate that
performs a rotation about the y axis may be parameterized
by a real number that describes the angle of the rotation.

The description of a quantum circuit to be executed on
one or more quantum computing systems may be stored 1n
a non-transitory computer-readable storage medium. The
term “‘computer-readable storage medium” should be taken
to include a single medium or multiple media (e.g., a
centralized or distributed database, or associated caches and
servers) able to store instructions. The term “‘computer-
readable medium” shall also be taken to include any medium
that 1s capable of storing instructions for execution by the
quantum computing system and that cause the quantum
computing system to perform any one or more of the
methodologies disclosed herein. The term “computer-read-
able medium”™ 1ncludes, but 1s not limited to, data reposito-
ries 1n the form of solid-state memories, optical media, and
magnetic media.

FI1G. 9 1s an example architecture of a classical computing,
system 810, according to an embodiment. The quantum
computing system 820 may also have one or more compo-
nents described with respect to FIG. 9. FIG. 9 depicts a
high-level block diagram illustrating physical components
of a computer system used as part or all of one or more
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entities described herein, in accordance with an embodi-
ment. A computer may have additional, less, or variations of
the components provided in FIG. 9. Although FIG. 9 depicts
a computer 900, the figure 1s intended as functional descrip-
tion of the various features which may be present in com-
puter systems than as a structural schematic of the imple-
mentations described herein. In practice, and as recognized
by those of ordinary skill 1n the art, items shown separately
could be combined and some 1tems could be separated.

Ilustrated 1n FI1G. 9 are at least one processor 902 coupled
to a chipset 904. Also coupled to the chipset 904 are a
memory 906, a storage device 908, a keyboard 910, a
graphics adapter 912, a pointing device 914, and a network
adapter 916. A display 918 1s coupled to the graphics adapter
912. In one embodiment, the functionality of the chipset 904
1s provided by a memory controller hub 920 and an I/O hub
922. In another embodiment, the memory 906 1s coupled
directly to the processor 902 instead of the chipset 904. In
some embodiments, the computer 900 includes one or more
communication buses for interconnecting these components.
The one or more communication buses optionally include
circuitry (sometimes called a chipset) that interconnects and
controls communications between system components.

The storage device 908 1s any non-transitory computer-
readable storage medium, such as a hard drive, compact disk
read-only memory (CD-ROM), DVD, or a solid-state
memory device or other optical storage, magnetic cassettes,
magnetic tape, magnetic disk storage or other magnetic
storage devices, magnetic disk storage devices, optical disk
storage devices, tlash memory devices, or other non-volatile
solid state storage devices. Such a storage device 908 can
also be referred to as persistent memory. The pointing device
914 may be a mouse, track ball, or other type of pointing
device, and 1s used in combination with the keyboard 910 to
input data ito the computer 900. The graphics adapter 912
displays 1images and other information on the display 918.
The network adapter 916 couples the computer 900 to a local
or wide area network.

The memory 906 holds mstructions and data used by the
processor 902. The memory 906 can be non-persistent

memory, examples of which include high-speed random
access memory, such as DRAM, SRAM, DDR RAM, ROM,

EEPROM, flash memory.

As 1s known 1n the art, a computer 900 can have different
or other components than those shown 1n FI1G. 9. In addition,
the computer 900 can lack certain 1llustrated components. In
one embodiment, a computer 900 acting as a server may lack
a keyboard 910, pointing device 914, graphics adapter 912,
or display 918. Moreover, the storage device 908 can be
local or remote from the computer 900 (such as embodied
within a storage area network (SAN)).

As 1s known 1n the art, the computer 900 1s adapted to
execute computer program modules for providing function-
ality described herein. As used herein, the term “module”
refers to computer program logic utilized to provide the
specified functionality. Thus, a module can be implemented
in hardware, firmware, or software. In one embodiment,
program modules are stored on the storage device 908,

loaded 1nto the memory 906, and executed by the processor
302.

13. ADDITIONAL CONSIDERATTONS

The disclosure above describes example embodiments for
purposes of illustration only. Any features that are described
as essential, important, or otherwise implied to be required
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should be interpreted as only being required for that embodi-
ment and are not necessarily included in other embodiments.

