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HYPERBOLIC FUNCTIONS FOR MACHINE
LEARNING ACCELERATION

CROSS REFERENCE TO RELATED
APPLICATIONS

This application 1s a Non-Provisional Application claim-
ing priority to U.S. Provisional Patent Applications Nos.

62/532,8'74, filed Jul. 14, 2017, and 62/555,510, filed Sep. 7,
2017, both titled “Hyperbolic Functions for Machine Leamn-
ing Acceleration,” which are incorporated by reference
herein 1n their entireties for all purposes.

BACKGROUND

The present disclosure relates generally to integrated
circuits, such as field programmable gate arrays (FPGASs).
More particularly, the present disclosure relates to activation
functions for machine learning implemented on an 1inte-
grated circuit (e.g., an FPGA).

This section 1s mtended to mtroduce the reader to various
aspects of art that may be related to various aspects of the
present disclosure, which are described and/or claimed
below. This discussion 1s believed to be helptul 1n providing
the reader with background 1information to facilitate a better
understanding of the various aspects of the present disclo-
sure. Accordingly, 1t should be understood that these state-
ments are to be read in this light, and not as admissions of
prior art.

Machine learning 1s becoming an increasingly valuable
application area. For example, 1t may be utilized in natural
language processing, computer vision, such as object rec-
ognition, bioinformatics, and economics, among other fields

and applications. A common class of machine learning
techniques are represented by recurrent neural networks
(RNNs). While RNNs are increasingly used in real world
applications, such as translation, text, and speed processing,
their use of recursion and possible incorporation of iterations
of large matrix-vector multiplications may create complex-
ity. Consequently, RNNs may sufler from latency and accu-
racy 1ssues, as well as resource utilization 1ssues, especially
as related to their use of activation functions.

BRIEF DESCRIPTION OF THE DRAWINGS

Various aspects of this disclosure may be better under-
stood upon reading the following detailed description and
upon reference to the drawings in which:

FIG. 1 1s a block diagram of a system for implementing
neural networks, such as recurrent neural networks (RNNs),
in accordance with an embodiment;

FIG. 2 1s a block diagram of an integrated circuit where
RNNs may be implemented, 1n accordance with an embodi-
ment;

FIG. 3 1s a plot of a sigmoid function, 1n accordance with
an embodiment;

FIG. 4 1s a sub-plot illustrating a portion of the plot of
FIG. 3, 1n accordance with an embodiment;

FIG. 5 1s a block diagram 1llustrating a sigmoid approxi-
mation circuit which may approximate the sigmoid function
of FIG. 3 1n single precision floating point, in accordance
with an embodiment:

FIG. 6 1s a second plot of the sigmoid function of FIG. 3,
in accordance with an embodiment;

FIG. 7 1s a block diagram illustrating a half-precision
sigmoid approximation circuit which may approximate the
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2

sigmoid function of FIG. 6 in half-precision floating point,
in accordance with an embodiment;

FIG. 8 1s a second embodiment of the half-precision
sigmoid approximation circuit of FIG. 7;

FIG. 9 1s a third embodiment of the half-precision sigmoid
approximation circuit of FIG. 7;

FIG. 10 1s a block diagram illustrating a low-precision
sigmoid approximation circuit, in accordance with an
embodiment;

FIG. 11 1s a plot of a hyperbolic tangent function, 1n
accordance with an embodiment;

FIG. 12 1s a block diagram illustrating a hyperbolic
tangent approximation circuit, which may approximate the
hyperbolic tangent function of FIG. 11, in accordance with
an embodiment; and

FIG. 13 1s a block diagram 1illustrating a fused activation
function approximation circuit which may approximate the
sigmoid function of FIG. 3 and the hyperbolic tangent
function of FIG. 11, 1n accordance with an embodiment.

DETAILED DESCRIPTION OF SPECIFIC
EMBODIMENTS

One or more specific embodiments will be described
below. In an eflort to provide a concise description of these
embodiments, not all features of an actual implementation
are described in the specification. It should be appreciated
that 1n the development of any such actual implementation,
as 1n any engineering or design project, numerous 1mple-
mentation-specific decisions may be made to achieve the
developers” specific goals, such as compliance with system-
related and business-related constraints, which may vary
from one implementation to another. Moreover, it should be
appreciated that such a development effort might be com-
plex and time consuming, but would nevertheless be a
routine undertaking of design, fabrication, and manufacture
for those of ordinary skill having the benefit of this disclo-
sure.

As discussed 1n further detail below, embodiments of the
present disclosure relate generally to circuitry for enhancing
neural networks that use activation functions, such as recur-
rent neural networks (RNNs), implemented on an integrated
circuit. In particular, in certain embodiments, approxima-
tions of activation functions used in an RNN, such as
sigmoid and hyperbolic tangent, may be implemented in an
integrated circuit, such as an FPGA, which may result 1n
increased ethiciencies, reduced latency, increased accuracy,
and reduced resource utilization nvolved with machine
learning.

With the foregoing in mind, FIG. 1 illustrates a block
diagram of a system 10 that may implement machine
learning techniques. A designer may desire to implement
functionality, such as the hyperbolic functions of this dis-
closure, on an integrated circuit device 12 (IC, such as a field
programmable gate array (FPGA)). The designer may
specily a high-level program to be implemented, such as an
OpenCL program, which may enable the designer to more
ciiciently and easily provide programming instructions to
configure a set of programmable logic cells for the inte-
grated circuit device 12 without requiring specific knowl-
edge of low level hardware description languages (e.g.,
Verilog or VHDL). For example, because OpenCL 1s quite
similar to other high level programming languages, such as
C++, designers of programmable logic familiar with such
programming languages may have a reduced learming curve
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than designers that are required to learn unfamiliar low level
hardware description languages to implement new function-
alities 1n the IC.

The designers may implement their high level designs
using design software 14, such as a version of Intel®
Quartus® by Intel Corporation. The design software 14 may
use a compiler 16 to convert the high level program 1nto a
low level description. The compiler 16 may provide
machine-readable instructions representative of the high-
level program to a host 18 and the integrated circuit device
12. The host 18 may receive a host program 22 which may
be implemented by the kernel programs 20. To implement
the host program 22, the host 18 may communicate 1nstruc-
tions from the host program 22 to the integrated circuit
device 12 via a communications link 24, which may be, for
example, direct memory access (DMA) communications or
peripheral component mterconnect express (PCle) commu-
nications. In some embodiments, the kernel programs 20 and
the host 18 may enable configuration of a RNN 26 on the
integrated circuit device 12. The RNN 26 may include
circuitry and/or other logic elements and may be configured
to implement activation functions.

Turning now to a more detailed discussion of the inte-
grated circuit device 12, FIG. 2 illustrates an integrated
circuit device 12, which may be a programmable logic
device, such as a field programmable gate array (FPGA) 40.
For the purposes of this example, the device 40 1s referred
to as an FPGA, though it should be understood that the
device may be any type of programmable logic device (e.g.,
an application-specific mtegrated circuit and/or application-
specific standard product). As shown, FPGA 40 may have
input/output circuitry 42 for driving signals off of device 40
and for receiving signals from other devices via input/output
pins 44. Interconnection resources 46, such as global and
local vertical and horizontal conductive lines and buses, may
be used to route signals on device 40. Additionally, inter-
connection resources 46 may include fixed interconnects
(conductive lines) and programmable interconnects (1.e.,
programmable connections between respective fixed inter-
connects). Programmable logic 48 may include combina-
tional and sequential logic circuitry. For example, program-
mable logic 48 may include look-up tables, registers, and
multiplexers. In various embodiments, the programmable
logic 48 may be configured to perform a custom logic
function. The programmable interconnects associated with
interconnection resources may be considered to be a part of
programmable logic 48.

Programmable logic devices, such as FPGA 40, may
contain programmable elements 50 with the programmable
logic 48. For example, as discussed above, a designer (e.g.,
a customer) may program (e.g., configure) the program-
mable logic 48 to perform one or more desired functions. By
way of example, some programmable logic devices may be
programmed by configuring their programmable elements
50 using mask programming arrangements, which 1s per-
formed during semiconductor manufacturing. Other pro-
grammable logic devices are configured after semiconductor
fabrication operations have been completed, such as by
using electrical programming or laser programming to pro-
gram their programmable elements 50. In general, program-
mable elements 50 may be based on any suitable program-
mable technology, such as fuses, antifuses, electrically-
programmable read-only-memory technology, random-
access memory cells, mask-programmed elements, and so
torth.

Many programmable logic devices are electrically pro-
grammed. With electrical programming arrangements, the
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programmable elements 50 may be formed from one or
more memory cells. For example, during programming,
configuration data 1s loaded into the memory cells using pins
44 and input/output circuitry 42. In one embodiment, the
memory cells may be implemented as random-access-
memory (RAM) cells. The use of memory cells based on
RAM technology 1s described herein 1s intended to be only
one example. Further, because these RAM cells are loaded
with configuration data during programming, they are some-
times referred to as configuration RAM cells (CRAM).
These memory cells may each provide a corresponding
static control output signal that controls the state of an
associated logic component 1n programmable logic 48. For
instance, 1 some embodiments, the output signals may be
applied to the gates of metal-oxide-semiconductor (MOS)
transistors within the programmable logic 48.

In some embodiments, the RNN 26 of the integrated
circuit device 12 may utilize an activation function, such as
a sigmoid function and/or a hyperbolic tangent function, 1n
order to implement machine learming techmques. Further, in
some embodiments, 1n order to increase efliciency, reduce a
footprint (e.g., resources), and/or reduce latency associated
with the computation and/or implementation of the activa-
tion functions, the integrated circuit device 12 may imple-
ment and/or compute the activation functions according to
approximations described herein.

Turning now to FIG. 3, the sigmoid function (o(x)), as
defined by the equation:

|
1 +e>’

o(x) =

1s 1llustrated 1in plot 100, where a vertical axis 102 denotes
values of o(x) and a horizontal axis 104 denotes the values
of an mput, x, to the sigmoid function. As the curve 112,
which plots the value of the sigmoid function for each value
of the mput x, demonstrates, as the value of x increases,
using 1 as an approximation of the value of o(x) becomes
increasingly accurate. As such, a positive mput cut-oif 106
may mark the value of x at which the curve 112 approxi-
mately saturates to 1, as denoted by asymptote 108. Simi-
larly, a negative input cut-off 110 may mark the value of x
at which the curve 112 approximately saturates to 0. Accord-
ingly, the value of the curve 112 may be approximated as 1
within a positive saturation interval 107, and the value of the
curve may be approximated as O within a negative saturation
interval 109.

The location of the positive input cut-off 106 (e.g., the
bounds of the positive saturation interval 107) and the
location of the negative input cut-off 110 (e.g., the bounds of
the negative saturation interval 109) may impact the accu-
racy of an approximation of the curve 112. For example, 1n
single precision floating point number representation (e.g., a
number representation having a sign bit, eight exponent bits,
and twenty-three mantissa bits), approximating the value of
the curve 112 as 1 within a positive saturation interval 107
having a positive mput cut-ofl 106 of 15.24 may be accurate
within 2 units 1n the last place (ULP) (e.g., two least
significant bits). On the other hand, 1n half-precision floating
point number representation (e.g., a number representation
having a sign bit, five exponent bits, and ten mantissa bits),
to approximate the value of the curve 112 with the same
accuracy (2 ULPs), a positive mput cut-ofl 106 of 6.23 may
be suitable. Accordingly, as will be described in further
detail below, any suitable bounds of the positive saturation
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interval 107 and the negative saturation interval 109 may be
implemented according to a suitable accuracy bound (e.g., 2
ULPs), a number representation format, and/or the like used
to approximate the sigmoid function.

Further, the value of the curve 112 along the remaining
intervals of the plot 100 (e.g., a negative interval 114 and a
positive interval 116) may be determined via a first identity:

o(x)=1-0(-x).

