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1

LINEARIZATION OF DIGITAL-TO-ANALOG
CONVERTERS (DACS) AND
ANALOG-TO-DIGITAL CONVERTERS
(ADCS) AND ASSOCIATED METHODS

CROSS REFERENCE TO RELATED
APPLICATIONS

This application 1s a continuation of PCT Patent Appli-
cation No. PCT/US2020/022857, entitled “Linearization of
Digital-to-Analog Converters (DACs) and Analog-to-Digi-
tal Converters (ADCs) and Associated Methods™ to Yu et al.,
filed Mar. 14, 2020, which claims priority to U.S. Provi-
sional Application No. 62/818,238, entitled “Linearization
of Digital-to-Analog Converters (DACs) and Analog-to-
Digital Converters (ADCs) and Associated Methods™ to Yu
et al., filed Mar. 14, 2019, the disclosures of which are

incorporated herein by reference 1n their entirety.

FIELD OF THE INVENTION

The present invention relates to systems and methods for
reducing nonlinearity 1n digital-to-analog converters
(DACs) and analog-to-digital converters (ADCs) using

redundancy mapping.

BACKGROUND

Modern electronic systems process and store imformation
digitally. However, due to the analog nature of the world,
conversions between analog and digital domains are typi-
cally needed and performed by data converters. Analog-to-
digital converters (ADCs) are used to convert analog signals
(voltage, current, etc.) into digital codewords. On the other
hand, digital-to-analog converters (DACs) are used to con-
vert digital codewords into analog signals (voltage, current,
etc.).

A DAC 1s a device that converts a fine-precision digital-
format number (typically a finite-length binary format num-
ber) to an analog electrical quantity (such a voltage, current
or electric charge). To construct an analog signal, there are
two basic types of DAC output format: non-return-to-zero
(NRZ) and return-to-zero (RZ). As shown in FIG. 1, for
NRZ, the DAC updates 1ts analog output according to its
digital input at a fixed time interval of Ts and holds the
output, where Ts 1s called updating and sampling period. For
RZ, after updating the output at each time interval Ts, the
DAC holds the output only for a certain time (Th), then goes
back to zero. In both cases, the DAC’s output 1s held for a
certain time Th, where 0<Th<=Ts, known as zero-order-
hold. The output of a DAC 1s typically a stepwise or pulsed
analog signal and can be low-pass filtered to construct the
desired analog signal as shown 1n FIG. 1.

Deviations of actual DAC output {(x) from the ideal DAC
output may be characterized by the following metrics, for
example: 1) Oflset and gain errors; 2) Diflerential non-
linearity (DNL); 3) Integral non-linearity (INL); 4) Spurious
Free Dynamic Range (SFDR); and 5) Signal-to-noise ratio
(SNR).

The offset error of a DAC 1s defined as the deviation of the
linearized transier curve of the DAC output from the 1deal
zero. The linearized transier curve 1s based on the actual
DAC output, etther a simple min-max line connecting the
mimmal and the maximal DAC output value or a best-fit line
of the all the output values of the DAC. Since the offset and
gain errors do not introduce non-linearity, they have no
ellect on the spectral performance of DAC:s.
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2

The differential non-linearity (DNL) 1s defined as the
deviation of the actual step size from the ideal step size

(LSB) between any two adjacent digital output codes, which
can be referred to as 1ts ideal size (1 LSB). Thus, DNL
results 1n unequal step sizes 1n the transfer function. Integral
non-linearity (INL) 1s defined as the deviation of the actual
DAC output from the linearized transter curve at every code
as shown 1 FIG. 2. INL 1s also described as the accumu-
lation of previous DNL errors. To assure monotonicity, the
conditions DNL<0.5 LSB and INL<1 LSB have to be
satisfied.

The Spurious Free Dynamic Range (SFDR) 1s a measure
of the non-linearity of a DAC and 1s the ratio of a single tone
being generated to the highest unwanted component 1n the
Nyquist band. SFDR 1s typically expressed 1n decibels (dB).

Signal-to-Noise Ratio (SNR) 1s defined as the ratio of the
power ol the measured output signal to the integrated power
of the noise floor in the Nyquist band ([0, sample frequency/
2], except DC and harmonics). The value of SNR 1is also
typically expressed 1n decibels (dB).

This background information 1s provided to reveal infor-
mation believed by the applicant to be of possible relevance
to the present invention. No admission 1s necessarily
intended, nor should be construed, that any of the preceding
information constitutes prior art against the present inven-
tion.

SUMMARY OF THE INVENTION

Systems and methods for linearizing digital-to-analog
conversion using redundancy mapping are described. One
embodiment includes a method for lineanizing digital-to-
analog conversion, including: receive, at a digital-to-analog
converter (DAC) an mput digital word; decompose the mnput
digital word 1nto several segments; generate a redundant
representation of each of the several segments; generate a
redundant mapping of the redundant representation of each
of the several segments, defining several redundantly
mapped segments; assigning a first probability for selecting
the several segments; assigning a second probability for
selecting the several redundantly mapped segments; select-
ing, with the first probability, the several segments and, with
the second probability, the several redundantly mapped
segments; converting the selected segments into analog
signals by several sub-DACs; and combining the analog
signals to define an output analog signal.

In a further embodiment, the method includes selecting
between several mappings with probabilities of each map-
ping determined based on a number of bits of the DAC.

In still a further embodiment, performing the redundancy
mapping 1mncludes performing a recursive redundancy map-
ping sequentially over pairs of segments.

In still a further embodiment, each intermediate segment
undergoes two mappings Xx_k—u_k—v_k, with a first map-
ping as a most-significant-bit (MSB) segment and a second
mapping as a least significant bit (LSB) segment of a
two-segment pair.

In still a further embodiment again, a resolution of an
MSB sub-DAC 1s unchanged and a resolution of all other
sub-DACs 1s increased by at least one bait.

In still a further embodiment again, the DAC 1s a B-bit
binary DAC with B binary weighted elements.

In still a further embedment again, each of the several
segments 15 thermometer-coded.

In yet a further embodiment, each of the several segments
1s converted into an analog signal with a sub-DAC, where a
resolution of each sub-DAC associated with intermediate
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segment pairs 1s at least one bit greater than the resolution
of a sub-DAC for a first segment pair.

In still a further embodiment, the DAC 1s at least one
DAC selected from the group consisting of a binary DAC,
a thermometer coded DAC, a dynamic element matching
(DEM) DAC, and a segmented DAC.

The present invention will now be described more fully
hereinafter with reference to the accompanying drawings, in
which preferred embodiments of the mvention are shown.
This invention may, however, be embodied 1n many different
forms and should not be construed as limited to the embodi-
ments set forth herein. Rather, these embodiments are pro-
vided so that this disclosure will be thorough and complete,
and will fully convey the scope of the mvention to those
skilled 1n the art. Those of ordinary skill 1n the art realize that
the following descriptions of the embodiments of the present
invention are illustrative and are not imtended to be limiting
in any way. Other embodiments of the present invention will
readily suggest themselves to such skilled persons having
the benefit of this disclosure. Like numbers refer to like
clements throughout.

Before describing the present disclosure 1n detail, 1t 1s to
be understood that this disclosure 1s not limited to param-
cters of the particularly exemplified systems, methods, appa-
ratus, products, processes, and/or kits, which may, of course,
vary. It 1s also to be understood that the terminology used
herein 1s only for the purpose of describing particular
embodiments of the present disclosure, and 1s not necessar-
i1ly intended to limit the scope of the disclosure 1n any
particular manner. Thus, while the present disclosure will be
described 1n detail with reference to specific embodiments,
features, aspects, configurations, etc., the descriptions are
illustrative and are not to be construed as limiting the scope
of the claimed invention. Various modifications can be made
to the 1llustrated embodiments, features, aspects, configura-
tions, etc. without departing from the spirit and scope of the
invention as defined by the claims. Thus, while various
aspects and embodiments have been disclosed herein, other
aspects and embodiments are contemplated.

Unless defined otherwise, all technical and scientific
terms used herein have the same meanming as commonly
understood by one of ordinary skill in the art to which the
present disclosure pertains. While a number of methods and
materials similar or equivalent to those described herein can
be used 1n the practice of the present disclosure, only certain
exemplary materials and methods are described herein.

Various aspects of the present disclosure, including
devices, systems, methods, etc., may be illustrated with
reference to one or more exemplary embodiments or imple-
mentations. As used herein, the terms “embodiment,” “alter-
native embodiment” and/or “exemplary implementation™
means “serving as an example, mstance, or illustration,” and
should not necessarily be construed as preferred or advan-
tageous over other embodiments or implementations dis-
closed herein. In addition, reference to an “implementation™
of the present disclosure or invention includes a specific
reference to one or more embodiments thereof, and vice
versa, and 1s itended to provide 1llustrative examples with-
out limiting the scope of the invention, which 1s indicated by
the appended claims rather than by the following descrip-
tion.

It will be noted that, as used 1n this specification and the
appended claims, the singular forms “a,” “an” and “the”
include plural referents unless the content clearly dictates
otherwise. Thus, for example, reference to a “sensor”
includes one, two, or more sensors.
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As used throughout this application the words “can” and
“may”” are used 1n a permissive sense (1.e., meaning having
the potential to), rather than the mandatory sense (1.e.,
meaning must). Additionally, the terms “including,” “hav-

ing,” “involving,” “containing,” “characterized by,” variants
” “contains,”

thereof (e.g., “includes,” “has,” and “involves,
etc.), and similar terms as used herein, including the claims,
shall be inclusive and/or open-ended, shall have the same
meaning as the word “comprising” and variants thereof
(e.g., “comprise” and “comprises”), and do not exclude
additional, un-recited elements or method steps, 1llustra-
tively.

