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FIG. 15




U.S. Patent Jul. 2, 2019 Sheet 17 of 32 US 10,337,674 B2

‘&t
| g
Y

& 3
: }EZ
A

HOGe

FIG. 16

P4 SIS0 BN



ﬁwm

R e e e e e e e a a a  a  a  a  a a  a  ta h t t e e e e e e e e et e, e e a a i a  a  a  a a  t  t h  tt e t a ta a ,
L FFFFFREFREFEFEEPEFREFEFEFEEPEFREFREEEREEPEFREFEEREFPREFPEFEERPEFPREFREFEEREFPRFEFEFEREEPEFEFEFERFPFEEEREFPEFREEEREEPEFPREFREEPEFPEEPEFEFPREEFPRFEFEEFPREPEFPEEEFF .—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—. —.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—..—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.. —.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.—.. vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv
b

P 207

US 10,337,674 B2
=
%
x|

7 Je02

.7 i POT

Sheet 18 of 32
£
L

b %

A
e
=
Loup

3

“
*
ol

Jul. 2, 2019
B OROW SBaur 1B AL PRGNS BHIHSHIL

m?ﬁﬁ?ﬁ AVRUSY U0 SPUNCES SO BROWE @

3ef IOLIB $HBPF - o g B3 L
Mwﬁ.mwu.mﬂnwh& mm wwwuﬁm ﬁ. 1

D A e e e g e e e et ot e

mﬁmmﬁﬁ ﬁmm 1 W03 mﬁwﬁmﬁm Y ﬁwwi

U.S. Patent



US 10,337,674 B2

Sheet 19 of 32

Jul. 2, 2019

U.S. Patent

B B o - i.
(M EMOY v ]

81 "Oid

@ﬁﬁﬁ%ﬁﬁm@%mgmm@%ﬁ%@ﬁﬁmﬁ@ﬁﬁ

SHL <

P e S N N S W O R T P S S P T N S RN P T U PN 3 R W RS R W P NP8 T PN P S P I B P N R RN e _},w..

CA

)
P o - o T W A i A A o T - o W W R WA L W e R e A

| UOHRZIIUUY DA WG] UORDINDIY BINSSOId

aaaaa



U.S. Patent

. L] }'4:":

o h-l_-l"l'.
"
-

A
N i

FEER
L]
1

Jul. 2, 2019

"'htf':‘l
|t; N
- L]
"-"'1‘_‘1.":'
‘-
‘:l-'-h
r b
L] 4
a T
L |
= a
%
]
el
i
5 -,
.Irl L}
I‘
b .
L
- FEEEq
o ] r . -y
L h‘ L I'. - .
D et
' ' e
Lo ou?
e
"
llIl.
" "C..‘
[ ] -
[ 1
-. -*
-
o
- "1
1 v
!' L]
% s
W
&
- o
-
I"I ‘1..
L] ‘_J
o
. oW
[}
.'
a, . 4
ot
2 ;
n "
"“-.‘.‘

Sheet 20 of 32

PR
] v
il i
v, :':
+ ok !
- T !‘
.
4
4
L,
]
Iy
L ]
v
'li' -
‘l
Lo,
N i
1__ L ]
“u
e
s
[
P
Oy v
I‘__ |
> [, F.
.,
o
Pl Tl Tl ™
r L
z L
z L
!q- -
]
il
ey
l"‘ 4 ‘l
' " - ] 'i
e 1. ] T, *.\.‘
:' L +,
r
ik,
0 &
*I i-*
K
Tt
-
-
L
. ‘
4 1
4 i -
. L}
\"l_ - .1'.‘
ii ol
- -
. .
:r"'b )
L
ql-. %’
hhi'.'*1

¥ ¥
m r [ ]
:Il,:l‘b iu__l:‘ r . '
, bt
'I..' (L ]
I.,‘I'l' - l__
.I
LI
ety
-,
]
"
iy m
K
F]

US 10,337,674 B2

F LD
r |
] ¥,
S
a
.y L
- .
+ L
1 1,
L] r
L ?‘h'-"
. -
: o
_—
- r L |
L W l-_
1 1,
1“ L] II'F
]
[