As such, the values of the curve 112 1n the positive interval
116 may be approximated based on values of the curve 112
computed 1n the negative interval 114. To compute (e.g.,
approximate) the values of the curve 112 1n the negative
interval 114, the negative interval 114 may be split into a
number (e.g., 256, 512, or the like) of uniformly or non-
uniformly sized sub-intervals 152, as illustrated 1n the sub-
plot 150 (e.g., portion of plot 100) of FIG. 4.

As 1llustrated in FIG. 4, a piecewise polynomial approxi-
mation function (P), which may include a different polyno-
mial function (e.g., P,, P, ,) mapped to each sub-interval
152, may be used to approximate the value of the curve 112
on each of the sub-intervals 152. As such, by combining
cach of the polynomial functions into the piecewise poly-
nomial approximation function, approximations of the curve
112 along the entire negative interval 114 may be deter-
mined.

The size of each of the sub-intervals 152 may determine
the accuracy of an approximation of the sigmoid function. A
smaller sub-interval 152 may produce a more accurate
approximation of the curve 112. However, dividing the
negative interval 114 into smaller sub-intervals 152 may
result 1n a greater number of sub-intervals 152 used to cover
the negative interval 114, and because each polynomial

mapped to a sub-interval 152 may include a set of coetli-
cients, increasing the number of sub-intervals 152 may
increase the number of coetlicients used to approximate the
curve 112. As such, the number of sub-intervals 152 may
determine the number of polynomial coeflicients to stored 1n
memory, which may impact the resources (e.g., footprint)
used to implement the approximation. Accordingly, a trade-
ofl may exist between the accuracy of the approximations
and the resources utilized to implement the approximations.

The degree of the piecewise polynomial may further
impact the accuracy of the approximation of the sigmoid
function. A higher degree polynomial may produce a more
accurate approximation of the sigmoid function than a lower
degree polynomial. However, higher degree polynomials
may utilize additional coeflicients when compared to lower
degree polynomials. Further, additional hardware may be
used to evaluate a higher degree polynomial, as will be
discussed. As such, the degree of the polynomial used to
approximate the sigmoid function in the negative interval
114 may 1mpact both the accuracy of the approximation, as
well as the resources used to implement the approximation.

In some embodiments, as described below, a 2" degree
polynomial function may be suitable to approximate the
sigmoid function on each sub-interval 152 of the negative
interval 114. In other embodiments, a higher or lower degree
polynomial function may be utilized 1n an approximation of
the sigmoid function. As such, any suitable degree polyno-
mial function, as well as any suitable number of sub-
intervals 152, may be used to approximate the sigmoid
function within a set accuracy bound (e.g., within 2 ULPs).
In any case, each polynomial function included in the
piecewise polynomial function may have the same degree,
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6

and as such, each polynomial function included in the
piecewise polynomial function may utilize the same number
ol coefhicients.

Further, 1n some embodiments, the values of the sigmoid
function 1n the negative iterval 114 and the positive interval
116 may be determined based on a second identity:

o(-x)=1-0(x).

As such, the values of the curve 112 1n the negative interval
114 may be approximated based on values of the curve 112
computed in the positive interval 116. For example, the
values of the curve 112 may be computed in the positive
interval 116 according to a piecewise polynomial function,
as described above with reference to the negative interval
114, and the negative interval 114 may be approximated
based on the computed values of the curve 112 in the
positive interval 116 and the second idenftity. In such
embodiments, however, because the floating point represen-
tation the sigmoid function may have a large dynamic range
on the negative interval 114 (e.g., approximately 27°* to 27"
for a negative iterval 114 of x=(-16, 0]) compared to 1ts
range on the positive interval 116 (e.g., 2~ to approximately
2° for a positive interval 116 of x=(0, 16)), to avoid a loss in
accuracy when compared to the embodiments utilizing the
first 1dentity, a higher precision (e.g., double precision)
floating point representation may be used. That 1s, using the
second 1dentity in the same precision to determine the values
of sigmoid 1n the negative interval 114 may result 1n
cancellation of values and greater immaccuracy when com-
pared to determining the values of the curve 112 in the
positive interval 116 with the first identity, as the negative
interval 114 of the plot 100 has a greater number of
representable values in floating point representation.

Turning now to FIG. 5, a sigmoid approximation circuit
200 may be used to calculate the sigmoid function according
to the approximations described above. As such, the sigmoid
approximation circuit 200 may compute an approximation
of the sigmoid function 1n the negative interval 114, 1n the
positive mterval 116, 1n the positive saturation interval 107,
and 1in the negative saturation interval 109 and may then
select the approximation of the sigmoid function corre-
sponding to an mput value x.

In order to compute an approximation of the sigmoid
function in the negative interval 114, the sigmoid approxi-
mation circuit 200 may implement a piecewise polynomial
function, as described above. In some embodiments, the
piecewise polynomial function may be a second degree
polynomial function, which may be represented as
CO+C1*x+C2%x>,

Accordingly, the sigmoid approximation circuit 200 may
include coetlicient tables 202A-C that may store a suitable
set of coethicients (e.g., CO, C1, and C2, respectively) for
cach polynomial function 1n the piecewise polynomial func-
tion. The coeflicient tables 202A-C may be indexed accord-
ing to the sub-interval 152 (e.g., the polynomial function)
cach set of coellicients 1s mapped to. In some embodiments,
for example, the coellicient table 202 may contain a fixed-
point index (e.g., address) mapping each set of coellicients
to a respective mput (e.g., value of X) representative of a
sub-interval 152. For example, the coetlicient tables 202A-C
may contain an 8-bit fixed-point address (e.g., 256 unique
combinations) 1ndexing each set of coeflicients to 256
different sub-intervals 152 and may contain a 9-bit fixed-
point address (e.g., 512 unique combinations) to index each
set of coetlicients to 512 different sub-intervals 152. As such,
when the negative interval 114 of the sigmoid function 1s
divided into 512 sub-intervals, the coetlicients table 202 may
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receive a 9-bit fixed-point input and may output the set of
coellicients indexed by the 9-bit fixed-point input.

A barrel shifter 204 may generate the fixed-point 1nput
that may map uniquely to a sub-interval 152. To do so,
because, as shown 1n illustrated embodiment, the mput X 1s
represented 1n single precision floating point, the barrel
shifter 204 may convert x to a fixed-point representation. As
such, 1n the case of 512 sub-intervals 152, for example, the
barrel shifter 204 may receive the most significant eight bits
of the mantissa of x (e.g., fracX(22:15)) concatenated to the
left with an 1mplicit bit (1) (e.g., 1& fracX(22:13)) as a {irst

input 206 and may receive a shift value as a second 1nput
208. A subtractor 210 may output the shift value as a result
of the operation 130-expX, or the exponent of x (expX)

subtracted from 130 (e.g., a bias value (127)+3). The barrel
shifter 204 may then right shift the first input 206 by the shift
value received as the second mput 208 to generate the 9-bit
fixed-point mput to the coetlicients table 202. In some
embodiments, the 9-bit fixed point input may contain four
integer bits and five fraction bits. Accordingly, shifting the
first mput 206 according to 130-expX may align the {first
input 206 to the correct decimal position 1n the 9-bit fixed-
point format. That 1s, the value 127 may account for the bias
inherently built into the exponent of x and the value of 3 may
account for the decimal position of the 9-bit fixed-point so
that an exponent value of 130, for example, may not result
in any shifting of the first mput 206, as the first mput 1s
already aligned with the 9-bit fixed-point format.

Along with the coeflicient tables 202A-C, the sigmoid
approximation circuit 200 may implement a result of a

piecewise polynomial approximation function using a first
multiply-add block 212A and a second multiply-add block

212B. Both the first multiply-add block 212A and the second
multiply-add block 212B may respectively map to (e.g., fit
within) a diflerent single precision hard floating point digital
signal processing (DSP) block.

In some embodiments, regardless of a sign of the mnput x,
the first multiply-add block 212A may receive the exponent
of X, the mantissa of x, and a negative sign as an input (e.g.,
1 &expX&iracX). That 1s, the first multiply-add block 212A
may receive —x (e.g., negX), as the piecewise polynomial
functions may be used to compute the value of the sigmoid
function 1n the negative interval 114. The first multiply-add
block 212A may then multiply negX by a second degree
coellicient (C2) received from the coetlicient table 202C.
The first multiply-add block 212A may further add the
product of negX*C2 with a first degree coeflicient (C1)
received from the coeflicient table 202B to output
(negX*C2+C1) to the second multiply-add block 212B.

As discussed above, the second multiply-add block 212B
may receive (negX*C2+C1) as an mput and may multiply
this value by negX, which the second multiply-add block
212B may also receive as an iput. The second multiply add
block 212B may then add this product (e.g., negX™
(negX*C2+C1)) with a zeroth degree coetlicient (CO)
received from the coeflicient table 202A. As such, the output
of the second multiply-add block 212B may represent the
output of a piecewise polynomial function (P) (e.g.,
CO+negX*(negX*C2+C1)), which may be rewrtten as
C2*negX*+C1*negX+CO0. Accordingly, based on the value
of the 1nput x, as well as the coeflicients indexed by the value
of x 1n the coelflicient tables 202A-C, the first multiply-add
block 212A and the second multiply-add block 212B may
operate to compute an approximation of the sigmoid func-
tion in the negative interval 114 based on a suitable piece-
wise polynomial function.
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Further, as discussed earlier, to determine an approxima-
tion of the sigmoid function in the positive interval 116, the
first identity may be used. Accordingly, the sigmoid approxi-
mation circuit 200 may contain a subtractor 214 (e.g., a
single-precision tloating point subtractor mapped to a DSP
block) that may receive the output of the piecewise poly-
nomial function (P) from the second multiply-add block
212B and may subtract P from 1 to generate an approxima-
tion of the sigmoid function in the positive interval 116.

The sigmoid approximation circuit 200 may further
include a multiplexer (mux) 216 configured to receive the
values of P, 1-P, 1, and 0 (e.g., approximations of the
sigmoid function in the negative interval 114, the positive
interval 116, the positive saturation interval 107, and the
negative saturation interval 109, respectively). That 1s, the
sigmoid approximation circuit 200 may generate approxi-
mations of the value of the sigmoid function for each
interval the input x may reside i and may select an
appropriate approximation at a mux 216 based on an actual
interval the input x resides . As such, the mux 216 may
receive a select signal to select an approximation of an
output of the sigmoid function for that value of x. In some
embodiments, the select signal may include a sign of the
mput x (e.g., signX) and information related to the exponent
of X (expX). In such embodiments, the select signal may
indicate whether the mput x 1s positive or negative and
whether the mput x 1s 1n the positive saturation interval 107
or the negative saturation interval 109. For example, 1n
embodiments with a positive iput cut-off 106 of 16 and a
negative input cut-oil 110 value of —16, the select signal may
include a value indicating whether expX 1s greater than or
equal to 4 (e.g., expX>=4), which may indicate whether the
value of X is greater than or equal to 16 (e.g., 2*=16), as the
absolute value of the mantissa of x 1s greater than or equal
to 1 and less than 2. As such, a select signal value 10 may
represent a value of x that 1s negative and has an exponent
less than 4 (e.g., a value of x 1n the negative interval 114),
a select signal value 00 may represent a value of x that 1s
positive and has an exponent less than 4 (e.g., a value of x
in the positive interval 116), a select signal value of 01 may
represent a value of x that 1s positive and has an exponent
greater than or equal to 4 (e.g., a value of x 1n the positive
saturation interval), and a select signal value of 11 may
represent a negative value of x that has an exponent greater
than or equal to 4 (e.g., a value of X 1n the negative saturation
region). Accordingly, based on the sign of the input x and the
exponent of x, the sigmoid approximation circuit 200 may
output, via the mux 216, a suitable approximation of the
sigmoid function for the mput x.