Various aspects of the present disclosure can be 1llustrated
by describing components that are coupled, attached, con-
nected, and/or jomned together. As used herein, the terms
“coupled”, “attached”, “connected,” and/or *“‘joined” are
used to indicate either a direct connection between two
components or, where appropriate, an indirect connection to
one another through intervening or intermediate compo-
nents. In contrast, when a component 1s referred to as being
“directly coupled”, “directly attached”, “directly con-
nected,” and/or “directly joined” to another component, no
intervening elements are present or contemplated. Thus, as
used herein, the terms ‘“‘connection,” “connected,” and the
like do not necessarily imply direct contact between the two
or more elements. In addition, components that are coupled,
attached, connected, and/or joined together are not neces-
sarily (reversibly or permanently) secured to one another.
For mstance, coupling, attaching, connecting, and/or joining
can comprise placing, positioning, and/or disposing the
components together or otherwise adjacent 1n some 1mple-
mentations.

As used herein, directional and/or arbitrary terms, such as
“top,” “bottom,” “front,” “back,” “leit,” “‘right,” *“up,”
“down,” “upper,” “lower,” “inner,” “outer,” “internal,”
“external,” “interior,” “exterior,” “proximal,” “distal” and
the like can be used solely to indicate relative directions
and/or orientations and may not otherwise be intended to
limit the scope of the disclosure, including the specification,
invention, and/or claims.

Where possible, like numbering of elements have been
used 1n various figures. In addition, similar elements and/or
clements having similar functions may be designated by
similar numbering. Furthermore, alternative configurations
of a particular element may each include separate letters
appended to the element number. Accordingly, an appended
letter can be used to designate an alternative design, struc-
ture, function, implementation, and/or embodiment of an
clement or feature without an appended letter. Similarly,
multiple instances of an element and or sub-elements of a
parent element may each include separate letters appended
to the element number. In each case, the element label may
be used without an appended letter to generally refer to
instances of the element or any one of the alternative
clements. Element labels including an appended letter can
be used to refer to a specific mstance of the element or to
distinguish or draw attention to multiple uses of the element.
However, element labels including an appended letter are
not meant to be limited to the specific and/or particular
embodiment(s) 1n which they are 1llustrated. In other words,
reference to a specific feature 1n relation to one embodiment
should not be construed as being limited to applications only
within the embodiment.

It will also be appreciated that where a range of values
(e.g., less than, greater than, at least, and/or up to a certain
value, and/or between two recited values) 1s disclosed or

- 4 1 - 4 4

22 a4

- B 4



US 11,777,511 B2

S

recited, any specific value or range of values falling within
the disclosed range of values 1s likewise disclosed and
contemplated herein.

It 1s also noted that systems, methods, apparatus, devices,
products, processes, compositions, and/or kits, etc., accord-
ing to certain embodiments of the present invention may
include, incorporate, or otherwise comprise properties, fea-
tures, aspects, steps, components, members, and/or elements
described in other embodiments disclosed and/or described
herein. Thus, reference to a specific feature, aspect, steps,
component, member, element, etc. 1n relation to one embodi-
ment should not be construed as being limited to applica-
tions only within said embodiment. In addition, reference to
a specific benefit, advantage, problem, solution, method of
use, etc. in relation to one embodiment should not be
construed as being limited to applications only within the
embodiment.

The headings used herein are for organizational purposes
only and are not meant to be used to limit the scope of the
description or the claims. To facilitate understanding, like
reference numerals have been used, where possible, to
designate like elements common to the figures.

DESCRIPTION OF THE DRAWINGS

FIG. 1 are graphs of a typical DAC outputs (stepwise
NRZ and RZ) and the resulting graph of the application of
a low-pass filter as known 1n the art.

FIG. 2 1s a graph of diflerential non-linearity and integral
non-linearity as compared to an 1deal transfer function as
known 1n the art.

FI1G. 3 1s a diagram of a four-bit binary DAC as known in
the art.

FIG. 4 1s a three-bit thermometer DAC comprising seven-
unit elements.

FIG. 5A 1s a two-segment six-bit DAC with a three-bit
thermometer coded most significant bit and three-bit binary

coded least significant bat.
FIG. 3B 1s a graph of the transfer function of the DAC of

FIG. SA.

FIG. 6 1s an output spectrum of a Nyquist DAC with a
single-tone sine-wave mput.

FIG. 7 1s an architecture for a single ended four-bit
thermometer coded DAC.

FIG. 8 1s a differential DAC architecture for a comple-
mentary output DAC to the architecture of FIG. 7.

FIG. 9 15 a plotting of the multiple analog output values
of a DAC.

FIG. 10 1s a schematic view of a four-bit thermometer

DEM DAC.

FIG. 11 1s a graph of an ideal transfer function and a
linearized DEM DAC.

FIG. 12 1s a graph demonstrating a higher resolution DAC
implemented by combining the outputs of several smaller
sub-DACs.

FIG. 13 1s a schematic view of an implementation of a
multi-segment DAC.

FIG. 14 1s a graph a DAC transfer function with normal
mapping according to an embodiment of the invention.

FIG. 15 1s a graph of a DAC ftransfer function with
redundant mapping according to an embodiment of the
invention.

FI1G. 16 1s a graph of the probabilistic assignment between
DAC transier functions with respective normal and redun-
dant mapping according to an embodiment of the invention.
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FIG. 17 1s a schematic view of an implementation of a
two-segment DAC with redundancy and probabilistic map-

ping according to an embodiment of the mvention.

FIG. 18 1s a schematic view of an implementation of
four-segment linearization utilizing sequential pairwise
operations according to an embodiment of the invention.

FIG. 19 1s an architecture of a B-bit Successive Approxi-
mation Register ADC according to an embodiment of the
ivention.

FIG. 20 1s a representation of the generation of SAR
register values 1 a four-bit SAR Time Trellis from DAC
voltages according to an embodiment of the invention.

DETAILED DESCRIPTION OF TH.
INVENTION

L1l

Turning now to the drawings, systems and methods for
using redundancy mapping 1n DACs and ADCs 1n accor-
dance with various embodiments of the invention are 1llus-
trated. In many embodiments, the system can select between
multiple alternative mappings (at least two) with probabili-
ties of each mapping determined based upon the number of
bits of the DAC, and 1n a manner that can be independent of
mismatch of the components. In many embodiments, the
redundancy mapping probabilistic assignment can generate
better linearity for the DACs as the linearization may not
depend on component mismatches, and thus information
about mismatches may not be needed as discussed in detail
below. In particular, in many embodiments, mismatches can
be converted to random noise that 1s distributed evenly over
the Nyquist band. In certain embodiments, the linearization
can be feed-forward and occur 1n the digital domain.

In many embodiments, the redundancy mapping tech-
niques can be applied to ADCs, including Successive
Approximation Register (SAR) ADCs. In many embodi-
ments, the resolutions can range from 10 to 18 bits with
speeds up to 20 MS/s. In many embodiments, a SAR
architecture can result 1n low power consumption and small
area and can be utilized for a wide variety of applications.

Different types of DACs and techniques to improve
linearity have been used in the art, including conventional
binary DACs, thermometer coded DACs, dynamic element
matching (DEM) DACs, and segmented DACs, including
two segment DACs, among others. A conventional DAC
provides a binary architecture, where each binary mput bit
corresponds to a binary weighted element (voltage, current
or charge). A B-bit Thermometer-coded DAC has 2B-1 unait
elements, where the unit elements can be switched on or oft
in a certain sequence according to an input digital code, and
can reduce INL/DNL. A DEM DAC may use a thermometer
code that represents a natural number w with w ones
followed by N-w zeros. A thermometer coded DAC may
include N identical unit elements U, .., that can be turned on
(activated) or ofl (deactivated) by N thermometer codes that
represent the digital mput word x. In a segmented DAC
architecture, an input digital code 1s separated into multiple
segments and each segment 1s converted into an analog
signal with a sub-DAC. The segments are scaled and com-
bined to create the overall transfer function.

As discussed 1n detail below, a problem of segmenting the
bits to a sub-DACs can be a design compromise between
complexity and performance. While a nearly-pertectly linear
DAC can be realized by using only one segment and DEM,
it may not be practical for high-resolution DACs. More bits
in the DEM thermometer MSB sub-DAC can improve
linearity but also increases the complexity. The benefits of
using multiple thermometer segments with DEM can be
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greatly diminished as the inter-segment unit-element mis-
match ([3,#,) and the inter-segment scaling errors (N, '=27%)
introduce nonlinearities. Thus, the most commonly used
topology 1s a two segment DAC with a thermometer coded
MSB segment and a binary coded LSB segment. Imple-
menting high-speed DACs with nonlinearity better than

12-bits may be difficult.
There 1s an 1mpact of mismatch in analog circuits. Ther-

mal noise, quantization noise, mismatch and nonlinearity
can be the main contributors to inaccuracies of analog
circuits and 1mpose minimum requirements on device area
and power. Thermal noise 1s white and can benefit from
averaging. Similarly, a well-designed quantizer has quanti-
zation noise that 1s white. Quantization noise also benefits

from averaging and oversampling. Both thermal and quan-
tization noise are expressed 1n dBc/Hz which 1s a measure of
how the noise power 1s spectrally distributed over the
Nyquist bandwidth. For narrow band systems, the integrated
thermal and quantization noise over the receiver bandwidth
1s directly related to the receiver SNR. Typically, sources of

nonlinearity are input butlers, amplifiers, and output drivers
whose linearity can be modeled as a smooth polynomial
function of lower order. The spurs caused by smooth poly-
nomial approximations result in predictable harmonics at

multiples of the fundamental frequency. Their effect in
narrow band systems can be mitigated by proper frequency
planning.