Additionally, the disclosure above uses the phrase “we”
(and other similar phases) to reference an entity that 1s
performing an operation (e.g., a step in an algorithm). These
phrases are used for convenience. These phrases may refer
to a computing system (e.g., computing system 100) that 1s
performing the described operations.

Some portions of above disclosure describe the embodi-
ments in terms of algorithmic processes or operations. These
algorithmic descriptions and representations are commonly
used by those skilled in the computing arts to convey the
substance of their work eflectively to others skilled in the
art. These operations, while described functionally, compu-
tationally, or logically, are understood to be implemented by
computer programs comprising instructions for execution by
a processor or equivalent electrical circuits, microcode, or
the like. Furthermore, 1t has also proven convenient at times,
to refer to these arrangements ol functional operations as
modules, without loss of generality. In some cases, a module
can be implemented 1n hardware, firmware, or software.

As used herein, any reference to “one embodiment” or “an
embodiment” means that a particular element, feature, struc-
ture, or characteristic described in connection with the
embodiment 1s included in at least one embodiment. The
appearances of the phrase “in one embodiment™ 1n various
places 1n the specification are not necessarily all referring to
the same embodiment. Similarly, use of “a” or “an” preced-
ing an element or component 1s done merely for conve-
nience. This description should be understood to mean that
one or more of the elements or components are present
unless 1t 1s obvious that 1t 1s meant otherwise. As used
herein, the terms “comprises,” * 9

comprising,” “includes,”
“including,” “has,” “having” or any other variation thereof,
are 1ntended to cover a non-exclusive inclusion. For
example, a process, method, article, or apparatus that com-
prises a list of elements 1s not necessarily limited to only
those elements but may include other elements not expressly
listed or mnherent to such process, method, article, or appa-
ratus. Further, unless expressly stated to the contrary, “or”
refers to an inclusive or and not to an exclusive or. For
example, a condition A or B 1s satisfied by any one of the
following: A 1s true (or present) and B 1s false (or not
present), A 1s false (or not present) and B 1s true (or present),
and both A and B are true (or present).

In addition, use of the “a” or “an” are employed to
describe elements and components of the embodiments.
This 1s done merely for convemence and to give a general
sense of the disclosure. This description should be read to
include one or at least one and the singular also includes the
plural unless 1t 1s obvious that 1t 1s meant otherwise. Where
values are described as “approximate™ or “substantially” (or
their derivatives), such values should be construed as accu-
rate +/—=10% unless another meaning 1s apparent from the
context. From example, “approximately ten” should be
understood to mean ““in a range from nine to eleven.”

Alternative embodiments are implemented 1n computer
hardware, firmware, software, and/or combinations thereof.
Implementations can be implemented in a computer pro-
gram product tangibly embodied 1n a machine-readable
storage device for execution by a programmable processor;
and method steps can be performed by a programmable
processor executing a program of instructions to perform
functions by operating on input data and generating output.
As used herein, ‘processor’ may refer to one or more
processors. Embodiments can be mmplemented advanta-
geously 1n one or more computer programs that are execut-
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able on a programmable system including at least one
programmable processor coupled to receive data and
instructions from, and to transmit data and instructions to, a
data storage system, at least one input device, and at least
one output device. Fach computer program can be imple-
mented 1 a high-level procedural or object-oriented pro-
gramming language, or 1n assembly or machine language 1f
desired; and 1n any case, the language can be a compiled or
interpreted language. Suitable processors include, by way of
example, both general and special purpose microprocessors.
Generally, a processor will receive istructions and data
from a read-only memory and/or a random-access memory.
Generally, a computer will include one or more mass storage
devices for storing data files; such devices include magnetic
disks, such as internal hard disks and removable disks;
magneto-optical disks; and optical disks. Storage devices
suitable for tangibly embodying computer program instruc-
tions and data include all forms of non-volatile memory,
including by way of example semiconductor memory
devices, such as EPROM, EEPROM, and flash memory
devices; magnetic disks such as internal hard disks and
removable disks; magneto-optical disks; and CD-ROM
disks. Any of the foregoing can be supplemented by, or
incorporated 1n, ASICs (application-specific integrated cir-
cuits) and other forms of hardware.