As discussed above, approximations for a sigmoid func-
tion 1mplemented 1n half-precision floating point format
(e.g., a number representation format including a sign bit,
five exponent bits, and ten mantissa bits) may have different
values of x to achieve the same accuracy bound (e.g., 2
ULPs) as approximations for the sigmoid function imple-
mented 1n single-precision floating point format. Accord-
ingly, FIG. 6 illustrates a second plot 250 of a sigmoid
function 1mplemented in half-precision floating point for-
mat. In half-precision floating point format, an approxima-
tion of the value of the sigmoid function saturating to 1 (e.g.,
asymptote 108) may be accurate within 1 ULP for an 1mnput
value of x greater than or equal to 6.98, as denoted by the
positive input cut-ofl 106, and an approximation of the value
of the sigmoid function saturating to 0 may be accurate
within 1 ULP for an input value of x less than or equal to
-6.98, as denoted by the negative mput cut-ofl 110. How-
ever, 1n some embodiments, the positive mput cut-ofl 106
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and the negative mput cut-oil 110 may be rounded to 8 and
-8, respectively to round each cut-off value (e.g., 106 and
110) to a closest power of two, which may facilitate eflicient
generation of uniformly sized sub-intervals 152. Further, 1n
such embodiments, a second positive saturation interval 252
marks the values of x where x 1s greater than or equal to 8,
and a second negative saturation interval 238 marks the
values of x where x 1s less than or equal to -8.

Further, similar to the approach involved with the single
precision floating point format, to approximate the values of
the sigmoid function on a remaining interval of x (e.g.,
where X 1s greater than —8 and less than 8), the remaining,
interval may be sectioned into a second positive interval
254, where x 1s greater than 0 and less than 8 (e.g., x=(0, 8))
and a second negative interval 256, where X 1s greater than
-8 and less than or equal to 0 (e.g., x=(-8, 0]). In some
embodiments, because the sigmoid function has a greater
dynamic range in the second negative interval 256 than 1n
the second positive mterval 254, an approximation of the
sigmoid function may be computed through a piecewise
polynomial function computed across sub-intervals 152 of
the second negative interval 256, and based on the approxi-
mation of the sigmoid function in the second negative
interval 256, an approximation of the sigmoid function in the
second positive interval 254 may be determined based on the
first 1dentity. Further, in some embodiments, the piecewise
polynomial function may include a first degree polynomaal
for each sub-interval 152 of the curve 112, as the hall-
precision implementation may achieve the same accuracy
bounds (e.g., within 1 ULP) as the single precision imple-
mentation with a less precise approximation.

Turning now to FIG. 7, the approximations discussed
above may be implemented according to a first half-preci-
sion sigmoid approximation circuit 300. In the illustrated
embodiment, because a first degree piecewise polynomial
function may be suflicient to suitably approximate a value of
the sigmoid function within a suitable accuracy bound, the
first sigmoid half-precision sigmoid approximation circuit
300 may include coeflicient tables 202A-B that may include
a zeroth degree coetlicient (CO) and a first degree coetlicient
(C1), respectively, mapped to each sub-mterval 152. To
access each indexed (e.g., mapped) coellicient, similar to the
sigmoid approximation circuit 200, the first half-precision
sigmoid approximation circuit 300 may include a barrel
shifter 204 that may convert the input x from a floating point
representation to a fixed point representation. More specifi-
cally, in some embodiments, the barrel shifter 204 may
convert the mput x to a 6-bit fixed-point value having three
integer bits and three fraction bits. In such embodiments, the
6-bit fixed-point value may map to 64 diflerent sub-intervals
152; though, 1n other embodiments, a diflerent precision
value and number of sub-intervals 152 may be used. Further,
to convert the mput x to a suitable fixed-point value, the
barrel shifter 204 may receive the top five bits in from the
mantissa (e.g., fraction) of x (fracX(9:5)) concatenated with
an 1mplicit bit (1) (e.g., 1 & 1fracX(9:5)) and may receive a
shift value, which may be obtained according to the value of
the exponent of X (expX) subtracted from two (e.g., 2—expX)
and may be used to right-shift the 1&1iracX to the correct
decimal alignment 1n the 6-bit fixed-point format.

Further, upon receiving the 6-bit fixed-point value index-
ing the one or more coeflicients tables 202 from the barrel
shifter 204, the coellicient tables 202A-B may output the
zeroth degree coellicient (CO) and the first degree coetlicient
(C1), respectively, to a multiply-add block 212. Because the
multiply-add block 212 and/or additional hardware compo-
nents 1n the first half-precision sigmoid approximation cir-
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cuit 300 may operate 1n single precision floating point
representation, the coetlicient tables 202A-B may store each
coellicients (e.g., CO and C1, respectively) 1n single preci-
s10on floating point format. Further, as the multiply-add block
212 may also receive the mput x as an input 1n order to
generate the polynomial function CO+C1*x, the first hali-
precision sigmoid approximation circuit 300 may convert
the input x from a half-precision floating point number to a
single-precision tloating point number prior to mputting x to
the multiply-add block 212. Accordingly, the first hali-
precision sigmoid approximation circuit 300 may include a
half-precision conversion block 302, which may include
circuitry and/or soft logic to cast the mput X from a hali-
precision tloating point number to a single precision floating
point number. To do so, the half-precision conversion block
302 may update the exponent of X (expX) according to a new
bias value (e.g., 127-15) and may right pad the mantissa of
x with thirteen zeros. Further, during the conversion opera-
tion, the conversion block 302 may force the sign of x
negative (e.g., 1).

Accordingly, the multiply-add block 212 may receive a
single precision value of the mput x and may multiply the
single precision value of the mput x by the first degree
coellicient (C1) to generate C1*x. The multiply-add block
may then add CO to this output to generate an output
C1*x+C0, which 1s the result of a first degree polynomial
that may approximate the sigmoid function in the second
negative interval 256.

The first half-precision sigmoid approximation circuit 300
may then approximate the sigmoid function 1n the second
positive interval 254 based on the first identity, where the
value of o(-x) 1s determined by the output C1*x+CO0. In the
illustrated embodiment, for example, a subtractor 214 may
receive the output C1*x+C0 and may subtract 1t from a
single precision value of 1 to generate an approximation of
the sigmoid function 1n the second positive interval 254.

In some embodiments, similar to the sigmoid approxima-
tion circuit 200, the first half-precision sigmoid approxima-
tion circuit 300 may include a mux 216 configured to receive
the approximation of the sigmoid function in the second
positive 1terval 254 (e.g., 1-(C1*x+C0)), the approxima-
tion of the sigmoid function 1n the second negative interval
256 (e.g., C1*x+C0), the approximation of the sigmoid
function 1n the second positive saturation interval 252 (e.g.,
1), and the approximation of the sigmoid function in the
second negative saturation interval 258 (e.g., 0). Further, the
first half-precision sigmoid approximation circuit 300 may
approximate the sigmoid function for an mput x by selecting
one of the mputs to the mux 216 listed above based on a sign
of the 1nput x and a value of expX. To determine if the
absolute value of x 1s greater than or equal to 8 (e.g., to
determine whether x 1s 1n erther the second negative satu-
ration 1nterval 258 or the second positive saturation interval
252), the mux 216 may receive a signal indicating whether
expX 1s greater than or equal to 3, or whether the biased
expX 1s greater than or equal to 15+43. As such, a value of x
less than or equal to —8 may generate a select signal of 11,
which may select the approximation of the sigmoid signal
mapped to the second negative saturation interval 258 (e.g.,
0) from the mux 216, a value of x greater than -8 and less
than O may generate a select signal of 10, which may select
the approximation of the sigmoid function mapped to the
second negative interval 256 from the mux 216, a value of
x greater than or equal to 0 and less than 8 may generate a
select signal of 00, which may select the approximation of
the sigmoid function mapped to the second positive interval
254 from the mux 216, and a value of x greater than or equal
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to 8 may generate a select signal of 01, which may select the
approximation of the sigmoid function mapped to the second
positive saturation interval 252 from the mux 216.

As each of the mux 216 outputs may represent a single
precision floating point value, the first half-precision sig-
moid approximation circuit 300 may include a single pre-
cision conversion block 304, which may include circuitry
and/or soft logic to cast the output of the mux 216 (e.g., a
selected approximation of the sigmoid function) from a
single precision floating point number to a half-precision
floating point number. To do so, the single precision con-
version block 304 may truncate and/or round the mantissa of
the output of the mux 216 from 23 bits to 10 bits. Further,
to rebias the exponent of the output of the mux 216, the
single precision conversion block 304 may subtract a value
(e.g., 127-15) from the exponent of the output of the mux
216. In some embodiments, the single precision conversion
block 304 may further check for exponent overflow and/or
underflow and may adjust the mantissa of the output of the
mux 216 accordingly. As such, the output of the first
half-precision sigmoid approximation circuit 300 may be
represented 1n half-precision tloating point format.

In some embodiments, operations mvolved 1n determin-
ing the approximation of the sigmoid function 1n the second
positive interval 254 may form a critical path in the first
half-precision sigmoid approximation circuit 300. As such,
operations 1nvolving the barrel shifter 204, indexing the one
or more coellicients tables 202, performing the multiplica-
tion and addition operations at the multiply-add block 212,
performing subtraction at the subtractor 214, selecting an
output from the mux 216, and casting the output of the mux
216 to half-precision may determine the latency of the first
half-precision sigmoid approximation circuit 300 architec-
ture. Further, latency contributed by the DSP blocks (e.g.,
multiply-add block 212 and subtractor 214) may have the
greatest impact on the total latency of the sigmoid approxi-
mation circuit 200 architecture. Accordingly, in some
embodiments, a different architecture to approximate the
sigmoid function in half-precision format may improve the
total latency contributed by the DSP blocks.

Turning now to FIG. 8, a second half-precision sigmoid
approximation circuit 350 may have a shorter critical path
when compared to the first half-precision sigmoid approxi-
mation circuit 300. As shown 1n the illustrated embodiment,
the second half-precision sigmoid approximation circuit 350
may contain a first datapath 352 that may generate an
approximation of the sigmoid function in the second nega-
tive interval 256, which may resemble the architecture of the
first half-precision sigmoid approximation circuit 300. The
second half-precision sigmoid approximation circuit 350
may further include a second datapath 354 that may generate
an approximation of the sigmoid function in the second
positive interval 2354. The second datapath 354 may be
independent from calculations and/or operations involved
with the first datapath 352. As such, because the approxi-
mation of the sigmoid function in the second positive
interval 254 (e.g., the second datapath 354) may not depend
on an approximation of the sigmoid function i1n the second
negative interval 256 (e.g., the first datapath 352), both the
approximation of the sigmoid function 1n the second positive
interval 254 and the approximation of the sigmoid function
in the second negative interval 256 may be computed 1n
parallel. Thus, while the subtractor 214 of the first hali-
precision sigmoid approximation circuit 300 may compute
the approximation of the sigmoid function in the second
positive mterval 254 after the approximation of the sigmoid
function 1n the second negative interval 256 1s computed, the
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second half-precision sigmoid approximation circuit 350
may compute both approximations substantially simultane-
ously, thereby reducing the latency of the second hali-
precision sigmoid approximation circuit 350 architecture in
comparison with the first halt-precision sigmoid approxima-
tion circuit 300.

However, because both the first datapath 352 and the
second datapath 354 of the second hali-precision 31gm01d
approximation circuit 350 may each include coeflicient
tables 202A-B, the second half-precision sigmoid approxi-
mation circuit 350 may utilize additional memory (e.g.,
resources) to store the coeflicient tables 202A-B when
compared to the first half-precision sigmoid approximation
circuit 300. Accordingly, a third half-precision sigmoid
approximation circuit 400, as illustrated in FIG. 9, may
improve upon the architecture of the second half-precision
sigmoid approximation circuit 350 by reducing the resources
utilized to approximate the sigmoid function. In some
embodiments, because approximations of the sigmoid func-
tion in the second positive terval 256 may be simpler to
compute than approximations of the sigmoid function 1n the
second negative interval 256, the piecewise polynomial
function utilized 1n the second datapath 354 may contain
tewer sub-intervals 152 than the piecewise polynomial func-
tion of the first datapath 352. For example, in some embodi-
ments, because the dynamic range of the sigmoid function in
the second positive interval 254 1s smaller than the dynamic
range of the sigmoid function in the second negative interval
256, as discussed above, the piecewise polynomial function
of the second datapath 354 may be implemented 1n twelve,
non-uniform sub-intervals 152 to meet a certain accuracy
bound (e.g., 1 ULP). As such, the one or more coellicient
tables of the second datapath 354 may contain fewer coet-
ficients, which may utilize less memory.