FIG. 19



e s S u.,. B o ,....,
.x.qu-u- N it “ 2 . t“ oA -...:.__.r... g T e e ur.-..up- R i Fa .-na_m.&u- o T e R T R f..ul.r_.r_._ ERCC ALY DOCRLT M .u-_.\-....._..- ...huf.ﬁ
o ey s _u.,,ﬂnﬂ.wﬁ.._ﬁ__.ﬂm.....u _ﬁ...._.w“...nﬁ.mw%fﬁmﬁ...n.u.#_w S .,._.....w...u..m...?_."h-_t.,_...‘ .:... ..".i...f.. e ,.nu g frﬂfﬁu .n.\
A R R R R AR R R O R R N A s % s ,..v. o3 % R @ .xﬁ. S f_

E, * i *
¥ i * L] r * * ¥

i * iy i * v
kY 'y »" ¥ 1 '3

. .1.1.1...
- l..l..l..__l...l..l..lw l...l..lrl..l..l..lwl. l..l...l.__l...l..l..lw l..l..lM— l..l..!.__l...l...l..lw L AL AT A AU A AT A A A AT T T A A N A AT A AT l..l..l..l...l..l..l..l. l..l..l..w..l..l..l..i. l..l..l..l. l..l..l..W..l..l..l..w..l..l..l..lrl..l..l..w..l..l..l..lrl..l..l..lrl..l..l..l._.l...l..l..lwl. l..l..l..l..l..l..!wl l..l..l._.l...l..l..ltl. ey w AT % m l..l..!wl. e w e m l..l..l._.l...l..l..l..l...l..l..l.._l...l..l..l._.l...l..l..l..i. 'y l..l..l..w..l..l..l..l...l..l..l..l...l..l..l..l. ey ..l..l..l..lr..l..l..l.. g Uy ..l..l..l..l..l..l..l..l...l...l..l..!.wl. l..l..lr..l..l..l..l...l...l..l..lﬁl!-_ e i
s = > . m .
v [ ] * [

[ ¥ ¥ SO0

“” " t [ " + ., '] h ' : . ' i S ISP

-

+ i ' + v . 'S + * ' ’ M C T e L R R I

@\

as

_jnu—-

I~

G

- um gt
AJQ'V R, W i O mﬁ.
“)

—

e

99

-

T T T T A
|‘-l‘-l‘-|‘-|‘-|.‘-|‘-|‘-|‘-l‘-l‘-l‘-|‘-|.‘-|‘-|‘-|‘-|‘-|‘-|‘-|‘-|‘-|‘-|‘-|‘-|‘-|‘-

#################@#5#######%

X

Rty
.‘:.'..
o

>

&y e

W

Sheet 21 of 32

™

'###:i#####@#é###################é

o«

[ R T B T i N

i3

"

by
#‘-

23

s

l.._ -, W A, g

o

e’

o

" RIS

Jul. 2, 2019
@

......
.............
.............
.............
.............
............
............

é##QF##QFQF#F###F##QF#####F& o

e A A
E

U.S. Patent



U.S. Patent

R P i
K] 1 :{- 'h‘.
F 1 '. I“
] L . W
-!44441"." l.‘\‘ - Tyt
'll‘i‘ "t "p 'i
h - *. A
- i_-.."H-L ., . i“ r.
"'\-r T naa .:.t,'i"ll.
L vk
e ‘.. I r:
t EEFE

Fah L\ :
v ) :
. L]
R
o
!' +
ll '\-l"I
1:
=
A
1} -
s T -I'J
LN 4 1 '. o
e
- Ry B
Ay » # [ Y
-l.""g -I'll II- i* 1'1.- 1+ "
" S
LI, -l: ‘l
Y
L]
b,
K v
r ‘I‘
L Ty
e
v 3
. TL':JII :"-:*"'\l
1: \ ‘- L
_“ .II‘1 _-!.n_h:. :
[
,l e ain b
'F
!
f‘- l}
I ]
'F;i-#._“‘... " .‘.
::r l:-':b R
"ot o
' .__;1
g
1:"-"..:..‘
1:- b
'ﬂ-'_ o