Mismatch 1s a phenomenon where identically designed
devices (resistors, capacitors, MOS transistors) are not iden-

tical. Threshold voltage diflerences AVT and current factor

differences AP are the dominant sources of mismatches 1n
devices. Both AVT and Af} are unknown during design but
fixed (and still unknown) after fabrication. Anecdotal evi-

dence and a wealth of measurement data show that mis-

match generally improves with increased device area. Thus,
quadrupling the area reduces mismatch by one bit. However,
s1Z1ng current source transistors to match 1n excess of 14-bits
may be impractical and can result 1n large parasitic capaci-
tance.

Nonlinearity 1s mainly caused by mismatches that may be
random, systematic, or a combination of both. The mis-

matches can be caused by differences between walers, with
a waler, within a chip or between devices. The mismatches
can be systematic (follow gradients) or are completely
random. While systematic mismatches can usually be muti-
gated with layout methodologies and a choice of circuit
architectures, the random mismatches due to the stochastic
nature of physical geometry and doping cannot be avoided.
Additionally, the current sources are strongly temperature
dependent which can greatly exacerbate the problem. Ran-

dom mismatches can result 1n performance that 1s predict-
ably unpredictable.

In analog circuits, the receiver sensitivity 1s defined as the
smallest signal that can be correctly processed in the pres-
ence of noise. Devices have to be sized to meet the RX
sensitivity specifications. Increasing size negatively impacts
speed and power because of larger capacitance. For a given
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bandwidth and accuracy, the limit on mimimum power
consumption imposed by device matching 1s about two
orders of magnitude larger than the limit imposed by noise
for deep submicron CMOS processes. Thus, it 1s device
mismatch and not thermal noise that sets the limit on the

smallest analog signal that can be processed.

Conventional DAC Architectures

In a binary architecture, each binary input bit corresponds
to a binary-weighted element (voltage, current or charge).
An advantage of binary architecture 1s 1ts stmplicity and low
implementation cost. However, the large ratio between the
least significant element and the most significant element
may cause a large mismatch between them. This can result
in large DNL and INL errors. A typical 4-bit binary DAC
architecture 1s shown m FIG. 3. A way to improve non-
linearity 1n a binary DAC architecture 1s to reduce mis-
matches of the unit elements.

To overcome drawbacks of the binary DAC architecture,
a thermometer-coded DAC architecture has been developed.
A B-bit thermometer-coded DAC has 2B-1 unit elements.
For example, a 3-bit thermometer DAC with seven-unit
clements 1s shown i FIG. 4. These umt elements are
switched on or off 1n a certain sequence according to the
iput digital code. Compared to the binary-coded architec-
ture, the thermometer coded architecture reduces the INL/
DNL at the expense of significant increase of implementa-
tion cost.

In a segmented architecture, an mput digital code 1s
separated 1into multiple segments and each segment 1s con-
verted 1into an analog signal with a sub-DAC. The segments
are scaled and combined to create the overall transfer
function. The transier function of a 2-segment DAC (e.g.
6-bit DAC 1n FIG. 5A) 1s shown 1n FIG. 5B. The segmented
architecture balances the pros and cons of LSB binary
segment and a thermometer MSB segment and 1s a widely
used architecture 1n DAC design. The unit elements can be
current sources, capacitors, resistors, or a combination.

The output spectrum of a Nyquist DAC with a single-tone
sine-wave mput 1s shown 1n FIG. 6. As shown 1n the plot,
there are harmonics at integer multiples of the fundamental
frequency and a myriad of other frequency components
which are due to the non-linearity (INL and DNL) of the
DAC. The amplitude and location of the DNL spurs are
unpredictable and depend on the mput amplitude and fre-
quency. Thus, non-linearity may be a key performance
metric for DAC design.

Dynamic Element Matching

Much research has been devoted over the past several
decades to improve the DAC non-linearity performance. It
1s well known that mismatches in the unit cells leads to
unequal step sizes (DNL) 1n the DAC transfer function and
causes spurs in the output spectrum. Dynamic FElement
Matching (DEM) 1s a well-known and widely used tech-
nique to linearize thermometer DACs and eliminate DNL 1n
the presence ol mismatches.

For DEM, a thermometer code T, ..; represents a natural
number w with w ones followed by N-w zeros. A thermom-
cter coded DAC may comprise, or in some embodiments
consists of, N 1dentical unit elements U, .., that can be turned
on (activated) or ofl (deactivated) by N thermometer codes
that represent the digital mput word x. In an unsigned
representation x=w and 1n a signed representation x=2w-N.
An example of the thermometer representation of a 3-bit
natural number 1s shown 1n Table 1. The outputs of the N
unit elements can be combined together in a DAC output
network.
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TABLE 1

3-bit Thermometer Code Representation

10

Bits 000 001 010 011 100 101

W 0 1 2 3 4 5
T 0000000 100000 1100000 1110000 1111000 1111100
2w — N —7 -5 -3 —1 1 3

For a thermometer code of weight w, w unit elements are
turned on or off by the thermometer codes representing the
iput x=w. The smallest output occurs when all unit ele-
ments are turned off and the largest output value occurs
when all unit elements are turned on. In general, the unit
cells will not be 1dentical and can be represented as U, =U+
AU,=U(l+€,) where U 1s the nominal value, AU, 1s the
deviation from the nominal value, and E, i1s the relative
mismatch AU /U.

In a single ended DAC each thermometer code represents
a ‘1’ or a ‘0’ and each unit element 1s either switched to the
load resistor or to ground as shown in FIG. 7. In the 1deal
case, all unit cells are identical and U,=U for all k. In the
absence of mismatch, the single ended output 1s given by:

=2, T UEE,_ (DUHE,_,, MO U=wU

The 1mput-output transfer function 1s a linear function.

For a complementary output DAC shown 1n FIG. 8, each
thermometer code represents a ‘1’ when activated or a ‘-1’
when deactivated, and the corresponding unit element 1s
either switched to a positive or a negative load resistor. The
complementary output 1s given by:

Y=y INT,& UimLy (DUAL 0 N(— HU=2w-N)U

In the 1deal case, the complementary output 1s also a linear
function of the mput.

In DEM, different thermometer codes with the same
welght ware used to represent successive occurrences of the
same 1nput 1n a random fashion. In other words, a different
set of w elements

are activated on successive appearances of the same digital
input code. As shown 1 FIG. 9, the same digital

input can potentially have multiple analog output values
since there are

ways to activate w elements out of N elements. Scrambling
ensures that the permutations are uniformly chosen 1 a
random fashion. The ensemble averaged output of the per-
mutations approximate and resemble a perfectly linear
DAC. DEM hinearizes the average transfer function by
decorrelating the error 1n the DAC output and the input. It
1s the average transfer function that determines the spurs 1n
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the output spectrum. While DEM results 1n a slight degra-
dation 1 SNR, the improvement in SFDR can be very
significant.

A 4-bit DEM DAC 1s shown 1n FIG. 10. The 4-bit digital
code 1s converted to a 15-bit thermometer code T, ;5. The
number of elements activated by the thermometer bits 1s
proportional to the input digital code. The thermometer code
1s scrambled (a permutation operation) that randomizes the
location of the active elements but keeps the number of
active elements unchanged. The scrambled thermometer
code activates and deactivates the corresponding unit ele-
ments. The unit elements are combined 1n the DAC Output
Network to create the output.

The average transfer function of a DEM DAC will be
described. Simple combinatorial analysis shows that there 1s
a total of

ways to activate w elements out of N elements. The expected
value of the output when w unit elements are activated can
be found by first calculating the probability P _(T,=1) of
activating a bit at the k™ location and the probability
P (T,=0) of deactivating a bit at the k™ location. There are

(")

ways to activate an element at the k™ location for a ther-
mometer code of weight w. Since w elements always must
be activated, this 1s equivalent to activating an additional
w—1 elements at the remaining N—1 potential locations once
the k™ location is activated. Similarly, there are

(W1

ways to deactivate an element at the k™ location of a
thermometer code. This 1s equivalent to activating w ele-
ments at N—1 potential locations after the k™ location is
deactivated. Thus, one can calculate the probabilities of
activating or deactivating the k™ bit as:

Py,(Ir=1)=

()=

N—1\/N
% and (T, =0)=( )/( ):
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The output of the DAC 1s given by:

N
Y= ZTk'Uk
=1

By performing the expectation over the

values, the average complementary output 1s:

N
y=E[y]=E|) Ti-Us
k=1

N

N
D EIT]-Up= ) PyTe=1)-(1)- Uy + Pe(Ti = 0)- (- 1)- U
k=1 k=1

Substituting for the probabilities P_(T,=1) and P (T, =0)
from equations (1) & (2) (found below) and noting that

U,=U(l+€,) to account for unit cell mismatches, 1t 1s
obtained:

N
E[y] = (2w—N)-U-[1 4 %;Ek]= Cw—N)-U-(1 +a)

where

1 Y (2)
i

k=1
OoT

v=x-U-(1+a) (3)

Here, o 1s the average mismatch of the unit elements and
1s a constant for a given unit element mismatch profile. The
average output of the DEM DAC i1s linearly proportional to
its input x=2w—N. The scaling factor of (1+0) 1s a gain error
when compared to the output of an 1deal DAC. The 1deal and
DEM transfer functions of a 3-bit DAC are shown 1n FIG.

11. Since i1t 1s a linear system, the error 1s also proportional
to the input. The unit element U 1s assumed to be 1

henceforth without any loss 1n generality.
Segmented DACs

A fully thermometer coded DAC with DEM 1s typically
linear. A B-bit thermometer DAC requires 2°—1 unit ele-
ments. The cost and power of a fully thermometer coded
DAC grows exponentially with the number of bits. So, a full
thermometer implementation 1s seldom used beyond 8 bits.
In a segmented DAC, the B-bit mput digital word x 1s
decomposed into m-segments X, X,, . . . , X, with bits B,
B,....,B, suchthat B=B,+B,+...+B_.The first sub-DAC
handles the first B, bits, the second sub-DAC handles the
next B, bits, and the m” sub-DAC handles the last B bits.
The segmented DAC requires only (2%'-1)+
(25—=1 1+ ... +(2%—1) unit elements. Thus, segmentation can
result 1n a significant reduction 1n complexity. The higher
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resolution DAC 1s implemented by combining the outputs of
several smaller sub-DACs as shown 1n FIG. 13.