As the second datapath 354 may include fewer coetl-
cients 1n the coeflicient tables 202A-B, a decoding look-up-
table (LUT) 402 may map the output of the barrel shifter to
an 1ndex of coellicients 1n the coethlicient tables 202A-B. In
some embodiments, for example, the approximation of the
sigmoid function in the second negative interval 256 may
utilize 64 sub-intervals 152, or 64 coeth

icients 1n each
coellicient table 202A-B of the first datapath 352, while the
approximation of the sigmoid function in the second positive
interval 254 may utilize 12 sub-intervals, or 12 coeflicients
in each coeflicient table 202A-B of the second datapath 354.
In such embodiments, the coeflicient tables 202A-B of the
first datapath 352 may receive a 6-bit index (e.g., 64 possible
combinations) to uniquely map each of the 64 coeflicients to
a respective sub-interval 152 in the second negative interval
256, while a 4-bit index (e.g., 16 possible combmatlons)
may suitably map each of the 12 coellicients of the coelli-
cient tables 202A-B 1n the second datapath 354 to a respec-
tive sub-intervals 152 of the second positive interval 254.
Therefore, as illustrated mn FIG. 9, the third half-precision
sigmoid approximation circuit 400 may include the decod-
ing LUT 402 that may receirve the same 6-bit fixed point
output from the barrel shifter 204 that the first datapath 352
receives for an mput x, and the decoding LUT 402 may map
the 6-bit fixed point value to a 4-bit fixed point that may
index a suitable sub-interval 152 1n the second positive
interval 254.

Further, while coeflicient tables 202A-B may store single
precision coellicients, in some embodiments, the coeflicients
may be stored i a lower precision format, such as hali-
precision. In such embodiments, the coellicient tables 202
may occupy less space and/or use fewer memory resources,
as each coetlicient stored may occupy fewer bits. In the
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illustrated embodiment, for example, the coellicients may
occupy 22 bits compared to the 32 bits occupied by a single
precision coellicient, as the trailing (e.g., least significant)
ten bits from the mantissas of the single precision coetli-
cients may be removed to generate the smaller, 22-bit
coellicients. However, 1n order for hardware implemented to
handle single precision values (e.g., multiply-add block 212)
to receive and/or operate upon the coetlicients, the third
half-precision sigmoid approximation circuit 400 may con-
vert coellicients output from the coeflicient tables 202A-B to
single precision format. For example, as illustrated in the
example of FIG. 9, the third half-precision sigmoid approxi-
mation circuit 400 may concatenate ten zeros to the trailing,
end of the mantissa of a coeflicient output by the coethlicient
tables 202 to generate a single precision coeflicient that the
multiply-add block 212 may suitably receive as an mnput.
An additional architecture may generate approximations
of the sigmoid function in floating point precisions contain-
ing eleven bits (FP11) or fewer (e.g., low precision). Accord-
ingly, FIG. 10 1s a low-precision sigmoid approximation
circuit 450 that may generate approximations of the sigmoid
function having low precisions. The low-precision sigmoid
approximation circuit 450 may include a sigmoid table 452
(e.g., a LUT) that may map an input value to an output
according to the sigmoid function. In some embodiments,
for example, the sigmoid table 452 may contain pre-coms-
puted approximations of the sigmoid function for a set of
input values and may output a suitable pre-computed
approximation of the sigmoid function according to the
input value received. Further, the sigmoid table 452 may
receive an mput including a certain number of bits, which
may include a sign bit, and may generate an output with at
least one fewer bit than the certain number of bits (e.g., an
output without a sign bit). For example, i the illustrated
embodiment, the sigmoid table 452 may receive a signed,
11-bit input and may output an unsigned, 10-bit output. The
low-precision sigmoid approximation circuit 450 may then
concatenate a zero (e.g., a positive sign bit) to the 10-bit
output, as the value of the sigmoid function 1s always greater
than or equal to zero. As such, the sigmoid table 452 may
store sigmoid approximation outputs occupying fewer bits
than sigmoid approximation outputs including a sign bait.
In addition to the sigmoid function, the hyperbolic tangent
function (tan h) 1s commonly utilized as a machine-learning
activation function. Accordingly, FIG. 11 illustrates a third
plot 500 of the tan h function, as defined by the equation:

e _ |

e 4+ 17

tanhi{x) =

where a second vertical axis 504 denotes values of tan h(x)
and the horizontal axis 104 denotes the values of x. As the
second curve 502, which plots the value of the hyperbolic
tangent function for each value of the input x, demonstrates,

as the value of X 1ncreases, using 1 as an approximation of
the value of tan h(x) becomes increasingly accurate. As
such, the positive mput cut-ofl 106 may mark the value of
x at which the second curve 502 approximately saturates to
1, as denoted by asymptote 108. Similarly, the negative input
cut-ofl 110 may mark the value of x at which the second
curve 502 approximately saturates to -1, as denoted by
negative asymptote 514. Accordingly, the value of the
second curve 502 may be approximated as 1 within a third

10

15

20

25

30

35

40

45

50

55

60

65

14

positive saturation interval 506, and the value of the curve
may be approximated as —1 within a third negative satura-
tion 1nterval S08.

As discussed with respect to the sigmoid function, the
location of the positive input cut-ofl 106 (e.g., the bounds of
the third positive saturation interval 506) and the location of
the negative input cut-oif 110 (e.g., the bounds of the third
negative saturation interval 508) may impact the accuracy of
an approximation of the second curve 502. Accordingly, any
suitable bounds of the third positive saturation interval 506
and the third negative saturation interval 308 may be 1mple-
mented according to a suitable accuracy bound (e.g., 2
ULPs), a number representation format, and/or the like used
to approximate the sigmoid function.

Further, because hyperbolic tangent 1s an odd function
(e.g., symmetric about the origin), the value of the second
curve 502 along the remaining intervals of the third plot 500
(e.g., a third negative interval 512 and a third positive
interval 510) may be determined via a third identity:

tan A(-x)=-tan h(x).

As such, the values of the second curve 502 in the third
negative mterval 512 may be approximated based on values
of the second curve 502 computed in the third positive
interval 510. To compute (e.g., approximate) the values of
the second curve 502 1n the third positive interval 310, an
odd, fifth degree piecewise polynomial function of the
hyperbolic tangent function may approximate the third posi-
tive mterval 510 across a number (e.g., 256, 512, or the like)
of sub-intervals 152. Accordingly, each polynomial 1n the
odd, fifth degree piecewise polynomial function may take
the form:

P=x(C1+x2(C3+C5x2)),

and may have coeflicients (e.g., C1, C3, and C5) mapped to
a respective sub-interval 152.

The size of each of the sub-intervals 152 may determine
the accuracy of an approximation of the hyperbolic tangent
function. A smaller sub-interval 152 may produce a more
accurate approximation of the second curve 502. However,
dividing the third positive interval 510 into smaller sub-
intervals 152 may result in a greater number of sub-intervals
152 used to cover the third positive interval 510, and
because each polynomial mapped to a sub-interval 152 may
include a set of coeflicients, increasing the number of
sub-intervals 152 may increase the number of coeflicients
used to approximate the second curve 502. As such, the
number of sub-intervals 152 may determine the number of
polynomial coeflicients to stored in memory, which may
impact the resources (e.g., footprint) used to implement the
approximation.

Turning now to FIG. 12, a hyperbolic tangent approxi-
mation circuit 550 may be used to calculate the hyperbolic
tangent function according to the approximations described
above. As such, the hyperbolic tangent approximation circuit
550 may compute an approximation of the hyperbolic tan-
gent 1n the third positive interval 510 and in the third
positive saturation interval 506 and may then select the
approximation ol the hyperbolic tangent function corre-
sponding to an mput value, X.

In order to compute an approximation of the hyperbolic
tangent function in the third positive interval 3510, the
hyperbolic tangent approximation circuit 350 may 1mple-
ment the odd, fifth degree piecewise polynomial function, as
described above.

Accordingly, the hyperbolic tangent approximation cir-
cuit 550 may include coeflicient tables 202A-C that may
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store a suitable set of coeflicients (e.g., C1, C3, C5, respec-
tively) for each polynomial function in the odd, fifth degree
piecewise polynomial function. The coellicient tables
202A-C may be mdexed according to the sub-interval 152
(e.g., the polynomial function) each set of coeflicients 1s 5
mapped to. In some embodiments, for example, the coetli-
cient tables 202A-C may contain a fixed-point index (e.g.,
address) mapping each set of coeflicients to a respective
iput (e.g., value of x) representative of a sub-interval 152.
For example, the coeflicient tables 202A-C may contain an 10
8-bit fixed-point address (e.g., 256 unique combinations)
indexing each set of coeflicients to 256 diflerent sub-inter-
vals 152.

A barrel shifter 204 may generate the fixed-point input
that may map uniquely to a sub-interval 152. To do so, 15
because, as shown 1n the illustrated embodiment, the input
X 1s represented 1n single-precision floating point, the barrel
shifter 204 may convert x to a fixed-point representation. As
such, 1 the case of 256 sub-intervals 152, for example, the
barrel shifter 204 may receive the most significant eight bits 20
of the mantissa of x (e.g., fracX(22:135)) concatenated with
an 1mplicit bit (1) (e.g., 1&1iracX(22:135)) as a first input 206
and may receive a shift value as a second mput 208. A
subtractor 210 may output the shift value as a result of the
operation 129-expX, or the exponent of x (expX) subtracted 25
from 130 (e.g., a bias value (127)+3). The barrel shifter 204
may then right shift the first mnput 206 by the shiit value
received as the second mput 208 to generate the 8-bit
fixed-point 1nput to the coeflicients table 202. In such
embodiments, the 8-bit fixed point input may contain three 30
integer bits and five fraction bits. Accordingly, shifting the
first mput 206 according to 129-expX may align the first
iput 206 to the correct decimal position 1n the 8-bit fixed-
point format. That 1s, the value 127 may account for the bias
inherently built into the exponent of x and the value of 2 may 35
account for the decimal position of the 8-bit fixed-point so
that an exponent value of 129, for example, may not result
in any shifting of the first mput 206, as the first mput 1s
already aligned with the 8-bit fixed-point format.

Along with the coeflicient tables 202A-C, the hyperbolic 40
tangent approximation circuit 5350 may generate a result of
a polynomial function in the odd, fifth degree piecewise
polynomial function using a first multiply block 552 A, a first
multiply-add block 212A, a second multiply-add block
212B, and a second multiply block 552B. The first multiply 45
block 552A, the first multiply-add block 212A, the second
multiply-add block 212B, and the second multiply block
552B may respectively map to (e.g., {it within) a different
single precision hard floating DSP block.

In some embodiments, the first multiply block 552A may 50
multiply the input x by itself to generate x>. The first
multiply-add block may then multiply a suitable C5 coetli-
cient from the coefficient table 202C by the X~ term and may
add the result (e.g., C5*x*) with a suitable C3 coeflicient
received from the coeflicient tables 202B. As such, the first 55
multiply-add block 212A may output C5*x*+C3 to the
second multiply-add block 212B. The second multiply-add
block 212B may then multiply the output of the first mul-
tiply-add block 212A (C5*x*+C3) by the x* term generated
by the first multiply block 552 A and may add a result of this 60
multiplication (e.g., x**(C5*x*+C3)) with a suitable Cl1
coellicient recerved from the first coeflicient table 202A. As
such, the second multiply-add block 212B may output
C1+x>*(C5*x*+C3). The second multiply block 552B may
receive the output (C14+x**(C5*x*+C3)) from the second 63
multiply-add block 212B and may multiply 1t by the mput x
to generate the output x*(C14+x”*(C5*x”+C3)), which may
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represent the value of the polynomial function 1n the odd,
fifth degree polynomial function used to approximate the
hyperbolic tangent function in the sub-interval 152 contain-
ing the input x.