Although the above description contains many specifics,
these should not be construed as limiting the scope of the
disclosure but merely as illustrating different examples. It
should be appreciated that the scope of the disclosure
includes other embodiments not discussed 1n detail above.
Various other modifications, changes, and variations which
will be apparent to those skilled 1n the art may be made in
the arrangement, operation, and details of the methods and
apparatuses disclosed herein without departing from the
spirit and scope of the disclosure.

What 1s claimed 1s:

1. A method comprising:

receiving a function J(x) describing a quantity of a
resource, X representing a set of k parameters of the
quantity;

preparing a quantum circuit configured to implement a
quantum gradient algorithm when executed on four
qubit registers ol a quantum computing system, the
quantum gradient algorithm scaling as O(VK/€) and
including a phase oracle Oy " defined by a finite-
difference approximation with an order greater than
zero, wherein, to implement the phase oracle Og/”, the
quantum circuit includes (1) a first quantum unitary
operator to be applied to qubits 1n the first and second
qubit registers and (2) a second quantum unitary opera-
tor to be applied to qubaits 1n the third and fourth qubat
registers; and

repeatedly executing the quantum circuit on qubits of the
quantum computing system to determine a k-dimen-
sional gradient of the function f(x) within an error € at
point X,, wherein executing the quantum circuit com-
Prises:
applying the first quantum unitary operator to qubits 1n

the first qubit register and in the second qubit reg-
ister, the first quantum unitary operator given by

A +:|(_),,> Ix)ﬁ(\/rl—f(x)llpﬂ(x)) IO)+\/T(T)I11J1
(x)) 1 ))Ix)j where Iwg(x)) and |, (X)) are normal-

1zed quantum states; and
applying the second quantum unitary operator to qubits
in the third qubit register and in the fourth qubit
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register, the second quantum unitary operator given

by A_:Iﬁ)Ix)e(\/rl—j’(—x)llpg(—x))|O)+
VI, (—x))11))Ix), where Ipo(-x)) and Iy,

(—x)) are normalized quantum states.
2. The method of claim 1, wherein executing the quantum
circuit further comprises:
subsequent to applying the first quantum unitary operator,
applying a third quantum unitary operator to qubits 1n
the first qubit register and 1n the second qubait register,
the third quantum unitary operator given by A_+=

A +SoeA TS, , where S,=II-210)) 0 and S,, =II-
21o(x)}10) Y01 )py(x)1; and

subsequent to applying the second quantum unitary opera-
tor, applying a fourth quantum unitary operator to
qubits 1n the third qubit register and 1n the fourth qubait
register, the fourth quantum unitary operator given by
A_=A _S,A _TSW.

3. The method of claim 2, wherein:

the third quantum unitary operator 1s applied multiple
times to qubits 1n the first qubit register and in the
second qubit register; and

the fourth quantum unitary operator 1s applied multiple

times to qubits 1 the third qubit register and 1n the
fourth qubit register.

4. The method of claim 3, wherein executing the quantum
circuit further comprises:

prior to applying the first quantum unitary operator,

applying Hadamard gates to qubits in the first qubit
register;

prior to applying the second quantum unitary operator,

applying controlled NOT (CNOT) gates to qubaits 1n the
third qubit register, the CNOT gates controlled by
qubits 1n the first qubit register; and

subsequent to applying the third and fourth quantum

unitary operators, applying CNO'T gates to qubits in the
third qubit register, the CNOT gates controlled by
qubits 1n the first qubit register.

5. The method of claim 4, wherein executing the quantum
circuit further comprises applying an inverse quantum Fou-
rier Transform to qubaits 1in the first qubit register.

6. The method of claim 1, wherein the phase oracle Og/”
1s given by:

11 ISTi=_m e (2
Oy .'Ix)ﬂeh S Al ) T )

where m 1s the fimte-difference approximation order

greater than zero, Ix) 1s a k-dimensional vector repre-
senting the set of k parameters, S 1s a scaling factor
controlling the accuracy of the fimte-difference
approximation, and a,*™ are coeflicients of the finite-
difference approximation of order m.