The B-bit digital input x 1s associated with the inputs of
the m-segments as a binary weighted summation:

X2 X3 Xm (4)
X=x;1+—+ + e+
Ny N -Nj Ny Ny ... N,
where N,=272, N,=2%, . . ., N_=2%" and the output of the

DAC 1s a weighted combination of the outputs of the m
sub-DACs:

Vo (5)

V3 n
Nr Ny ...

+
Np N3

I
=F, + = +
Y= N N,

When there are no mismatches, the output of each sub-
DAC equals 1ts input, and y,=x,Vke[1, . . ., m]. The output
of the 1deal DAC 1s equal to its B-bit digital input x

X2

Videat = X1 T E +

X3
_|_ .
Ny Ny

-’rm
-+
Ny-N;y ...

=X
N

In the case of non-1deal implementations each, sub-DAC
can employ DEM for linearization. The average output of i””
sub-DAC 1s given by y.=x,(1+0) where o. 1s the average
mismatch of the unit elements in the i”* sub-DAC. The
output of the DAC 1s given by:

X2 + (1 + {l’g)
Ny

X3 (1 + &’3)
N, - Na

X, (1 +a,)
_I_
Ny-Ny ... N,

T:.Il'(].—l—{lfl)—l—

X2 -2 X33 Xm Wy
+ + e+
N> Ny - N3 Ny - Ny ...

Ex

P=X+X1-& +
Non

Since the o, are different for each segment the error term
€ 1s not linearly related to the input x, that 1s € #kx for any
k, hence, the output 1s not a linear function of x.

In the presence of mismatch, combining the output of the
sub-DACs after segmentation re-introduces nonlinearity
into the transfer function. Even though the individual ther-
mometer segments are linearized by DEM, combining the
outputs of the linear sub-DACs will not be linear. Therefore,
for higher resolution DACs, a segmented architecture 1s a
compromise approach that balances accuracy, speed, cost
and power at the expense of nonlinearity.

The output of the DAC can also be written as:

1 1 1 1 SRR
Yy=nt+—|V2t V3t T Ym—2 t+ (ym—l_l_ﬁT))

fwa Sérgmem

fwa Sérgmem‘ )

Each segment 1s scaled and combined with the segment
preceding 1t. Thus, 1t 1s useful to analyze the performance of
a two-segment DAC 1n the presence of mismatches. The
results can be extended to multiple segments by the nested
nature of the computations 1 Eq. (6).

Non-Linearnty of Two Segment DAC

In a two segment DAC, the most significant B, bits are
assoclated with the first segment and the remaining least
significant B, bits are associated with the second segment. In
the presence of mismatches, the outputs of the linearized
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sub-DACs are given by y,=x,(1+B,) and y,=x,(1+[3,) where
the s represent the average unit-element mismatch in each
segment. N,'=N, (1+Y,) 1s the scaling factor with mismatch
where Y, represents the deviation from the 1deal power-of-
two values. The output of the DAC can be written as:

V2 x2(1 + B2)
y=y+-—==xi(1+p8)+

Ny Na(1 +y2)

.Ig(]. + {1’2)]

= (1 +ﬁ1)(~1‘1 + N

where o, 1s a parameter that consolidates the impact of all
the mismatches. (1+[3,) is a gain factor that changes the full
scale of the DAC but does not impact the linearity of the
DAC. The transfer function of an m-segment DAC 1s shown
in FIG. 12.

The problem of segmenting the bits to the sub-DACs 1s a
design compromise between complexity and performance.
While a nearly-perfectly linear DAC can be realized by
using only one segment and DEM, 1t may not be practical for
high-resolution DACs. More bits in the DEM thermometer
MSB sub-DAC improves linearity but also increases the
complexity. The benefits of using multiple thermometer
segments with DEM are greatly diminished as the inter-
segment unit-element mismatch (3;#03;) and the inter-seg-
ment scaling errors (N,'#22%%) introduce nonlinearities. Thus,
the most commonly used topology 1s a two segment DAC
with a thermometer coded MSB segment and a binary coded
LLSB segment. Implementing high-speed DACs with non-
linearity better than 12-bits may be difficult.

DAC with Redundancy Mapping

With reference to FIGS. 14-20, the system, device and
method according to features of the present embodiments
will be described. Many embodiments can significantly
reduce a non-linearity of a DAC and remove the conven-
tional trade-offs between performance and complexity.

In a two-segment DAC, the mput x can be decomposed
into two segments (x,, X,) and

X2

- - 4+ —
X = f(x1, x2) =x N

(X;', X,') 1s a redundant representation of the mput x 1f

!

2
(X}, x5)=x] + — =x
SO, 2 : N>

Consider the mapping (x,, X,)—(X,’, X,') defined as

X1 '=X 0% -SZN(X4) Xy =( 12,1 —No-0x | )-sgn(x,) (6)

Substituting for x," and x,', the following 1s obtained

’
*1

!

X

2
' ’ ' ™ - X2
J(x1, X3) = x1 +0xq-sgnlx;) +

(2l = N -0x1) - sgn(xz)
=X+ — =X
N> N>

X, takes on values between —N,+1 and N,—1 1n steps of
2. By choosing 0x,=2 the mapping (X,, X,)—X,' 1S an
increment or decrement operation. The mapping to X, 1s
shown 1n the Table 2 for a 3-bit sub-DAC with N,=8 and
N,-0x,=16. Since Ix,I<N,-0xX,, X, and X," always have oppo-
site signs.

10

15

20

25

30

35

40

45

50

35

60

65
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TABLE 2

Redundancy Mapping

—7 -5 —3
X'y 9 11 13
X1 —2 X, —2 x;,—2

—1 1 3 5 7
15 —15 —13 —11 -0
X, —2 xX;+2 x;,+2 x;+2 x;+2

In a DAC output for redundant inputs, the output of the
DAC for input x—(X,, X,) 1s given by:

xz(lﬁ;rﬂ'z)] (1 +ﬁ1)'[x+ri_; .X2~]

2 2

J?=(1+)5’1)'(I1 +

For a redundant representation Xx—(x,, X,'), the output of
the DAC 1s given by:

xX5(1 +£1’2)) — (1 +ﬁ1)_[x+i_f .Ifzi]

=1+ 1) |x]+
V= ;5'1)[3‘?1 N ]

The transfer functions for y 1400 and y' 1500 are shown
in FIGS. 14 and 15, respectively. Clearly, in a DAC with
mismatches, y'zy=x although x'=x.

Let p be the probability of choosing the representation (X,
X,), and p'=1—p be the probability of choosing the redundant
representation (X,’, X,'). For any input X, the output of the
DAC can assume a value of y with a probability of p or a
value of y' with a probability of p'. The average value of the
DAC output 1s given by the expected value of y

F F (}:2 ! F
Yag = Elyl=p-y+p -y =0+ 1) I+E-(p-xz+p - X3)

As noted earlier, X, and X,' always have opposite polari-
ties, so sgn(x,' )=—sgn(x,). Therefore, it 1s possible to find a
set of non-negative weights w and w' such that the weighted
sum w-X,+w'-X,'=0. It 1s easy to see that, by choosing w=Ix,'l
and w'=Ix,| and using the 1dentity x=Ix|-sgn(x), the weighted
sum becomes |X,l:X,'l-[sgn(X,)+sgn(x,')] which 1s always
zero. Furthermore, normalizing the weights as

|~1‘2|

|x2| + x5

o xl
2| + x5

and w =

W

also results 1n a zero weighted sum, and w=1-w".
By choosing the probabilities p and p' as:

(7

, | x2]

p = — — probability of choosing (x7, x3)
2] + |3
J, |3 s .
p=1-p = — — probability of choosing (x;, x3)
ez | + [x3]

with the sum p-x,+p'-x,' 1s always zero and

yavg:E[y]:(l_l_Bl)'x

Thus, by selecting (x,, X,) with a probability of p 1610
and selecting (x,, X,') with a probability of p' 1620, the
average output 1600 of the DAC may be perfectly linear as
shown 1n FIG. 16. The DAC errors e and e' are proportional
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to X, and x,,'. It follows that a zero weighted sum also results
in a zero average DAC error. The linearization 1s achieved
through a combination of redundant mapping and probabi-
listic assignment. The architecture for a 2-segment DAC

16
TABLE 3

Probability Assignment for a 3-bit sub-DAC

accomplishing such linearization is shown in FIG. 17 and >
will be discussed hereinbelow.

The probability p depends only on the value of x, and
does not depend on the mismatches of the sub-DACs.
Substituting for X we obtain: (0

,  Ixal
P = Ng -r.’i".rl

_1 - Ng-ﬁxl—lxﬂ 15
P= P= N> - 0x1

The probabilities p and p' for a 1-bit DAC are shown 1n

Table 1. 20
TABLE 1
Probability Assignment
for a 1-bit sub-DAC

25

X+ —1 1

X, 3 -3

P 3/4 3/4

P 1/4 1/4
30

The probabilities p and p' for a 2-bit DAC are shown 1n

Table 2.
TABLE 2
35
Probability Assignment
for a 2-bit sub-DAC

X, -3 1 1 3

X 5 7 —7 -5

p 5/8 78 718 5/8 40

P 3/8 1/8 1/8 3/8

The probabilities p and p' for a 3-bit DAC are shown 1n
Table 3.