The hyperbolic tangent approximation circuit 350 may
turther include a mux 216 configured to receive the approxi-
mations of the hyperbolic tangent function in the third
positive interval 510 (e.g., the output of the second multiply
block 552B) and the third positive saturation interval 506
(e.g., 1) and may select between the approximations based
on an interval the input value of x resides 1n. As such, the
mux 216 may receive a select signal to select a suitable
approximation of an output of the hyperbolic tangent tunc-
tion for a value of X. In some embodiments, the select signal
may include information related to the exponent of x (expX).
In such embodiments, the select signal may indicate whether
the input x 1s 1in the third positive saturation interval 506 or
the third positive interval 510. For example, in embodiments
with a positive mput cut-off 106 of 8 and a negative input
cut-oil 110 value of -8, the select signal may include a value
indicating whether 130 1s greater than or equal to the biased
value of expX 1s (e.g., 130>=expX) or a value 1ndicating
whether 3 1s greater than or equal to the unbiased value of
expX, which may indicate whether the value of x 1s greater
than or equal to 8 (e.g., 2°=8). As such, a select signal value
of 1 may represent a value of x that 1s 1n the third positive
saturation interval 506, and a select signal value of 0 may
represent a value of x that 1s in the third positive interval
510. Accordingly, based on the exponent of x, the hyperbolic
tangent approximation circuit 550 may output, via the mux
216, a suitable positive approximation of the hyperbolic
tangent function for the mput x.

As the hyperbolic tangent approximation circuit 550 may
output positive approximations ol the hyperbolic tangent
function, which may correspond to values of x 1n the third
positive mterval 510 or the third positive saturation interval
506, the hyperbolic tangent approximation circuit 350 may
turther include logic and/or circuitry to determine whether x
1s 1n the third negative interval 512 or the third negative
saturation interval 508. When the mput x 1s i the third
negative interval 512 or the third negative saturation interval
508, the hyperbolic tangent approximation circuit 550 may
generate a suitable approximation of the hyperbolic tangent
function by taking the negative of the output of the mux 216,
according to the third identity.

While the hyperbolic tangent approximation circuit 550
and the sigmoid approximation circuit 200 may be 1mple-
mented separately from one another, 1n some embodiments,
a fused activation function approximation circuit 600, as
illustrated 1 FIG. 13, may combine them into a single
architecture. As the components (e.g, multiply-add blocks
212A-212B, mux 216, coeflicient tables 202, barrel shifter
204, and/or the like) and general data flow through the
hyperbolic tangent approximation circuit 550 and the sig-
moid approximation circuit 200 may overlap (e.g., match),
the fused activation function approximation circuit 600 may
reduce redundant resources involved with implementing the
hyperbolic tangent approximation circuit 550 and the sig-
moid approximation circuit 200 separately.

Both the hyperbolic tangent approximation circuit 550
and the sigmoid approximation circuit 200 include a multi-
ply-add blocks 212A-212B structured as a chained pair used
to evaluate a polynomial. In the case of the sigmoid function,
the polynomial evaluated may be represented as (CO+x*
(C1+C2*x)), and 1n the case of the hyperbolic tangent, the
polynomial evaluated is represented as (x*(C14x**(C3+
C5*x?))). Using variable substitution x*=y, the polynomial
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evaluated for hyperbolic tangent may be rewritten as (x*
(Cl+y*(C3+C5%y))), and with this expression, the right-
hand side of the product (e.g., (C1+y*(C3+C5*y))) matches
the structure of the polynomial evaluated for the sigmoid
function. Accordingly, the fused activation function approxi-
mation circuit 600 may implement a fused datapath accord-
ing to the function:

Flg.z)=q(cp+z(Cartz™cr))
where the function F(q, z) represents the sigmoid function or
the hyperbolic tangent function. If the function F(qg, z) 1s
hyperbolic tangent, q=X, Z=X>, C;=C; 7., 7» Co7=C1 73, 5, a0d
Cr=Cs 7,, 5, Where ¢, -~ ,, Cy 7, ., and ¢ -, are the
coellicients of the hyperbolic tangent polynomial, and 1f the

function F(q, Z) 15 SlngId: qzla /=X, CL:CDSigmﬂidﬂ

CM:ClSigmﬂid? and CR:C2Sigmc}1'd? where CDSz'gmc}id? ClSigmc}id!
and C;.,.,.:c are the coethcients ot the sigmoid polynomial.

As such, 1n some embodiments, the fused activation
function approximation circuit 600 may include a first mux
216A configured to output a suitable value to generate z. The
first mux 216A may recerve 1 and the mput x as mputs and
may select between these mputs based on a function select
signal. For example, 1n the 1llustrated embodiment, a select
signal of 0 corresponds to the hyperbolic tangent function
and a select signal of 1 corresponds to the sigmoid function.
Accordingly, a select signal of 0 (e.g., hyperbolic tangent)
may select x as the output of the first mux 216A, and a select
signal of 1 (e.g., sigmoid) may select 1 as the output of the
first mux 216A. As discussed above, when the function F(q,
7) 1s hyperbolic tangent, z=x* and when the function F(q, z)
1s sigmoid, z=x. Accordingly, a first multiply block 552A
may receive the output of the first mux 216A and may
multiply output by the input X to generate X or x° (e.g., z)
based on the function implemented.

The output of the first multiply block 552A (e.g., z) may
then feed into a first multiply-add block 212A, along with a
set of coellicients (e.g., ¢, and c,,). In some embodiments,
as Cp may represent Cs g, ; OF Cogomoigs @ first coeflicient
table 202A may store coeflicients mapped to each sub-
interval 152 of both the hyperbolic tangent and the sigmoid
function. For example, to approximate the hyperbolic tan-
gent function with 256 sub-intervals and to approximate the
sigmoid function with 256 sub-intervals 152, the first coel-
ficient table 202 A may contain 256 values forc. -, , to map
onec: ., value to each hyperbolic tangent sub-interval 152
and may contain 256 C,yg,,,,..s Values to map one Cyq; 0
value to each sigmoid sub-interval. As such, the first coet-
ficient table 202A may include 512 total entries. To that end,
in the case o1 256 coeflicients for each function, to index the
coellicients, the barrel shifter 204 may output an 8-bit index
(e.g., 256 possible combinations) to select a suitable 1nput
based on the sub-interval of the mput x. As such, similar to
the discussions of the barrel shifter 204 operation in
examples described above, the barrel shifter may receive a
number of most significant bits concatenated with an
implicit bit (1) (e.g., 1&iracX(22:15)) at a first input 206 and
may receive a shift value (e.g., 130-expX) at a second input
208. The barrel shifter 204 may then suitably shift the value
received at the first input 206 to align 1t with a fixed point
format (e.g., 9-bit fixed point format). An additional mux
216G may then select, based on the function select signal,
the bottom 8 bits (of the 9 fixed-point bits) 1f the function
select signal corresponds to hyperbolic tangent (0) and may
select the top 8 bits (of the 9 fixed-point bits) 11 the function
select signal corresponds to sigmoid (1). Further, as the first
coellicient table 202A may contain coethicients for both the
sigmoid and hyperbolic tangent functions (e.g., 512 total
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entries), the fused activation function approximation circuit
600 may concatenate the function select signal with the
index output by the mux 216G to index a first half of the
coellicient table 202A, which may contain coetlicients cor-
responding to the hyperbolic tangent function, or a second
half of the coeflicient table 202A, which may contain
coellicients corresponding to the sigmoid function, based on
the approximated function. The index output by the addi-
tional mux 216G concatenated with the function select
signal may similarly index a second coeflicient table 202B,
which may include values of ¢, (€.2.. €5 7, 5, a0d € g o r0ia)-

In other embodiments, the fused activation function
approximation circuit 600 may contain separate coetlicient
tables 202 some or all of the coeflicients. In such embodi-
ments, for example, the first coetlicient table 202A may
exclusively contain the c. ., coetlicients and an additional
coethicient table (not illustrated) may contain the ¢, 000
coellicients. As such, the index output by the additional mux
216G may directly index the first coethicient table 202A and
the additional coethlicient table without the function select
signal concatenated to 1t. Further, the fused activation func-
tion approximation circuit 600 may include an additional
mux 216 (not illustrated) to select between a coellicient
output by the first coetlicient table 202A and a coetlicient
output by the additional coeflicient table based on the
function select signal as a select signal.

In any case, the first multiply-add block 212A may output
(c,4z¥Ccr) to the second multiply-add block 212B. The
second multiply-add block 212B may further receive a
coeflicient (e.g., ¢,;) from a third coeflicient table 202C,
which, as described above with reference to the first coet-
ficient table 202A and the second coetflicient table 202B,
may include values for ¢, ,,, , and/or €., As such, the
second multiply-add block 212B may output c,+z(c,+
Z¥Cp).

A third multiply-add block 212C may receive 1 or x (e.g.,
q) from a second mux 216B as an input. The second mux
216B may output the value of 1 or x (e.g., q) based on the
function select signal (e.g., func) received as a select signal.
As such, a select signal indicative of the hyperbolic tangent
function may cause the second mux 216B to output x, and
a select signal indicative of the sigmoid function may cause
the second mux 216B to output 1. Further, depending on the
sign of the 1nput x (s1ignX) and the function select signal
(func), the third multiply-add block 212C may additionally
receive the output of the second multiply-add block 212B
(e.g., c,+z(c, +2%Cy)) or the negative of the output of the
second multiply-add block 212B (e.g., —(c;+z(Cy+Z¥Cr)))
from a third multiplexer 216C. In some embodiments, for
example, the third mux 216C may receive a select signal
based on the exclusive or (XOR) of signX and func or a
select signal decoded such that 1f the function 1s tan h and the
s1ign of X (signX) 1s negative or 1f the function 1s sigmoid and
signX 1S positive, the third mux 216C may output —(c,+7
(C,+Z*Cy)), and 11 the function 1s tan h and signX is positive
or 1f the function 1s sigmoid and signX 1s negative, the third
mux 216C may output ¢, +z(c, +z*C,). As such, the multiply
operation in the third multiply-add block 212C may generate
F(q, z) or —F(q, z) as an input to the add operation 1n the third
multiply-add block 212C. The add operation may further
receive a 1 or a O from a fourth mux 216D as an input based
on the function select signal (e.g., func) and a sign of the
input x. In the illustrated embodiment, for example, the
fourth mux 216D may receive a select signal from a {first
decode block 602A (e.g., LUT). The first decode block may
receive func and signX as iputs and may generate a suitable
select signal for the fourth mux 216D. In some embodi-
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ments, as the first decode block 602A may select 0 as the
fourth mux 216D output for function select signals 1ndicat-
ing hyperbolic tangent, regardless of the value of signX, and
for a combination of the function select signal indicating
sigmoid and a signX value of 1 (e.g., negative x). Further,
the first decode block 602A may select 1 for the fourth mux
216D output for a combination of the function select signal
indicating sigmoid and the signX value of 0 (e.g., positive
X). Accordingly, the third multiply-add block 212C may
output an approximation of hyperbolic tangent 1n a negative
interval (e.g., third negative interval 512) or in a positive
interval (e.g., third positive iterval 510) or may output an
approximation of sigmoid 1n a negative interval (e.g., nega-
tive interval 114) or 1n a positive interval (e.g, positive
interval 116). More specifically, the third multiply-add block
212C, may, for example, output 0+F(q, z) as an approxima-
tion of hyperbolic tangent in a positive interval or as an
approximation of sigmoid 1n a negative interval, may output
0+-F(q, z) as an approximation of hyperbolic tangent 1n a
negative interval, and may output 1-F(q, z) as an approxi-
mation of sigmoid in a positive interval.