7. The method of claim 6, wherein m<log(cVK/E), where
¢ is a smoothness parameter of a Gevrey class G''* function.

8. The method of claim 6, wherein m=1.

9. The method of claim 1, further comprising repeatedly
executing a quantum function algorithm on the quantum
computing system to determine the function f(x) within an
error <,

10. The method of claim 9, wherein the quantum function
algorithm 1s a quantum amplitude estimation algorithm.

11. The method of claim 9, wherein a complexity of the
quantum function algorithm scales as O(1/€)).

12. The method of claim 1, wherein f(x) does not have a
closed form solution.
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13. The method of claim 1, wherein f(x) is not a Gevrey
class G** function.

14. The method of claim 1, wherein executing the quan-
tum gradient algorithm comprises executing a quantum
circuit on qubits of the quantum computing system.

15. The method of claim 1, wherein quantum gradient
algorithm scales better than O (VK/E).

16. The method of claim 1, wherein determiming the
k-dimensional gradient of the function F(x) comprises per-
forming a maximum likelihood estimation (MLE).

17. The method of claim 1, wherein determining the
k-dimensional gradient of the function F(x) comprises per-
forming automatic differentiation.

18. A method comprising:

receiving a function J(x) describing a quantity of a

resource, wherein x 1s a k-dimensional vector repre-
senting a set of k parameters of the quantity;

generating a set of instructions to repeatedly execute a

quantum gradient algorithm on a quantum computing,
system, the quantum gradient algorithm including a
phase oracle Og" defined by a finite difference approxi-
mation with an order greater than zero, wheremn a
complexity of the quantum gradient algorithm scales as
O (VK/E), wherein the set of instructions further include
instructions to:

apply a first quantum unitary operator to qubits 1n a first
qubit register and 1n a second qubait register, the first

quantum umtary operator given by A +:I6})x)ﬂ=

(VI=FO (%)) 10) +VF) I, (x) ) 11))Ix),

|11JD(X)) and Ilpl(x)) are normalized quantum states;
and

apply a second quantum unitary operator to qubits 1n a
third qubit register and 1n a fourth qubait register, the
second quantum umtary operator given by

A _:I(_)}> |x>ﬁ(\/l—f(—x)lwﬂ(—x)) IO)+j:(—X)I1pl
(=1 )Ix),

where [ ,(-x) and |}, (-x) are normalized quantum
states;

transmitting the set of instructions to the quantum com-

puting system;

recerving, from the quantum computing system, quantum

state data; and

determining, based on the quantum state data, a k-dimen-

sional gradient of the function f(x) within an error € at
point X,.

19. A non-transitory computer-readable storage medium
comprising stored instructions which, when executed by a
computing system, cause the computing system to perform
operations comprising:

receiving a function J(x) describing a quantity of a

resource, wherein x represents a set of k parameters of
the quantity; and

repeatedly executing a quantum gradient algorithm on a

quantum computing system to determine a k-dimen-
sional gradient of the function f(x) within an error € at
point X,, the quantum gradient algorithm including a
phase oracle Og/" defined by a finite difference approxi-
mation with an order greater than zero, wherein a
complexity of the quantum gradient algorithm scales as
O (\}) k/€), wherein executing the quantum gradient
algorithm comprises:
applying a first quantum unitary operator to qubits 1n a
first qubit register and 1n a second qubit register, the

where
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first quantum unitary operator given by

A 10 )x)=>(VI=FE),(x) )10 ) VT,

(X))Il ))I)j where Iwg(x)) and Ilpl(x)) are normal-
1ized quantum states; and 5

applying a second quantum unitary operator to qubits 1n
a third qubit register and 1n a fourth qubit register, the
second quantum unitary operator given by

== i
A _:| 0 )'X)*(\/l—f(—x)lwg(—x))IO)+ 10
VI, (—x)) 1)),

where IJ'JD(—X)> and [ 1(—}{)) are normalized quan-
tum states.
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