X, —63 —61
X, 65 67
P 65/128 67/128
P 63/128 61/128
X, —47 45
X, 31 83
P 81/128 83/128
P 477128 45/128
}{2 _31 _29
X5 07 00
P O7/128 00/128
P 31/128 20/128
X, 15 13
X'y 113 115
P 113/128 1157128
P 15/128 13/128
X5 1 3
x, =127 ~125
P 127/128 125/128
P 1/128 3/128
X+ 17 19

X 7 -5 -3 - 1 3 5 7
X'y 9 11 13 15 —15 —13 —11 -9
p o/16  11/16  13/16 15/16 15/16 13/16 11/16  9/16
P 7/16 5/16  3/16 1/16 1/16  3/16  5/16  7/16

The probabilities p and p' for a 4-bit DAC are shown 1n
Table 4.

TABLE 4
Probability Assignment for a 4-bit sub-DAC

X5 —15 —13 —11 -9 —7 -5 —3 —1
X' 17 19 21 23 25 27 29 31
P 17/32  19/32  21/32  23/32  25/32  27/32 29/32 31/32
P 15732 13/32  11/32  9/32  7/32  5/32  3/32 1/32
X5 1 3 5 7 e, 11 13 15
X' —31 —29 —27 —25 —23 —21 —19 —17
P 31732 29/32  27/32  25/32  23/32  21/32  19/32  17/32
P 1/32  3/32  5/32 /32 9732  11/32  13/32  15/32

The probabilities p and p' for a 5-bit DAC are shown 1n
Table 5.

TABLE 5
Probability Assignment for a 5-bit sub-DAC

X5 —31 —29 —27 —25 —23 —21 —19 —17
X'y 33 35 37 39 41 43 45 47
P 33/64  35/64 37/64 39/64 41/64 43/64 45/64 47/64
P 31/64  29/64  27/64 25/64  23/64  21/64 19/64 17/64
X5 —15 —13 —11 -9 —7 -5 —3 —1
X'y 49 51 53 55 57 59 61 63
P 49/64 51/64 53/64 55/64 57/64 39/64 61/64 63/64
) 15/64 13/64 11/64  9/64  7/64  5/64  3/64 1/64
X5 1 3 5 7 0 11 13 15
X'y —63 —61 —59 —57 —55 —53 —51 —49
P 63/64 o61/64 59/64 57/64 55/64 53/64 51/64 49/64
P 1/64  3/64  5/64 /64 9/64 11/64 13/64 15/64
X+ 17 19 21 23 23 27 29 31
X'y —47 —45 —43 —41 -39 —37 —35 —33
P 47/64 45/64 43/64 41/64  39/64 37/64  35/64 33/64
P 17/64 19/64 21/64 23/64 25/64 27/64 29/64 31/64

The probabilities p and p' for a 6-bit DAC are shown 1n
Table 6.

TABLE 6

Probability Assignment for a 6-bit sub-DAC

—50
6Y
69/128
59/128
—43
85
85/128
437128
—27
101
101/128
277/128
—11
117
117/128
117128
5
—123
123/128
5/128
21

—57
71
71/128
57/128
—41
87
87/128
41/128
—25
103
103/128
25/128
—9
119
119/128
0/128
7
—121
121/128
77128
23

—55
73
73/128
55/128
—39
39
80/128
39/128
23
105
105/128
23/128
—7
121
121/128
7/128
9
~119
119/128
0/128
25

—53
75
75/128
53/128
—37
01
01/128
37/128
—21
107
107/128
21/128
-5
123
123/128
5/128
11
—117
117/128
11/128
27

—51
77
T7/128
51/128
—35
03
03/128
35/128
—19
109
109/128
19/128
-3
125
125/128
3/128
13
—115
115/128
13/128
29

—49
79
79/128
49/128
—33
05
05/128
33/128
—17
111
111/128
17/128
—1
127
127/128
1/128
15
—113
113/128
15/128
31
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TABLE 6-continued

Probability Assignment for a 6-bit sub-DAC

X'y -111 -109 —-107 —-105 —-103 -101
D 111/128 109/128 107/128 105/128 103/128 101/128
p' 17/128 19/128 21/128 23/128 25/128 277/128
X5 33 35 37 39 41 43
X'y —-95 -93 -91 -89 —-87 -85
D 95/128 93/128 91/128 89/128 87/128 85/128
p' 33/128 35/128 37/128 39/128% 41/128 43/128
X5 49 51 53 55 57 59
X'y -79 =77 -75 -73 -71 -69
D 79/128 T7/128 75/128 73/128 71/128 69/128
p’ 49/128 51/128 53/128 55/128 57/128 59/128

The probabilities p and p' for a 7-bit DAC are shown 1n
Table 7.

TABLE 7

Probability Assignment for a 7-bit sub-DAC

—-127
129
129/256
127/256
-111
145
145/256
111/256
-95
161
161/256
95/256
-79
177
177/256
79/256
—-63
193
193/256
63/256
-47
209
209/256
47/256
-31
225
225/256
31/256
-15
241
241/256
15/256
1
-255
255/256
1/256
17
—-239
239/256
17/256
33
—-223
223/256
33/256
49
—-207
207/256
49/256
05
-191
191/256
65/256
81
-175
175/256
81/256

-125
131
131/256
125/256
-109
147
147/256
109/256
-93
163
163/256
93/256
=77
179
179/256
71/256
-61
195
195/256
61/256
-45
211
211/256
45/256
-29
227
22°7/256
29/256
-13
243
243/256
13/256
3
—-253
253/256
3/256
19
—-237
237/256
19/256
35
-221
221/256
35/256
51
—-205
205/256
51/256
07
—-189
189/256
67/256
83
-173
173/256
83/256

-123
133
133/256
123/256
—-107
149
149/256
107/256
-91
165
165/256
91/256
-75
181
181/256
75/256
—-59
197
197/256
59/256
-43
213
213/256
43/256
-27
229
229/256
27/256
-11
245
245/256
11/256
5
-251
251/256
5/256
21
—-235
235/256
21/256
37
-219
219/256
37/256
53
—-203
203/256
53/256
09
-187
187/256
69/256
85
-171
171/256
85/256

-121
135
135/256
121/256
—-105
151
151/256
105/256
-89
167
167/256
89/256
-73
183
183/256
73/256
-57
199
199/256
57/256
-41
215
215/256
41/256
-25
231
231/256
25/256
-9
247
2477/256
9/256
7
-249
249/256
7/256
23
—-233
233/256
23/256
39
=217
217/256
39/256
55
-201
201/256
55/256
71
—-185
185/256
71/256
87
-169
169/256
87/256

-119
137
137/256
119/256
—-103
153
153/256
103/256
—-&7
169
169/256
R7/256
-71
185
185/256
71/256
-55
201
201/256
55/256
-39
217
217/256
39/256
—-23
233
233/256
23/256
-7
249
249/256
7/256
9
247
247/256
9/256
25
-231
231/256
25/256
41
-215
215/256
41/256
57
-199
199/256
57/256
73
—-183
183/256
73/256
89
-167
167/256
89/256

—-117
139
139/256
117/256
-101
155
155/256
101/256
-85
171
171/256
85/256
-69
187
187/256
69/256
-53
203
203/256
53/256
—-37
219
219/256
37/256
-21
235
235/256
21/256
-5
251
251/256
5/256
11
-245
245/256
11/256
27
—-229
229/256
2'7/256
43
-213
213/256
43/256
59
—-197
197/256
59/256
75
-1&81
181/256
75/256
91
-165
165/256
91/256

-99
99/128
29/128

45

—-83
83/128
45/128

61

-67
67/128
61/128

-115
141
141/256
115/256
—-99
157
157/256
99/256
—&83
173
173/256
83/256
—-67
189
189/256
67/256
-51
205
205/256
51/256
-35
221
221/256
35/256
-19
237
237/256
19/256
-3
253
253/256
3/256
13
-243
243/256
13/256
29
—-227
227/256
29/256
45
—-211
211/256
45/256
61
—-195
195/256
61/256
77
-179
179/256
77/256
93
-163
163/256
93/256

-97
97/128
31/128

47

-381
81/128
47/128

03

—-65
65/128
63/128

-113
143
143/256
113/256
—-97
159
159/256
97/256
-81
175
175/256
81/256
-65
191
191/256
65/256
-49
207
207/256
49/256
-33
223
223/256
33/256
—-17
239
239/256
17/256
-1
255
255/256
1/256
15
-241
241/256
15/256
31
—-225
225/256
31/256
47
—-209
209/256
47/256
03
-193
193/256
63/256
79
-177
177/256
791256
95
-161
161/256
95/256

18
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TABLE 7-continued

Probability Assignment for a 7-bit sub-DAC

X5 97 99 101 103 105 107 109 111
X'y —-159 —157 —155 —-153 —151 —-149 —-147 —-145
D 159/256 157/256 155/256 153/256 151/256 149/256 147/256 145/256
D' 97/256 99/256 101/256 103/256 105/256 107/256 109/256 111/256
X5 113 115 117 119 121 123 125 127
X'5 —-143 -141 —-139 —137 —135 —-133 —-131 -129
P 143/256 141/256 139/256 137/256 135/256 133/256 131/256 129/256
D' 113/256 115/256 117/256 119/256 121/256 123/256 125/256 127/256
The probabilities p and p' for a 8-bit DAC are shown in
Table 8.
TABLE 8
Probability Assignment for a 8-bit sub-DAC