Further, the fused activation function approximation cir-
cuit 600 may include a fitth mux 216E that may receive the
output of the third multiply-add block 212C as an nput,
along with 1, which may represent an approximation of the
hyperbolic tangent and sigmoid 1 a positive saturation
interval, and an output from a sixth mux 216F, which may
represent an approximation of hyperbolic tangent or sigmoid
in a negative saturation region. The sixth mux 216F may, for
example, output a 0 based on a function select signal
indicating sigmoid 1s approximated and may output a -1
based on a function select signal indicating hyperbolic
tangent 1s approximated. In any case, the fifth mux 216E
may select a suitable approximation for the hyperbolic
tangent or sigmoid function based on a select signal recerved
from a second decode block 602B. In some embodiments,
the second decode block 602B may receive the sign of x
(s1ignX), a signal indicating whether the exponent of x 1s
greater than or equal to 4 (expX>=4), a signal indicating
whether the exponent of x 1s greater than or equal to 3
(expX>=3), and func. That 1s, the second decode block 602B
may determine the function approximated and the interval
the mnput x lies 1n for the given function. As such, the fifth
mux 216F may receive a first select signal (e.g., 0) for an
approximation of hyperbolic tangent in the positive interval
or the negative 1nterval (e.g., expX<3) or an approximation
of sigmoid 1n the positive or negative interval (e.g.,
expX<4), may recerve a second select signal (e.g., 1) for an
approximation of either hyperbolic tangent or sigmoid 1n the
positive saturation interval, and may receirve a third select
signal (e.g., 2) for an approximation of hyperbolic tangent or
sigmoid 1n the negative saturation region and may output a
suitable result based on the received select signal. Accord-
ingly, for any value of an mput x, the fused activation
function approximation circuit 600 may generate and select
a suitable approximation of hyperbolic tangent or sigmoid
resulting from the nput x.

While the embodiments set forth in the present disclosure
may be susceptible to various modifications and alternative
forms, specific embodiments have been shown by way of

example 1n the drawings and have been described in detail
herein. However, it should be understood that the disclosure
1s not intended to be limited to the particular forms dis-
closed. The disclosure 1s to cover all modifications, equiva-
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lents, and alternatives falling within the spirit and scope of
the disclosure as defined by the following appended claims.

Embodiments of the Current Application

The following numbered clauses define embodiments of

the current application.

Clause Al. An integrated circuit device configured to
recerve an mput and configured to approximate an acti-
vation function based at least 1n part on the mput, com-
prising;

a coellicient table comprising a plurality of coeflicients,
wherein the plurality of coeflicients of the coeflicient
table are indexed to an index that 1s based at least 1n part
on the mput, wherein the coeflicient table 1s configured
to output a coetlicient corresponding to the index,
wherein the coeflicient represents a coeflicient 1 a
polynomial approximating the activation function over
a number of sub-intervals 1n a first interval; and

multiply-add circuitry configured to evaluate the polyno-
mial using a mathematical operation using the input
and the coeflicient to generate a first approximation
result.

Clause A2. The integrated circuit device of clause Al,
comprising:

a multiplexer configured to receive:

a first saturation value, wherein the first saturation
value comprises a first asymptote value of the acti-
vation function;

a second saturation value, wherein the second satura-

tion value comprises an additional asymptote value
of the activation function; and
the first approximation result;
wherein the multiplexer 1s configured to select, based at
least 1n part on the mput, an approximate output of the
activation function among at least the first saturation
value, the second saturation value, and the first approxi-
mation result.

Clause A3. The mtegrated circuit any of clauses Al, or 2,
wherein the mput comprises a tloating point number
having a first precision, and, wherein a barrel shifter 1s
configured to recerve the mput and configured to generate
the index, wherein the index 1s a fixed-point number
having a second precision, wherein the second precision
1s less than or equal to the first precision.

Clause A4. The mtegrated circuit of any of clauses Al, 2, or
3, wherein the activation function comprises sigmoid.
Clause A3. The itegrated circuit of clause A4, comprising:

a subtractor configured to generate a second approxima-
tion result based at least in part on the first approxi-
mation result, wherein the second approximation result
corresponds to an approximation of the activation func-
tion 1n a second interval, wherein the second interval
comprises a second number of sub-intervals; and

a multiplexer configured to receive the second approxi-
mation result and configured to select, based at least 1n
part on the mput, an approximate output of the activa-
tion function among at least the first approximation
result and the second approximation result.

Clause A6. The integrated circuit of any of clauses Al, 2, 3,
or 4, wherein the multiply-add circuitry 1s configured to
use the mathematical operation, the mathematical opera-
tion having a first precision, the mput having a second
precision, the first approximation result having the second
precision, wherein the first precision 1s greater than or
equal to the second precision.

"y
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Clause A”/. The mtegrated circuit of any of clauses Al, 2, 3,
4, or 6, wherein the activation function comprises hyper-
bolic tangent.

Clause AS8. The mtegrated circuit of any of clauses Al, 2, 3,
4, 6, or 7, wherein the coellicient table 1s configured to
store the coeflicient, the coellicient having a lower pre-
cision than a precision of the multiply-add circuitry, and,
wherein the integrated circuit comprises conversion Cir-
cuitry configured to convert the coetlicient from the lower
precision to the precision.

Clause A9. The integrated circuit of any of clauses Al, 2, 3,
4, 6, 7, or 8, comprising;:

a second coeflicient table comprising a second plurality of
coellicients, wherein the second plurality of coeflicients
of the second coellicient table are indexed to the index,
wherein the second coeflicient table 1s configured to
output a second coetlicient corresponding to the index,
wherein the second coeflicient represents a second
coellicient 1n a second polynomial approximating the
activation function over a second number of sub-
intervals 1n a second 1nterval;

and

second multiply-add circuitry configured to evaluate the
second polynomial using the mathematical operation
using the input and the second coelflicient to generate a
second approximation result; and

a multiplexer configured to receive the second approxi-
mation result and configured to select, based at least 1n
part on the 1nput, an approximate output of the activa-
tion function among at least the first approximation
result and the second approximation result.

Clause A10. The integrated circuit of any of clauses Al, 2,
3, 4, 6, 7, 8, or 9, wherein the integrated circuit 1s
configured to implement a recurrent neural network based
at least in part on the first approximation result.

Clause All. A tangible, non-transitory, machine-readable
medium, comprising machine-readable instructions that,
when executed by one or more processors, cause the
processors to:
receive an mput to an activation function;
cvaluate a piecewise polynomial function to generate a

first approximation result corresponding to a first input,
wherein a first interval of inputs to the activation
function comprises the first input, wherein the piece-
wise polynomial function approximates the activation
function on the first interval;

determine, using an identity of the activation function and
the first approximation result, a second approximation
result corresponding to a second nput, wherein a
second 1nterval of inputs to the activation function
comprises the second input;

determine a first saturation value of the activation func-
tion corresponding to a third input, wherein a third
interval of inputs to the activation function comprises
the third 1put;

determine a second saturation value of the activation
function corresponding to a fourth input, wherein a
fourth interval of inputs to the activation function
comprises the fourth mput;

determine whether the first interval, the second interval,
the third interval, or the fourth interval comprise the
input; and

in response to determining the first interval comprises the
input, selecting the first approximation result as an
approximate value of the activation function at the
input.
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Clause Al12. The tangible, non-transitory, machine-readable
medium of clause All, comprising machine-readable
instructions that, when executed by one or more proces-
sors, cause the processors to divide the first interval nto
a number of sub-intervals, wherein the piecewise poly-
nomial fTunction comprises a polynomial function for each
sub-interval.
Clause A13. The tangible, non-transitory, machine-readable
medium of clause Al2, wherein an accuracy of the
approximate value compared to a corresponding actual
value of the activation function 1s based at least 1n part on
the number of sub-intervals, a degree of the piecewise
polynomial function, or a combination thereof.
Clause A14. The tangible, non-transitory, machine-readable
medium of any of clauses All or 12, comprising machine-
readable instructions that, when executed by one or more
processors, cause the processors to:
in response to determining the second interval comprises
the 1nput, selecting the second approximation result as
the approximate value;

in response to determining the third interval comprises the
iput, selecting the first saturation value as the approxi-
mate value; and

in response to determining the fourth interval comprises
the input, selecting the second saturation value as the
approximate value.

Clause Al5. The tangible, non-transitory, machine-readable
medium of any of clauses All, 12, or 14, wherein an
accuracy of the approximate value compared to a corre-
sponding actual value of the activation function 1s based
at least 1n part on a size of the first interval.

Clause Al6. A fused activation function approximation
circuit configured to receive an mput and configured to
approximate an activation function based at least in part
on the mput, wherein the activation function selectively
comprises a first activation function or a second activation
function, comprising;

a first input configured to receive a function select signal,
wherein the function select signal indicates whether the

activation function comprises the first activation func-

tion or the second activation function;

a barrel shifter configured to receive the mput and con-
figured to generate a fixed-point index based at least 1n
part on the 1put;

a coellicient table comprising a plurality of coeflicients,
wherein the plurality of coeflicients of the coeflicient
table are indexed to the fixed-point index, wherein the
coellicient table 1s configured to output a coetlicient
corresponding to the fixed-point index, wherein the
coellicient represents a coeflicient in a polynomial
approximation of the activation function, wherein the
polynomial approximation selectively comprises a first
polynomial function corresponding to the first activa-
tion function or a second polynomial function corre-
sponding to the second activation function based at
least 1 part on the function select signal;

multiply-add circuitry configured to evaluate the polyno-
mial approximation using a mathematical operation
using the input and the coeflicient to generate a first
approximation result; and

a multiplexer configured to receive:

a first saturation value, wherein the first saturation
value comprises a first asymptote value of the acti-
vation function;

a second saturation value, wherein the second satura-
tion value comprises a second asymptote value of the

.
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activation function and 1s generated based at least in
part on the function select signal; and
the first approximation result;

wherein, the multiplexer 1s configured to select, based at
least 1n part on the mput, an approximate output of the
activation function among at least the first saturation
value, the second saturation value, and the first approxi-
mation result.

Clause Al7. The fused activation function approximation
circuit of clause A16, the first polynomial function having
a first degree, wherein the multiply-add circuitry 1s con-
figured to evaluate the second polynomial function, the
second polynomial function having a second degree,
based at least 1n part on a multiplication of a polynomial
having the first degree with a power of the iput.

Clause Al18. The fused activation function approximation
circuit of any of clauses Al6 or 17, wherein the first
activation function comprises sigmoid and the second
activation function comprises hyperbolic tangent.

Clause A19. The fused activation function approximation
circuit of any of clauses Al6, 17, or 18, wherein the
plurality of coetlicients comprises a first sub-set of coel-
ficients corresponding to the first polynomial function and
a second sub-set of coeflicients corresponding to the
second polynomial function.

Clause A20. The fused activation function approximation
circuit of any clauses Al16, 17, 18, or 19, comprising;:

a second coellicient table comprising a second plurality of
coellicients, wherein the second plurality of coeflicients
of the coeflicient table are indexed to the fixed-point
index, wherein the second coeflicient table 1s config-
ured to output a second coellicient corresponding to the
fixed-point index, wherein the second coeflicient rep-
resents a coellicient 1n the second polynomial function;

and an additional multiplexer configured to select, based
at least 1n part on the function select signal, among at
least the second coeflicient and the coetlicient to gen-
erate an additional mput to the multiply-add circuitry,
wherein the coetlicient represents a coeflicient in the
first polynomial function, wherein the multiply-add
circuitry 1s configured to evaluate the polynomial
approximation using a mathematical operation using
the input and the additional input to generate the first
approximation result.

Clause A21. The fused activation function approximation
circuit of any clauses Al16, 17, 18, 19, or 20, wherein the
first polynomial function comprises an odd polynomial
function.

Clause Bl. An integrated circuit device configured to
receive an input and configured to approximate an acti-
vation function based at least 1n part on the input, com-
prising:

a coetlicient table comprising a plurality of coeflicients,
wherein the plurality of coeflicients of the coeflicient
table are indexed to an index that 1s based at least 1n part
on the mput, wherein the coeflicient table 1s configured
to output a coetlicient corresponding to the index,
wherein the coellicient represents a coeflicient 1 a
polynomial approximating the activation function over
a number of sub-intervals 1n a first interval; and

multiply-add circuitry configured to evaluate the polyno-
mial using a mathematical operation using the input
and the coetlicient to generate a first approximation
result.