Jul. 2, 2019 Sheet 22 of 32

'r" ' "
i i
-'"1."'_-. -._1;:*
?,-..- .. '.
v »
."_ .."
A
r:
i - .1'\
. L
Nl !
ri.-“:‘l n'f‘
N o
‘r‘ v ‘-
el Y
N F -
4. s
:- 11:. . E:'.'.'.?
o »
3 L
r*'i-"!- R
L) .
‘ - ‘1' P ',. .“.-
r - 1
- N N W - -"l*’\‘ -
‘I‘| .l"- *!‘ o #I [ ] b._r'*
T ' La e - .
ﬁ‘ . N . ::-"' - '“1 I‘ “h
:.- LA ".'.: : Ty ‘;:I.T:l";:;
™ -,"' ':f"v"‘w"%ﬁ-l . .": I"
‘_-l._ L} "l*
1" ‘:‘:"..'.'l:*
[ ] -"l-l'll' -
:' ‘. "l h‘
o " .
;o %
s PN
] '*, :". ;:'
[ Cu ok
o
{1
_—
'.'ff
'r '.i-,._r'
: %
' '
e
r"lr'. -..
l-‘ .l-
1 .
L

US 10,337,674 B2

" 1
. L
. 1
¢
I - ',-‘. -
] . ‘l
:..l..q..l..:l' |'lI " “:
A Loy
X h--"l
] id
TS I S SR
. -7 |- . -l"l

FiG. 21



U.S. Patent Jul. 2, 2019 Sheet 23 of 32 US 10,337,674 B2

T L R T T B B e T e e e I e e T T e B T e e T T e T B e e R T e e e e e T R T T B T T T B T e T T B R T e e B e e e e e R T T T e e e T e e e e R T L T P P P P L P P P PR T P L P B

et lpatat

L]
L]

L]
4
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n
n

L BE 3 3 B

.'*‘*‘i*"i*i*‘i**‘i‘H"i*‘*‘i**‘i*i*"i*‘i‘i*"i*‘*-'-'-'-I-'-'-I-'-I-'-'-'-I-'-'-'-'-'-I-'-'-I-'-I-'-'-'-I-'-'-I-'-I-I-'-'-I-'-'-'-'-'-I-'-'-I-'-I-I-'-'-I-'-'-I-'-'-I-'-'-I‘i"i*‘i*‘i*‘i*‘i*‘i*‘i*‘i*‘i*:‘*‘i*‘i*‘i*‘i*‘i*‘i*‘

363

N .

L . k. . »

K * - n .i'i-'f'i"i'i"i'i-'f'i"i'i"i'i"i'i"i'f"i'i"i'i"i'f"i'i-'f'i"i'i"i'i-'f'i"i'i"-l-'-i-"-i-'-l-"-i-'-|-"-|-'-|-"-|-'-|-"-|-'-|-"-|-'-|--'-|-'-|-"-|-'-|-"-|-'-|--'-|-'-|-"-|-'-l-"-l-'-i--'-i-'l-"-i-'i-"l-'-i-"-l-'-l-"-i-'-|-"-|-'-|--'-|-'-|-"-|-'-|-"-|-'-|--'-|-'-|-"-|-'-l-"-i-'-i--'-i-'-l-"-i-'-|-"-|-'-|-"-|-'-|-"-|-'-|-"-|-'-|--'-|-'-|-"-|-'-|-"-|-'-|--'-|-'-|-"-|-'-|-"-|-'-|--'-|-'-|-"-|-'-|-"-|-'-|--'-|-'-|-"-|-'-|-"-|-'-|--'-|-'-|-"-|-'i-"l-'i--'f'i"i'f"i'i-'f'i"i'f"i'i-'f'i"i'f"i'i-'f'i"i'f"i'i-'f'i"i'f"i'i-'f'i"i'f"i'i%

e a . . [ - LY T Y O Y O N O YO YO N T T T N T T YO N O T N YO N~ YO YO N T T YO N O T YO N~ YO YO N O YO T YO N O T YO N PO YO YO N PO N T YO N~ T YO N PO T YO N " T YO N PO T Y YO N~ T YO N " T YO N PO T YO N PO T Y YO N PO N T YO N P T N -

. . ﬂ i

- [P .