X5 —255 —253 —-251 —249 —247 —245 —243 —-241
X'5 257 259 201 263 265 267 269 271
D 257/512 259/512 261/512 263/512 265/512 267/512 269/512 271/512
D' 255/512 253/512 251/512 249/512 247/512 245/512 243/512 241/512
X5 —239 —237 —235 —233 —231 —229 —227 —225
X'5 273 275 277 279 281 283 285 287
D 273/512 275/512 277/512 279/512 281/512 283/512 285/512 287/512
D' 239/512 237/512 235/512 233/512 231/512 229/512 227/512 225/512
X5 —223 -221 -219 —217 -215 —213 -211 —209
X'5 289 291 293 295 297 299 301 303
D 289/512 291/512 293/512 295/512 297/512 299/512 301/512 303/512
D' 223/512 221/512 219/512 217/512 215/512 213/512 211/512 209/512
X5 207 —-205 —-203 -201 -199 -197 -195 -193
X5 305 307 309 311 313 315 317 319
D 305/512 307/512 309/512 311/512 313/512 315/512 317/512 319/512
D' 207/512 205/512 203/512 201/512 199/512 197/512 195/512 193/512
X5 -191 —189 —187 —185 —183 —-181 -179 —-177
X5 321 323 325 327 329 331 333 335
D 321/512 323/512 325/512 327/512 329/512 331/512 333/512 335/512
D' 191/512 189/512 187/512 185/512 183/512 181/512 179/512 177/512
X5 —175 —-173 -171 -169 -167 —-165 -163 —-161
X'5 337 339 341 343 345 347 349 351
P 337/512 339/512 341/512 343/512 345/512 347/512 349/512 351/512
p' 175/512 173/512 171/512 169/512 167/512 165/512 163/512 161/512
X5 —159 —157 —155 —153 —151 —-149 —147 —-145
X'y 353 355 357 359 361 363 365 367
D 353/512 355/512 357/512 359/512 361/512 363/512 365/512 367/512
D' 159/512 157/512 155/512 153/512 151/512 149/512 147/512 145/512
X5 —143 -141 —-139 —137 -135 —-133 —-131 —-129
X'y 369 371 373 375 377 379 381 383
D 369/512 371/512 373/512 375/512 377/512 379/512 381/512 383/512
D' 143/512 141/512 139/512 137/512 135/512 133/512 131/512 129/512
X5 —127 —-125 —-123 -121 -119 —117 —115 —-113
X'y 385 387 389 391 393 395 397 399
D 385/512 387/512 389/512 391/512 393/512 395/512 397/512 399/512
D' 127/512 125/512 123/512 121/512 119/512 117/512 115/512 113/512
X5 -111 -109 —-107 —-105 —-103 -101 -99 -97
X'y 401 403 405 4077 409 411 413 415
D 401/512 403/512 405/512 407/512 409/512 411/512 413/512 415/512
D' 111/512 109/512 107/512 105/512 103/512 101/512 99/512 97/512
X5 =95 -93 -91 -89 —&7 -85 —-&3 -1
X'y 417 419 421 423 425 427 429 431

D 417/512 419/512 421/512 423/512 425/512 427/512 429/512 431/512
D' 95/512 93/512 91/512 89/512 87/512 85/512 83/512 81/512
X5 79 =77 73 73 71 —-69 —67 —65
X'y 433 435 437 439 441 443 445 447
D 433/512 435/512 437/512 439/512 441/512 443/512 445/512 447/512
D' 79/512 77/512 75/512 73/512 71/512 69/512 67/512 65/512
X5 —-63 -61 —-59 =57 -35 —-53 —-51 -49
X'y 449 451 453 455 457 459 461 463

D 449/512 451/512 453/512 455/512 457/512 459/512 461/512 463/512
D' 63/512 61/512 59/512 57/512 55/512 53/512 51/512 49/512
X5 —47 —45 -43 -41 -39 -37 —-35 -33
X'5 465 467 469 471 473 475 477 479

D 465/512 467/512 469/512 471/512 473/512 475/512 477/512 479/512
D' 47/512 45/512 43/512 41/512 39/512 37/512 35/512 33/512
X5 —-31 -29 —27 25 23 -21 —-19 -17
X'y 4%1 483 485 487 489 491 493 495
P 481/512 483/512 485/12 487/512 489/512 491/512 493/512 495/512

20
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TABLE 8-continued

Probability Assignment for a 8-bit sub-DAC

p' 31/512 29/512 27/512 25/512 23/512 21/512 19/512 17/512
X5 -15 -13 -11 -9 -7 -5 -3 -1
X'y 497 499 501 503 505 507 509 511
p 497/512 499/512 501/512 503/512 505/512 507/512 509/512 511/512
p’ 15/512 13/512 11/512 9/512 7/512 5/512 3/512 1/512
X5 1 3 5 7 9 11 13 15
X'5 =511 -509 -507 -505 —-503 -501 -499 -497
D 511/512 509/512 507/512 505/512 503/512 501/512 499/512 497/512
p’ 1/512 3/512 5/512 7/512 9/512 11/512 13/512 15/512
X5 17 19 21 23 25 27 29 31
X'y —-495 —-493 -491 -489 —487 —485 —-483 -4¥81
D 495/512 493/512 491/512 489/512 487/512 485/512 483/512 481/512
p' 17/512 19/512 21/512 23/512 25/512 277/512 29/512 31/512
X5 33 35 37 39 41 43 45 47
X'y -479 -477 -475 -473 -471 -469 -467 -465
D 479/512 477/512 475/512 473/512 471/512 469/512 467/512 465/512
p' 33/512 35/512 37/512 39/512 41/512 43/512 45/512 47/512
X5 49 51 53 55 57 59 01 03
X'y -463 -461 -459 -457 —455 —-453 -451 -449
D 463/512 461/512 459/512 457/512  455/512 453/512 451/512 449/512
p’ 49/512 51/512 53/512 55/512 57/512 59/512 61/512 63/512
X5 05 07 09 71 73 75 77 79
X'y -447 -445 —-443 -441 -439 -437 —-435 -433
D 447/512 445/512 443/512 441/512 439/512 437/512 435/512 433/512
p' 65/512 67/512 69/512 71/512 73/512 75/512 77/512 79/512
X5 81 83 85 87 89 91 93 95
X'y -431 -429 -427 -425 —-423 -421 -419 -417
D 431/512 429/512 427/512 425/512 423/512 421/512 419/512 417/512
p' 81/512 83/512 85/512 87/512 89/512 91/512 93/512 95/512
X5 97 99 101 103 105 107 109 111
X'y -415 -413 -411 -409 -407 —-405 —-403 -401
D 415/512 413/512 411/512 409/512  407/512 405/512 403/512 401/512
p' 97/512 99/512 101/512 103/512 105/512 107/512 109/512 111/512
X5 113 115 117 119 121 123 125 127
X'y -399 —-397 -395 —-393 -391 —-389 —-387 —-385
D 399/512 397/512 395/512 393/512 391/512 389/512 387/512 385/512
p’ 113/512 115/512 117/512 119/512 121/512 123/512 125/512 1277/512
X5 129 131 133 135 137 139 141 143
X'y -383 -381 -379 -377 =375 -373 -371 -369
D 383/512 381/512 379/512 377/512 375/512 373/512 371/512 369/512
p’ 129/512 131/512 133/512 135/512 137/512 139/512 141/512 143/512
X5 145 147 149 151 153 155 157 159
X'y -367 -365 -363 -361 -359 —-357 —-355 -353
D 367/512 365/512 363/512 361/512 359/512 357/512 355/512 353/512
p’ 145/512 147/512 149/512 151/512 153/512 155/512 157/512 159/512
X5 161 163 165 167 169 171 173 1’75
X'y -351 —-349 -347 -345 -343 -341 -339 -337
D 351/512 349/512 347/512 345/512 343/512 341/512 339/512 337/512
p' 161/512 163/512 165/512 167/512 169/512 171/512 173/512 175/512
X5 177 179 181 183 185 187 189 191
X'y -335 -333 -331 -329 -327 -325 -323 -321
D 335/512 333/512 331/512 329/512 327/512 325/512 323/512 321/512
p' 177/512 179/512 181/512 183/512 185/512 187/512 189/512 191/512
X5 193 195 197 199 201 203 205 207
X'y -319 =317 -315 -313 -311 -309 =307 -305
p 319/512 317/512 315/512 313/512 311/512 309/512 307/512 305/512
p' 193/512 195/512 197/512 199/512 201/512 203/512 205/512 2077/512
X5 209 211 213 215 217 219 221 223
X'y -303 -301 -299 —-297 —-295 -293 -291 —-289
p 303/512 301/512 299/512 297/512 295/512 293/512 291/512 289/512
p’ 209/512 211/512 213/512 215/512 217/512 219/512 221/512 223/512
X5 225 227 229 231 233 235 237 239
X'y —287 —285 —283 -281 -279 =277 275 -273
p 287/512 285/512 283/512 281/512 2779/512 277/512 2775/512 273/512
p’ 225/512 22°7/512 229/512 231/512 233/512 235/512 237/512 239/512
X5 241 243 245 247 249 251 253 255
X'y -271 —-269 -267 —-265 —-263 -261 —-259 —-257
p 2771/512 269/512 267/512 265/512 263/512 261/512 259/512 257/512
p’ 241/512 243/512 245/512 2477/512 249/512 251/512 253/512 255/512

22
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The redundancy mapping and probability assignment 1s
given by:

) { (x1, x2) with probability p
6 V) =9 (x1, x2) with probability p

In several embodiments, pseudo-random numbers can be
generated using Linear Feedback Shift Registers (LFSR).
The L-bits 1n an L-bit LFSR represent a “state” and for
properly designed feedback polynomials, the LLFSR will
cycle sequentially through 21.—1 states before repeating
itself. Typically, the all-zeros or all-ones state 1s disallowed.
By choosing a sufficiently large L, each bit in the LFSR
assumes a ‘0’ or a ‘1’ with probability of 4. Thus, uniformly
distributed random numbers can be generated by grouping
together several bits of the LFSR. For example, four bits of
the LFSR together represent a uniformly distributed random
integer variable Re [0:15] with uniform pdf of V6. That 1s,
Prob(R<1)=V1s, Prob(R<3)=%16, Prob(R<5)="16, Prob
(R<7)=716 and so on. The probability assignment with
probabilities p and p' can be implemented by associating the
selection with the outcome of the comparison between the
random 1nteger R and IX,| as follows;:

sy { (x1, x2) with probability p=1-p’
i, V) =
= (x}, x5) with probability p’ = Prob(R < |x2])

The peak amplitude of the input should be reduced such
that the all zeros and all one’s binary codes are never
encountered 1n the MSB sub-DAC. This ensures that both x,

and x," can be represented by a B;-bit word with no
overflows. The ranges before and after mapping are given

by:

IIE [_N1+2:2: NI—Z]

.xl F'E [_N1+1 :2:N1_1]

and

.XEE [_N2+] :2: NE_]]

X5 € [2N,+1:2: —N,—11U[N,+1:2:2N-1]

For a 3-bit sub-DAC, as shown mn FIG. 17, x,e[-7,-3,—
3.-1,1,3,5,7] and x,'€[-15,-13,-11,-9]U[9,11,13,15]. The
normal and redundant representations do not overlap. But
the range of x has doubled. Both x, and X,' can be 1mple-
mented with a (B,+1)-bit sub-DAC with 2N,—1 unit ele-
ments.