Clause B2. The integrated circuit device of clause Bl,
comprising:

a multiplexer configured to receive:
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a first saturation value, wherein the first saturation
value comprises a first asymptote value of the acti-
vation function;

a second saturation value, wherein the second satura-
tion value comprises an additional asymptote value
of the activation function; and

the first approximation result;

wherein the multiplexer 1s configured to select, based at
least 1n part on the mput, an approximate output of the
activation function among at least the first saturation
value, the second saturation value, and the first approxi-
mation result.

Clause B3. The mtegrated circuit any of clauses Bl or 2,
wherein the mput comprises a floating point number
having a first precision, and, wherein a barrel shifter 1s
configured to receive the mput and configured to generate
the index, wherein the index 1s a fixed-point number
having a second precision, wherein the second precision
1s less than or equal to the first precision.

Clause B4. The integrated circuit of any of clauses B1, 2, or
3, wherein the activation function comprises sigmoid.
Clause B3. The mtegrated circuit of clause B4, comprising:

a subtractor configured to generate a second approxima-
tion result based at least in part on the first approxi-
mation result, wherein the second approximation result
corresponds to an approximation of the activation func-
tion 1n a second interval, wherein the second interval
comprises a second number of sub-intervals; and

a multiplexer configured to receive the second approxi-
mation result and configured to select, based at least in
part on the 1nput, an approximate output of the activa-
tion function among at least the first approximation
result and the second approximation result.

Clause B6. The integrated circuit of any of clauses B1, 2, 3,
or 4, wherein the multiply-add circuitry 1s configured to
use the mathematical operation, the mathematical opera-
tion having a first precision, the mput having a second
precision, the first approximation result having the second
precision, wherein the first precision i1s greater than or
equal to the second precision.

Clause B7. The integrated circuit of any of clauses B1, 2, 3,
4, or 6, wherein the activation function comprises hyper-
bolic tangent.

Clause B8. The integrated circuit of any of clauses B1, 2, 3,
4, 6, or 7, wherein the coeflicient table 1s configured to
store the coethlicient, the coeflicient having a lower pre-
cision than a precision of the multiply-add circuitry, and,
wherein the integrated circuit comprises conversion cir-
cuitry configured to convert the coellicient from the lower
precision to the precision.

Clause B9. The integrated circuit of any of clauses B1, 2, 3,
4, 6,7, or 8, comprising:

a second coeflicient table comprising a second plurality of
coellicients, wherein the second plurality of coeflicients
of the second coellicient table are indexed to the index,
wherein the second coeflicient table 1s configured to
output a second coellicient corresponding to the index,
wherein the second coeflicient represents a second
coellicient 1n a second polynomial approximating the
activation function over a second number of sub-
intervals 1 a second interval;

and

second multiply-add circuitry configured to evaluate the
second polynomial using the mathematical operation
using the input and the second coetlicient to generate a
second approximation result; and
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a multiplexer configured to receive the second approxi-
mation result and configured to select, based at least 1n
part on the 1nput, an approximate output of the activa-
tion function among at least the first approximation
result and the second approximation result.

Clause B10. The integrated circuit of any of clauses Bl1, 2,
3, 4, 6, 7, 8, or 9, wherein the integrated circuit 1s
configured to implement a recurrent neural network based
at least in part on the first approximation result.

Clause B11. A hardware implemented method to approxi-
mate an activation function, comprising:
receiving an mnput to the activation function;
evaluating a piecewise polynomial function to generate a

first approximation result corresponding to a {irst input,
wherein a first interval of inputs to the activation
function comprises the first input, wherein the piece-
wise polynomial function approximates the activation
function on the first interval;

determining, using an identity of the activation function
and the first approximation result, a second approxi-
mation result corresponding to a second nput, wherein
a second interval of inputs to the activation function
comprises the second input;

determining a {first saturation value of the activation
function corresponding to a third input, wherein a third
interval of inputs to the activation function comprises
the third 1put;

determining a second saturation value of the activation
function corresponding to a fourth input, wherein a
fourth interval of inputs to the activation function
comprises the fourth mput;

determining whether the first interval, the second interval,
the third interval, or the fourth interval comprise the
input; and

in response to determining the first interval comprises the
input, selecting the first approximation result as an
approximate value of the activation function at the
input.

Clause B12. The hardware implemented method of clause
B11, comprising dividing the first interval into a number
ol sub-intervals, wherein the piecewise polynomial func-
tion comprises a polynomial function for each sub-inter-
val.

Clause B13. The hardware implemented method of clause
B12, wherein an accuracy of the approximate value
compared to a corresponding actual value of the activa-
tion function 1s based at least in part on the number of
sub-intervals, a degree of the piecewise polynomial func-
tion, or a combination thereof.

Clause B14. The hardware implemented method of clauses
B11 or 12, comprising:
in response to determining the second interval comprises

the mput, selecting the second approximation result as
the approximate value;

in response to determining the third interval comprises the
input, selecting the first saturation value as the approxi-
mate value; and

in response to determining the fourth interval comprises
the mput, selecting the second saturation value as the
approximate value.

Clause B15. The hardware implemented method of any of
clauses Bll, 12, or 14, wherein an accuracy of the
approximate value compared to a corresponding actual
value of the activation function 1s based at least 1n part on
a size of the first interval.

Clause B16. A tangible, non-transitory, machine-readable
medium, comprising machine-readable instructions that,
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when executed by one or more processors, cause the

processors to perform the hardware implemented method

of any of clauses B11, 12, 14, or 15.

Clause B17. A fused activation function approximation
circuit configured to receive an mput and configured to
approximate an activation function based at least in part
on the mput, wherein the activation function selectively
comprises a first activation function or a second activation
function, comprising;

a first input configured to receive a function select signal,
wherein the function select signal indicates whether the
activation function comprises the first activation func-
tion or the second activation function;

a barrel shifter configured to receive the mput and con-
figured to generate a fixed-point index based at least 1n
part on the input;

a coellicient table comprising a plurality of coeflicients,
wherein the plurality of coeflicients of the coeflicient
table are indexed to the fixed-point index, wherein the
coellicient table 1s configured to output a coetlicient
corresponding to the fixed-point index, wherein the
coellicient represents a coeflicient in a polynomial
approximation of the activation function, wherein the
polynomial approximation selectively comprises a first
polynomial function corresponding to the first activa-
tion function or a second polynomial function corre-
sponding to the second activation function based at
least 1 part on the function select signal;

multiply-add circuitry configured to evaluate the polyno-
mial approximation using a mathematical operation
using the input and the coeflicient to generate a first
approximation result; and

a multiplexer configured to receive:

a first saturation value, wherein the first saturation
value comprises a first asymptote value of the acti-
vation function;

a second saturation value, wherein the second satura-
tion value comprises a second asymptote value of the
activation function and 1s generated based at least 1n
part on the function select signal; and

the first approximation result;

wherein, the multiplexer 1s configured to select, based at
least 1n part on the 1nput, an approximate output of the
activation function among at least the first saturation
value, the second saturation value, and the first approxi-
mation result.

Clause B18. The fused activation function approximation
circuit of clause B17, the first polynomial function having
a first degree, wherein the multiply-add circuitry 1s con-
figured to evaluate the second polynomial function, the
second polynomial function having a second degree,
based at least 1n part on a multiplication of a polynomial
having the first degree with a power of the input.

Clause B19. The fused activation function approximation
circuit of any clauses B17 or 18, wherein the first acti-
vation function comprises sigmoid and the second acti-
vation function comprises hyperbolic tangent.

Clause B20. The fused activation function approximation
circuit of any of clauses B17, 18, or 19, wherein the
plurality of coeflicients comprises a {irst sub-set of coel-
ficients corresponding to the first polynomial function and
a second sub-set of coeflicients corresponding to the
second polynomial function.

Clause B21. The fused activation function approximation

circuit of any clauses B17, 18, 19, or 20, comprising:

a second coetlicient table comprising a second plurality of
coellicients, wherein the second plurality of coethicients

.
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of the coetlicient table are indexed to the fixed-point

index, wherein the second coeflicient table 1s config-

ured to output a second coellicient corresponding to the
fixed-point 1ndex, wherein the second coeflicient rep-
resents a coellicient in the second polynomial function;

and an additional multiplexer configured to select, based
at least 1n part on the function select signal, among at
least the second coeflicient and the coellicient to gen-
erate an additional mput to the multiply-add circuitry,
wherein the coetlicient represents a coeflicient in the
first polynomial function, wherein the multiply-add
circuitry 1s configured to evaluate the polynomial
approximation using a mathematical operation using
the mput and the additional input to generate the first
approximation result.

Clause B22. The fused activation function approximation
circuit of any of clauses B17, 18, 19, 20, or 21, wherein
the first polynomial function comprises an odd polyno-
mial function.

Clause C1. An integrated circuit device configured to
receive an input and configured to approximate an acti-
vation function based at least 1n part on the input, com-
prising:

a coetlicient table comprising a plurality of coeflicients,
wherein the plurality of coelflicients of the coeflicient
table are indexed to an index that 1s based at least 1n part
on the mput, wherein the coeflicient table 1s configured
to output a coetlicient corresponding to the index,
wherein the coeflicient represents a coeflicient 1 a
polynomial approximating the activation function over
a number of sub-intervals 1n a first interval; and

multiply-add circuitry configured to evaluate the polyno-
mial using a mathematical operation using the input
and the coetlicient to generate a first approximation
result.

Clause C2. The integrated circuit device of clause Cl,
comprising:

a multiplexer configured to receive:

a first saturation value, wherein the first saturation
value comprises a first asymptote value of the acti-
vation function;

a second saturation value, wherein the second satura-
tion value comprises an additional asymptote value
of the activation function; and

the first approximation result;

wherein the multiplexer 1s configured to select, based at
least 1n part on the mput, an approximate output of the
activation function among at least the first saturation
value, the second saturation value, and the first approxi-
mation result.

Clause C3. The itegrated circuit of any of clauses C1, or 2,
wherein the activation function comprises sigmoid,
hyperbolic tangent, or a combination thereof.

Clause C4. The integrated circuit of any of clauses C1, 2, or
3, comprising:

a subtractor configured to generate a second approxima-
tion result based at least 1n part on the first approxi-
mation result, wherein the second approximation result
corresponds to an approximation of the activation func-
tion 1 a second interval, wherein the second interval
comprises a second number of sub-intervals; and

a multiplexer configured to receive the second approxi-
mation result and configured to select, based at least in
part on the 1nput, an approximate output of the activa-
tion function among at least the first approximation
result and the second approximation result.
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Clause C3. The integrated circuit of any of clauses C1, 2, 3,
or 4, wherein the multiply-add circuitry 1s configured to
use the mathematical operation, the mathematical opera-
tion having a first precision, the mput having a second
precision, the first approximation result having the second
precision, wherein the first precision 1s greater than or
equal to the second precision.

Clause C6. The integrated circuit of any of clauses C1, 2, 3,
4, or 5, wherein the coeflicient table 1s configured to store
the coellicient, the coeflicient having a lower precision
than a precision of the multiply-add circuitry, and,
wherein the integrated circuit comprises conversion cir-
cuitry configured to convert the coetlicient from the lower
precision to the precision.

Clause C7. The integrated circuit of any of clauses C1, 2, 3,
4, 5, or 6, comprising:

a second coetlicient table comprising a second plurality of
coellicients, wherein the second plurality of coethicients
of the second coellicient table are indexed to the index,
wherein the second coeflicient table 1s configured to
output a second coellicient corresponding to the index,
wherein the second coeflicient represents a second
coellicient 1n a second polynomial approximating the
activation function over a second number of sub-
intervals 1n a second interval;

and

second multiply-add circuitry configured to evaluate the
second polynomial using the mathematical operation
using the input and the second coetlicient to generate a
second approximation result; and

a multiplexer configured to receive the second approxi-
mation result and configured to select, based at least in
part on the 1nput, an approximate output of the activa-
tion function among at least the first approximation
result and the second approximation result.