A * 'r L]

] " ﬁ-- [ ]

=" e} - et e ettt e e ettt e e el e ettt e e ettt e e el el e e el e ettt e e ettt e e e el e ettt e el e ettt e e e el e e e el e e e e e e e et et e e e et e e e et e e e e e ey

" , e ﬁ

a * ' ]

Y - hi l'“ |.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.l.ﬂ

b Y

e Y e

] - . -l':;': '

-: : |hhhhthhhhhhhhthhhhhthhthhhhhthhhhhhhhthhhhhti-i-l-i-i-l-i-i-i-i-i-l-i-i-l-i-i-l-i-hhhhthhhhhhhhthhhhhhi-i-l-i-i-l-i-i-i-i-i-l-i-i-l-i-i-l-i-hhhhthhhhhhhhhhhhhhhi-i-l-i-i-l-i-i-l-hhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhh‘

R I [ ]

1 * .

R :-:;E .

A * ) . pr-r-‘r--‘r-r-‘rr-‘-‘r-“r-r-'rr-'r-r-"r-'-"-----r--'-----r----r--r--‘r-‘-"r-'r-r-"'-'r-'--r----r-------r----r--rr-‘r-‘r"r-'r-'--"-'r---r----r----r--‘r-‘r-‘r-‘r-‘r-'r-'r-'r-"-'r-‘rJ

1 * H H ] H H ] H H H H H H H H ] H H ] H H H H H H H H ] H H ] H H H H H H H H H H H ] H H H H H H H H H H H ] H H H H .

- & - Sl

A L] -l.i.l‘.'

L - . . L]

RN " :: S BC NP ML REC B M N, PC I R R R B B R R B I B P P M BAC R B R R B R R B PR ML R R B IR, B . B R B R P R A B G R RO R R R R B R B B B M, PG L B R R R B PR NI RO M B B M, B B B IR PC B B R P N R RO R R R R B B IR, R R B B P L B B P I RO R R BRI A R R R, R B R M P I B R P M R RO R R R A R RPN B P B M C NI B B B ML B TP

.:'Iw " 1, S A R A A B B R B T T B A B B T B T B B A T T B A B B T A T A T B B B B B B B N T A T B B B B B B B A B
-

I - - b []

- » " .

A > “a t L e ol ey e g ey ol ey ey ey g ey oy e e ey ey oy e ey ey ey ey ol ey e ey ey e gl ey ey g ey ol ey ey ey ey ey ol g g e e g ey e e ey ey e oy ey ol ey e ey ey oy g ey oy ey e e e ey ey e g ey ey e g oy ey o g ey e ey ey oy e oy e g ey e ey ey ey oy gy ey e g g e e g ey ey e ey ey e g g e ol g ey e ey ey oy e ey ey e e ey ey e

-I l"-‘ el B L T T e T T T P o P P o . T T P T Ca C P e T T T P o P e L P T e T T T e o P Py o o T T T T P e o Py e P i T T T o P e o Py e o P T T T e T T P e o P e o P T T T T T T T P P o P e e P e T R TS T T T T T T o P e o P e o P T T i i T T T T P W o P e o P o T T T T T T T P T T P T T

¥ .

u L]

A *"""""'"""'"""""""""""""""""""""""""""""""'"'"'"'"'"'"'"'"'"'"'""""""""""""""""""""'"""@!

Far

-. h,

] ]

L[| i i e i dir i e i e i e i e e e e e e e e e i e e e e e e e e e e e i e e e e e i e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e B e e e |

[ L 0 0 0 0 0 - 0 0 - 0 0 0 0 0 - 0 0 0 0 0 - 0 0 - 0 0 0 0 0 - 0 0 0 0 0 0 0 0 - 0 0 0 0 0 - 0 0 - 0 0 0 0 0 - 0 0 0 0 0 0 0 0 - 0 0 0 0 0 - 0 0 0 0 0 0 0 0 - 0 0 0 0 0 0 0 0 0 0 0 0 0 0 - 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 - 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

-. -

1 ]

[ Ll o ke o o ok ok ok ok ok ok ok ko ok o ok o ko ko ko ok o ok ko ko ko ko ok ko ko ko ok ko ko ko ok ko o ko ko ok ko ko kR k&

-+ R ¢

-. -

u L]