An extension to multi-segment DACs 1s described below.
In an m-segment DAC, the mput digital word x 1s decom-
posed 1nto m-segments X,, X,, . . . X_. The mapping 1s
defined as:

XXX, . .., X,)

P

The redundant mapping 1s given by:

v—)(vp, Vo, « v )y V)

A variable 1s first defined as:
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The value of x, ,, 1s determined by segments k through m.
That 1s:

Based on the nested nature of the computations defined 1n
Eqn. (6), the redundancy mapping can be performed sequen-
tially over pairs of segments, commencing at the last seg-
ment X and concluding at the first segment X, as follows.

The computation for segment (m—1)-to-m 1s:

maps 1o
(Im—l " Im) — (Hm—l " vm)

where

(X,—1, X,;) With probability p,,_4
:n—l > X:n

(U,,_1,Vim) = { ) with prﬂbﬂblllty ﬁ:n—l

(x

and u__, 1s an intermediate value to be used 1n the compu-
tation.

!
X 1 = Xm_1 + OXpp_1 - SEN(X,,)

!

Xy = X — Ny - 0X 1 - 881(X;,)

p! — 1= D1 = |'I'l;"-'*I |
m—1 " Nm - fﬁ‘xm_l

The computation for segment (k—1)-to-k 1s:
maps to
(Xg—1, M) —> Ug—1, Vi)
where
( ) { (}L‘k_l, Hk) with pl’Dbﬂblllty Pr-1 d
—1s — ’ ’ : *1: d n

M1V (x7_1, t;) with probability p;_, .

Xp_1 = Xp—1 + OXg—1 * SN Xy )

iy, = ty — Np - 0Xg—1 - SgN(X )
! _ 1 _ | H‘k |

Pi-1 = Pr-1 = N;f . 5}{;(_1

-

T'he recursive procedure ends when k=2 and (u,, v,) 1s
mapped. Assign v,=u, and (v, V5, . .., v,,) 1S the final vector
for the multi-segment DAC.

The sequential pairwise operations are shown 1n FIG. 18.
Every intermediate segment 1810 undergoes two mappings
X, —u,—v,, the first mapping 1802 as an MSB segment
1806 and the second mapping 1804 as an LSB segment of
the two-segment pair 1806.

The resolution of the main MSB sub-DAC 1812 remains
unchanged. However, the resolution of all other sub-DACs
1814, 1816, 1818 1s increased by one bit. The unit elements

of all the LLSB sub-DACs 1814, 1816, 1818 add up to one
LSB of the MSB sub-DAC 1812 based on the binary nature
of the mput decomposition. Therefore, the increase 1 com-

plexity 1s equivalent to only one LSB of the MSB sub-DAC
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1812. For example, for a design with a 4-bit MSB sub-DAC,
the i1ncrease 1n hardware complexity may only be 6.25%.

An extension to binary DACs will now be discussed. A
B-bit binary DAC requires B binary weighted elements. To
achieve perfect linearity, ratios between weighted elements
can be powers of 2. Any deviation from power of 2 ratios can
result in DNL and INL error.

A B-bit binary DAC can be treated as a segmented DAC
with B segments X,, . . ., X5. Each segment has 1 bit where
X, takes values —1 and 1. The B-bit digital input x can be
expressed as binary weighted summation of X;:

X2 X3
I=I1+2—1—|—2—2—|—...—|——

The output of the DAC can be expressed as follows:

Y2 o V3
2—1+;+...+—

Y=yt
In the case of non-ideal implementation y=x,-(1+c.),
where o 1s the ratio error for segment 1. The output of the

DAC is given by:

B x2-(L+a2)  x3-(1+a3)
y=x1-(1+a)+ o + s + ...+

.IB-(l -I—{l’g)

25—1

In redundant mappings DAC implementations, each 1-bit
segment 1s replaced by 2-bit thermometer-coded segments.
There are B segments v, v,, . .. vz. Each segment comprises,
or alternatively consists of, 3 unit elements where v, takes
value -3, —1, 1, and 3. Segments v, v,, . . . Vg can be
determined with the recursive procedure starting from the
last segment v,, as follows.

The computation for segment (B-1)-to-B 1s:

maps to
(XB—IIXB) S (HB—IIVB)

where

(-IB—I: .?'L’g) with pl’Dbﬂblllty PB-1

(#p-1,vg) = { (x%_1, x») with probability p%_,

and u,_, 1s an 1ntermediate value to be used in the next
computation;

X5_1 =Xp-1 +2-sgn(xz)

Xp = xg —4-sgnixg)

P |

B—1 = PB-1= 1
Vg

V&B-?

The computation for segment (k—1)-to-k 1s:

maps 1o
(Xg_1,Ug) — (Ug_1, V)
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where

(xx—1, tx) with probability pp_1

(Up—1,VE) = { (x7_1, #3) with probability p; 4

and u,_, 1s an intermediate value to be used in the next
substitution:

!
Xp 1 = Xg—1 +2-sgnluy + Vir1.8)

“;c =ty —4-sgn(ux + vVi+1.8)

' ‘ Up + Vi+1,B |
Pr1 = l —prg = A
Vi + Vil B
Vi B = )

The recursive procedure ends when k=2 and (u,, v,) 1S
mapped. Assign v,=u, and (v, V,, . . ., V) 1s the final vector
for the B segments DAC.

Accordingly, in many embodiments, a redundancy map-
ping probabilistic assignment can provide for more linear
DACSs. In particular, the linearization may not depend on
component mismatches and the DAC can be linear by
design. Thus, no information about the mismatches may be
needed. However, the mismatches can be converted to
random noise that 1s distributed evenly over the Nyquist
band. The linearization can be feed-forward and occur 1n the
digital domain. In many embodiments, linearity can be
maintained over process, temperature and voltage varia-
tions.

Successive Approximation Register ADCs

The approach of the present embodiments includes an
application to Successive Approximation Register (SAR)
ADCs. The SAR ADC represents a significant portion of the
medium to high resolution ADC market. Typical resolutions
range from 10 to 18 bits with speeds up to 20 MS/s. The
SAR architecture results 1mn low power consumption and
small area and 1s the architecture of choice for a wide variety
of applications. Recently, lower resolution time-interleaved
SARs have resulted in very efficient multi-gigasample
ADCs.

A B-bit flash ADC uses a linear voltage ladder with a
comparator at each of the N “rungs” of the ladder to
simultaneously compare the input voltage to a set of equally
spaced reference voltages. The output of these comparators
1s fed to a digital encoder which generates a binary value.
The flash architecture 1s a highly parallel architecture with a
fast conversion time of one cycle. The principal drawback 1s
that the complexity typically increases exponentially with
the number of bits since the B-bit ADC utilizes N reference
voltages and N comparators.

At the other end of the spectrum 1s a digital ramp
(counter) B-bit ADC that takes up to N cycles for conver-
sion. The ramp counter increments by one LLSB at each
count. The B-bit count drives a DAC whose output 1s
compared with the analog mput. The counting process 1s
terminated when the DAC output exceeds the analog nput.
While the architecture can highly sequential and may use
only one comparator and a DAC, the sequential nature can
result 1n exponentially slower conversion rates for high
resolution ADCs.

An architecture of a B-bit SAR ADC, 1in accordance with
an embodiment of the invention 1s illustrated 1n FIG. 19. The
analog input voltage Vin 1902 1s sampled and held 1904 for
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the duration of the conversion. A decision-directed search
algorithm 1908 can sequentially select B-bit digital inputs
1910 that drive the output 1912 of the DAC 1904 to a value
that 1s closest to the mput voltage Vin. It 1s well known that
a binary search algorithm may be the most efficient search
and finds the closest code 1n B=log 2(IN) steps.

The successive approximation register can be mitialized
so that only the most significant bit (MSB) 1s equal to a
digital 1. This code can be fed to the DAC which supplies

the analog equivalent

)

of this digital code to the comparator for comparison with
the sampled input voltage. If this analog voltage exceeds

Vin, the comparator can cause the SAR to reset this bat;
otherwise, the bit 1s left at 1. Then the next bit 1s set to 1 and
the DAC supplies the analog equivalent of the digital code
as

as shown 1n FIG. 20. Thus, 1in each cycle the ADC compares
Vin with the most recent analog estimate and directs the
search according to the polarity of the comparison. The
binary search can be continued until every bit in the SAR has
been exercised. The resulting code 1s the digital approxima-
tion of the sampled mput voltage. Although FIG. 19 1llus-
trates a particular B-bit SAR ADC architecture, any of a
variety of SAR ADC architectures may be utilized as
appropriate to the requirements of specific applications 1n
accordance with embodiments of the invention.