Clause C8. A tangible, non-transitory, machine-readable
medium, comprising machine-readable instructions that,
when executed by one or more processors, cause the
processors to:
receive an input to an activation function;
evaluate a piecewise polynomial function to generate a

first approximation result corresponding to a first input,
wherein a first interval of iputs to the activation
function comprises the first input, wherein the piece-
wise polynomial function approximates the activation
function on the first interval;

determine, using an 1dentity of the activation function and
the first approximation result, a second approximation
result corresponding to a second nput, wherein a
second interval of inputs to the activation function
comprises the second 1nput;

determine a first saturation value of the activation func-
tion corresponding to a third input, wherein a third
interval of inputs to the activation function comprises
the third nput;

determine a second saturation value of the activation
function corresponding to a fourth input, wherein a
fourth interval of inputs to the activation function
comprises the fourth mnput;

determine whether the first interval, the second interval,
the third interval, or the fourth interval comprise the
input; and

in response to determining the first interval comprises the
input, selecting the first approximation result as an
approximate value of the activation function at the
input.
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Clause C9. The tangible, non-transitory, machine-readable
medium of clause C8, comprising machine-readable
instructions that, when executed by one or more proces-
sors, cause the processors to divide the first interval nto
a number of sub-intervals, wherein the piecewise poly-
nomial function comprises a polynomial function for each
sub-interval.

Clause C10. The tangible, non-transitory, machine-readable
medium of any of clauses C8 or 9, comprising machine-
readable 1nstructions that, when executed by one or more
processors, cause the processors to:
in response to determining the second interval comprises

the 1mput, selecting the second approximation result as

the approximate value;

in response to determining the third interval comprises the
input, selecting the first saturation value as the approxi-
mate value; and

in response to determiming the fourth interval comprises
the mput, selecting the second saturation value as the
approximate value.

Clause C11. A fused activation function approximation
circuit configured to receive an input and configured to
approximate an activation function based at least 1n part
on the input, wherein the activation function selectively
comprises a first activation function or a second activation
function, comprising:

a first input configured to receive a function select signal,
wherein the function select signal indicates whether the
activation function comprises the first activation func-
tion or the second activation function;

a barrel shifter configured to receive the mput and con-
figured to generate a fixed-point index based at least 1n
part on the input;

a coellicient table comprising a plurality of coeflicients,
wherein the plurality of coeflicients of the coeflicient
table are indexed to the fixed-point index, wherein the
coellicient table 1s configured to output a coethlicient
corresponding to the fixed-point index, wheremn the
coellicient represents a coeflicient in a polynomial
approximation of the activation function, wherein the
polynomial approximation selectively comprises a first
polynomial function corresponding to the first activa-
tion function or a second polynomial function corre-
sponding to the second activation function based at
least 1 part on the function select signal;

multiply-add circuitry configured to evaluate the polyno-
mial approximation using a mathematical operation
using the input and the coeflicient to generate a first
approximation result; and

a multiplexer configured to recerve:

a first saturation value, wherein the first saturation
value comprises a first asymptote value of the acti-
vation function;

a second saturation value, wherein the second satura-
tion value comprises a second asymptote value of the
activation function and 1s generated based at least in
part on the function select signal; and

the first approximation result;

wherein, the multiplexer 1s configured to select, based at
least 1n part on the mput, an approximate output of the
activation function among at least the first saturation
value, the second saturation value, and the first approxi-
mation result.

Clause C12. The fused activation function approximation
circuit of clause C11, the first polynomial function having
a first degree, wherein the multiply-add circuitry 1s con-
figured to evaluate the second polynomial function, the
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second polynomial function having a second degree,
based at least 1n part on a multiplication of a polynomial
having the first degree with a power of the input.
Clause C13. The fused activation function approximation
circuit of any of clause C11 or 12, wherein the first
activation function comprises sigmoid and the second
activation function comprises hyperbolic tangent.
Clause C14. The fused activation function approximation
circuit of any of clause C11 12, or 13, wheremn the
plurality of coeflicients comprises a {irst sub-set of coel-
ficients corresponding to the first polynomial function and
a second sub-set of coeflicients corresponding to the
second polynomial function.
Clause C15. The fused activation function approximation
circuit of any of clause C11 12, 13, or 14, comprising:
a second coeflicient table comprising a second plurality of
coellicients, wherein the second plurality of coethicients
of the coeflicient table are indexed to the fixed-point
index, wherein the second coetfhicient table 1s config-
ured to output a second coellicient corresponding to the
fixed-point index, wherein the second coellicient rep-
resents a coellicient 1n the second polynomaial function;

and an additional multiplexer configured to select, based
at least 1n part on the function select signal, among at
least the second coeflicient and the coeflicient to gen-
erate an additional mput to the multiply-add circuitry,
wherein the coellicient represents a coeflicient in the
first polynomial function, wherein the multiply-add
circuitry 1s configured to evaluate the polynomial
approximation using a mathematical operation using
the mput and the additional input to generate the first
approximation result.

What 1s claimed 1s:

1. An mtegrated circuit device configured to receive an
input and configured to approximate an activation function
based at least in part on the input, comprising:

a coellicient table comprising a plurality of coeflicients,
wherein the plurality of coeflicients of the coeflicient
table are indexed to an 1ndex that 1s based at least 1n part
on the mput, wherein the coeflicient table 1s configured
to output a coetlicient corresponding to the index,
wherein the coellicient represents a coeflicient 1 a
polynomial approximating the activation function over
a number of sub-intervals 1n a first interval;

multiply-add circuitry configured to evaluate the polyno-
mial using a mathematical operation using the input
and the coeflicient to generate a first approximation
result; and

a subtractor configured to generate a second approxima-
tion result based on an 1dentity of the activation func-
tion and the first approximation result, wherein the
second approximation result corresponds to an approxi-
mation of the activation function i1n a second interval,
wherein the second interval comprises a second number
of sub-intervals.

2. The mtegrated circuit device of claim 1, comprising:

a multiplexer configured to receive:

a first saturation value, wherein the first saturation value
comprises a lirst asymptote value of the activation
function;

a second saturation value, wherein the second saturation
value comprises an additional asymptote value of the
activation function; and

the first approximation result;

wherein the multiplexer 1s configured to select, based at
least 1n part on the mput, an approximate output of the
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activation function among at least the first saturation
value, the second saturation value, and the first approxi-
mation result.

3. The mtegrated circuit device of claim 1, wherein the
input comprises a floating point number having a first
precision, and, wherein a barrel shifter 1s configured to
receive the mput and configured to generate the index,
wherein the index 1s a fixed-point number having a second
precision, wherein the second precision is less than or equal
to the first precision.

4. The integrated circuit device of claim 1, wherein the
activation function comprises sigmoid.

5. The integrated circuit device of claim 4, comprising:

a multiplexer configured to receive the second approxi-
mation result and configured to select, based at least 1n
part on the 1nput, an approximate output of the activa-
tion function among at least the first approximation
result and the second approximation result.

6. The integrated circuit device of claim 1, wherein the
multiply-add circuitry 1s configured to use the mathematical
operation, the mathematical operation having a first preci-
s1on, the mput having a second precision, the first approxi-
mation result having the second precision, wherein the first
precision 1s greater than or equal to the second precision.

7. The mtegrated circuit device of claim 1, wherein the
activation function comprises hyperbolic tangent.

8. The mtegrated circuit device of claim 1, wherein the
coellicient table 1s configured to store the coethlicient, the
coellicient having a lower precision than a precision of the
multiply-add circuitry, and, wherein the integrated circuit
device comprises conversion circuitry configured to convert
the coethicient from the lower precision to the precision.

9. The integrated circuit device of claim 1, comprising:

a second coeflicient table comprising a second plurality of
coellicients, wherein the second plurality of coeflicients
of the second coetlicient table are indexed to the index,
wherein the second coeflicient table 1s configured to
output a second coetlicient corresponding to the index,
wherein the second coeflicient represents a second
coellicient 1n a second polynomial approximating the
activation function over a second number of sub-
intervals 1n a second 1nterval;

and

second multiply-add circuitry configured to evaluate the
second polynomial using the mathematical operation
using the input and the second coetlicient to generate a
second approximation result; and

a multiplexer configured to receive the second approxi-
mation result and configured to select, based at least in
part on the 1nput, an approximate output of the activa-
tion function among at least the first approximation
result and the second approximation result.

10. The integrated circuit device of claim 1, wherein the
integrated circuit device 1s configured to implement a recur-
rent neural network based at least in part on the first
approximation result.

11. A fused activation function approximation circuit
configured to receive an mput and configured to approxi-
mate an activation function based at least in part on the
input, wherein the activation function selectively comprises
a first activation function or a second activation function,
comprising;

a first mnput configured to recerve a function select signal,
wherein the function select signal indicates whether the
activation function comprises the first activation func-
tion or the second activation function:
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a barrel shifter configured to receive the mput and con-
figured to generate a fixed-point index based at least 1n
part on the 1mput;

a coellicient table comprising a plurality of coeflicients,
wherein the plurality of coeflicients of the coeflicient
table are indexed to the fixed-point index, wherein the
coellicient table 1s configured to output a coetlicient
corresponding to the fixed-point index, wherein the
coellicient represents a coeflicient in a polynomial
approximation of the activation function, wherein the
polynomial approximation selectively comprises a first
polynomial function corresponding to the first activa-
tion function or a second polynomial function corre-
sponding to the second activation function based at
least 1 part on the function select signal;

multiply-add circuitry configured to evaluate the polyno-
mial approximation using a mathematical operation
using the input and the coeflicient to generate a first
approximation result; and

a multiplexer configured to receive:

a first saturation value, wherein the first saturation
value comprises a {irst asymptote value of the acti-
vation function;

a second saturation value, wherein the second satura-
tion value comprises a second asymptote value of the
activation function and 1s generated based at least in
part on the function select signal;

the first approximation result; and

a second approximation result determined using an
identity of the activation function and the first
approximation result, wherein the second approxi-
mation result corresponds to an approximation of the
activation function 1n a second interval, wherein the
second interval comprises a second number of sub-
intervals:

wherein the multiplexer 1s configured to select, based at
least 1n part on the mput, an approximate output of the
activation function among at least the first saturation
value, the second saturation value, the first approxima-
tion result, and the second approximation result.

12. The fused activation function approximation circuit of
claim 11, the first polynomial function having a first degree,
wherein the multiply-add circuitry 1s configured to evaluate
the second polynomial function, the second polynomial
function having a second degree, based at least 1n part on a
multiplication of a polynomial having the first degree with
a power of the mput.

13. The fused activation function approximation circuit of
claam 11, wherein the first activation function comprises
sigmoid and the second activation function comprises hyper-
bolic tangent.

14. The fused activation function approximation circuit of
claim 11, wherein the plurality of coeflicients comprises a
first sub-set of coellicients corresponding to the first poly-
nomial function and a second sub-set of coeflicients corre-
sponding to the second polynomial function.

15. The fused activation function approximation circuit of
claim 11, comprising:

a second coetlicient table comprising a second plurality of
coellicients, wherein the second plurality of coethicients
of the coeflicient table are indexed to the fixed-point
index, wherein the second coeflicient table 1s config-
ured to output a second coellicient corresponding to the
fixed-point index, wherein the second coellicient rep-
resents a coellicient 1n the second polynomaial function;

and an additional multiplexer configured to select, based
at least 1n part on the function select signal, among at
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1cient and the coed

least the second coet

Ticient to gen-

erate an additional input to the multiply-add circuitry,
wherein the coetlicient represents a coeflicient in the
first polynomial function, wherein the multiply-add
circuitry 1s configured to evaluate the polynomial 5
approximation using a mathematical operation using
the mput and the additional input to generate the first

approximation result.
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