Two 1mportant components of SAR ADCs implemented
in accordance with various embodiments of the invention
are the comparator and the DAC. The Sample and Hold
block can typically be embedded 1in the DAC (for example
1in a Capacitive DAC) and may not be an explicit circuit. The
noise 1n the comparator can be considered white and 1s not
a source of nonlinearity. However, in the absence of ampli-
fication, the comparator may need to maintain an accuracy
of B-bits, so the mput referred noise of the comparator can
be designed to be less than an LLSB.

The SAR can create a “virtunal” voltage reference ladder
where each voltage rung 1s generated sequentially by the
DAC. If the voltages generated by the DAC are not uni-
formly spaced apart, this can result 1n unequal step sizes (or
bins) and the signal can be non-uniformly quantized. DNL
1s a measure of the difference of each step size from the
nominal step size.

Typically, the DAC output as a function of time 1s
monitored, and all its possible trajectories are mapped.
These trajectories form a “time trellis” as shown 1n FIG. 20.
The last stage of this time trellis may comprise, or 1n some
embodiments consists of, a set of voltages that are uniformly
spaced apart over the mput voltage range. The linearity of
the ADC can be a function of how accurately the DAC can
generate this set of equally spaced voltages. Thus, the
linearity of the ADC can be determined solely by the
linearity of the DAC.

High resolution SAR ADCs tend to occupy a large area if
the DAC unit element size 1s dictated by matching require-
ments for linearity rather than by thermal noise. Based on
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limitations on component matching (capacitor, resistor, cur-
rent sources) high resolution SAR DACs may require trim-
ming. However, trimming may not compensate for changes
with voltage and temperature. Hence, on-line continuous
calibration may be necessary during the normal operation.

Most DACs may use a segmented architecture to reduce
the complexity. While DEM 1s typically used to linearize the
MSB segment, mismatches in the bridge capacitor and the
between capacitors 1n the coarse and fine segments gives rise
to nonlinearities.

A DAC employing redundancy mapping and probabilistic
assignment may be perfectly linear. Therefore, the redundant
mappings DAC generates a set of reference voltages that are
uniformly spaced apart which results 1n a perfectly linear
ADC. The redundant mappings architecture can also main-
tain linearity continuously over process, temperature and/or
voltage variations.

The components may be implemented by one or more
processors or computers. It will be apparent that systems
and/or methods, described herein, may be implemented 1n
different forms of hardware, firmware, or a combination of
hardware and software. The actual specialized control hard-
ware or software code used to implement these systems
and/or methods 1s not imiting of the implementations. Thus,
the operation and behavior of the systems and/or methods
were described herein without reference to specific software
code—it being understood that software and hardware can
be designed to implement the systems and/or methods based
on the description herein.

The present invention may have also been described, at
least 1n part, 1n terms of one or more embodiments. An
embodiment of the present invention 1s used herein to
1llustrate the present invention, an aspect thereof, a feature
thereof, a concept thereof, and/or an example thereof. A
physical embodiment of an apparatus, an article of manu-
facture, a machine, and/or of a process that embodies the
present imnvention may include one or more of the aspects,
features, concepts, examples, etc. described with reference
to one or more of the embodiments discussed herein. Fur-
ther, from figure to figure, the embodiments may incorporate
the same or similarly named functions, steps, modules, etc.
that may use the same or different reference numbers and, as
such, the functions, steps, modules, etc. may be the same or
similar functions, steps, modules, etc. or different ones.

The above description provides specific details, such as
material types and processing conditions to provide a thor-
ough description of example embodiments. However, a
person of ordinary skill in the art would understand that the
embodiments may be practiced without using these speciiic
details.

Some of the illustrative aspects of the present invention
may be advantageous 1n solving the problems herein
described and other problems not discussed which are
discoverable by a skilled artisan. While the above descrip-
tion contains much specificity, these should not be construed
as limitations on the scope of any embodiment, but as
exemplifications of the presented embodiments thereof.
Many other ramifications and varnations are possible within
the teachings of the various embodiments. While the inven-
fion has been described with reference to exemplary
embodiments, 1t will be understood by those skilled 1n the art
that various changes may be made and equivalents may be
substituted for elements thereof without departing from the
scope of the invention. In addition, many modifications may
be made to adapt a particular situation or material to the
teachings of the mnvention without departing from the essen-
tial scope thereof. Therefore, it 1s intended that the invention
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not be limited to the particular embodiment disclosed as the
best or only mode contemplated for carrying out this inven-
tion, but that the invention will include all embodiments
talling within the scope of the appended claims. Also, 1n the
drawings and the description, there have been disclosed
exemplary embodiments of the mmvention and, although
specific terms may have been employed, they are unless
otherwise stated used 1n a generic and descriptive sense only
and not for purposes of limitation, the scope of the invention
therefore not being so limited. Moreover, the use of the
terms first, second, etc. do not denote any order or 1mpor-
tance, but rather the terms first, second, etc. are used to
distinguish one element from another. Furthermore, the use
of the terms a, an, etc. do not denote a limitation of quantity,
but rather denote the presence of at least one of the refer-
enced item. Thus, the scope of the invention should be
determined by the appended claims and their legal equiva-
lents, and not by the examples given.

What 1s claimed 1s:

1. A method for linearizing digital-to-analog conversion
comprising:

receive, at a digital-to-analog converter (DAC) an input

digital word;

decompose the mput digital word mnto a plurality of

segments;

generate a redundant representation of each of the plu-

rality of segments;

generate a redundant mapping of the redundant represen-

tation of each of the plurality of segments, defining a
plurality of redundantly mapped segments;

assigning a first probability for selecting the plurality of

segments;

assigning a second probability for selecting the plurality

of redundantly mapped segments;

selecting, with the first probability, the plurality of seg-

ments and, with the second probability, the plurality of
redundantly mapped segments;

converting the selected segments 1nto analog signals by a

plurality of sub-DACs; and

combining the analog signals to define an output analog

signal, wherein each of the plurality of segments 1s
converted mnto an analog signal with a sub-DAC,
wherein a resolution of each sub-DAC associated with
intermediate segment pairs 1s at least one bit greater
than the resolution of a sub-DAC for a first segment
pair.

2. The method of claim 1, further comprising selecting
between a plurality of mappings with probabilities of each
mapping determined based on a number of bits of the DAC.

3. The method of claim 1, wherein performing the redun-
dancy mapping comprises performing a recursive redun-
dancy mapping sequentially over pairs of segments.

4. The method of claim 3, wherein each intermediate
segment undergoes two mappings Xx_k—u_k—=v_k, with a
first mapping as a most-significant-bit (MSB) segment and
a second mapping as a least significant bit (LSB) segment of
a two-segment pair.

5. The method of claim 4, wherein a resolution of an MSB
sub-DAC 1s unchanged and a resolution of all other sub-
DACs 1s increased by at least one bit.

6. The method of claim 1, wherein the DAC 1s a B-bit
binary DAC with B binary weighted elements.
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7. The method of claim 1, wherein each of the plurality of
segments 15 thermometer-coded.

8. The method of claim 1, wherein the DAC 1s at least one
DAC selected from the group consisting of a binary DAC,
a thermometer coded DAC, a dynamic element matching
(DEM) DAC, and a segmented DAC.

9. A system for linearizing analog-to-digital conversion,
comprising;

a comparator positioned to receive an analog signal as a

first 1nput;

a successive approximation register positioned to receive
as an mnput an output of the comparator and configured
to generate an output comprising B bits; and

a digital-to-analog converter (DAC) configured to:

recerve, at a digital-to-analog converter (DAC) an 1nput
digital word;

decompose the mput digital word into a plurality of
segments;

generate a redundant representation of each of the plu-
rality of segments;

generate a redundant mapping of the redundant represen-
tation of each of the plurality of segments, defining a
plurality of redundantly mapped segments;

assigning a first probability for selecting the plurality of
segments;

assigning a second probability for selecting the plurality
of redundantly mapped segments;

selecting, with the first probability, the plurality of seg-
ments and with the second probability, the plurality of
redundantly mapped segments;

converting the selected segments 1into analog signals by a
plurality of sub-DACs; and

combining the analog signals to define an output analog
signal, wherein each of the plurality of segments 1s
converted mto an analog signal with a sub-DAC,
wherein a resolution of each sub-DAC associated with
intermediate segment pairs 1s at least one bit greater
than the resolution of a sub-DAC for a first segment
pair.

10. The system of claim 9, further comprising selecting
between a plurality of mappings with probabilities of each
mapping determined based on a number of bits of the DAC.

11. The system of claim 9, wherein performing the
redundancy mapping comprises performing a recursive
redundancy mapping sequentially over pairs of segments.

12. The system of claim 11, wherein each intermediate
segment undergoes two mappings Xx_k—u_k—v_k, with a
first mapping as a most-significant-bit (MSB) segment and
a second mapping as a least significant bit (LSB) segment of
a two-segment pair.

13. The system of claim 12, wherein a resolution of an
MSB sub-DAC 1s unchanged and a resolution of all other
sub-DACs 1s increased by at least one bait.

14. The system of claim 9, wherein the DAC 1s a B-bit
binary DAC with B binary weighted elements.

15. The system of claim 9, wherein each of the plurality
ol segments 1s thermometer-coded.

16. The system of claim 9, wherein the DAC 1s at least one
DAC selected from the group consisting of a binary DAC,
a thermometer coded DAC, a dynamic element matching
(DEM) DAC, and a segmented DAC.
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