-| ."""""'-""""""""""""""""'-""""""""'-""""""""'-'lll'lll'lll'lIl'lll'lIl'lll'lll'lll'lIl'lll'lll'lIl'lll'lIl'lll'lll'lll'lIl'lll'lll'lll'lll'lIl'lIl'lll'lll'lIl'lll'lIl'lll'lll'lll'lIl'lll'lll'lIl'lll'lIl'lIl'lll'lll'lIl'lll'lll'lll'lll'lll'lIl'lll'lll'lIl'lll'lIl'lll'lll'lll'lIl'lll'lll'lIl'lll'lll'lIl'lll'lll'lIl'lll'lll'lll'lll'lll'lIl'lll'lll'lIl'lll'lIl'lIl'lll'lll'lIl'lll'lll'lIl'lll'lll'lIl'lll'lll'lIl'lll"""""""'-""""""""'-""""""""'-""""""""'-""""""""p

r

|-I-I-I-I-I-I-I-I-l-l-l-I-I-I-I-I-I-I-l-l-I-I-I-l-l-l-I-I-I-I-I-I-l-l-l-I-I-I-l-l-l-I-l-l-I-I-I-l-l-l-I-I-I-I-I-I-I-l-l-I-l_-u-l-l-l-I-l-l-I-I-I-I-l-l-I-I-I-l-l-l-I-l-l-I-l_-u-l-l-l-I-l-l-I-l_-l-I-l-l-I-I-I-l-l-l-I-l-l-I-l_-l-I-l-l-I-l-l.-l-l-l-I-l-l-I-I-I-I-l-l-I-l-l-I-l-l-I-l-l-I-l-l-I-l-l-I-l-l-I-l:l-I-l-l-I-l-l-I-l-l-I-l-l-I-l-l-I-I-I-I-I-I-I-l-l-ﬁ

L
[ ]
| ]

L]
o gy o oy ey ey oy o oy g oy oy ey ey o o oy g o oy ey oy g ey ol o ey g g oy oy oy g e ey ey oy oy oy gy o o ey oy g oy o oy ey ey o ey oy ey g g oy oy g g o oy ey ey g ol oy ey ey o ey oy ey oy g ey ey gy ol oy ey g oy oy o ey g o ey oy ey g g ey ey g g o oy ey g oy o oy ey g o ey ey ey g g ey ey g g o oy ey g g o oy ey g o ey ey ey o g ey ey o ey e

4
[ ]

rﬁﬁﬁﬁbEﬁbﬁEﬁEﬁbEﬁﬁﬁEﬁEﬁbEzﬁﬁﬁbEﬁbﬁEﬁEﬁbEE*ﬁEﬁEﬁbﬁEﬁﬁﬁbEﬁﬁI-I-I-I-I-l-I-I-I-I-I-I-I-I-I-I-I-I-I-I-l-I-I-I-I-I-I-I-I-l-I-I-I-I-I-I-I-I-I-I-I-I-I-I-l-I-I-I-I-I-I-I-I-I-I-I-I-I-I-l-I-EﬁﬁEﬁﬁﬁﬁﬁEﬁﬁEﬁﬁEﬁﬁEﬁﬁEﬁﬁEﬁﬁEﬁﬁzﬁﬁbﬁﬁbﬁﬁbﬁﬁbﬁﬁbﬁﬁbﬁﬁbﬁﬁb;

4
4
'
'
'
1
'
1
'
'
1
1
'
'
'
'
1
'
'
'
1
'
1
'
'
1
'
'
'
1
'
1
'
'
'
1
'
'
'
'
1
'
'
'
1
'
1
'
'
'
1
'
'
1

L
- - T 1T 7T 1T T 1TTTTo1o T 7T T 1T 1T T"7TTTT T T T T TTTTO"TTTT "o T T T 1T 1T T"TTTTTTTTTTT T O"TTTToTo T 7T T 7T 1T TTTTT T T TTTTTTO"TTTToTo T 7T 1T 7T 1T T"TTTT T T TT T TTT"TTTToTo T T T 7T " T T T * T TTTT T TT T T TT """ TTTTTTTTTTTTTT T TT T TTTTT"TTTTTTTTT T TT T "TT1T "
i Ll
- nFFyFsFIFryeyesysryysyyyyryyryysyyyryysyyysyyysyyysyyyyyysyyysyyyyyysyyysyyysryysysyyysyyysyyysyyysyyysryysysyyfysryysysyyyyys sy sy yyrryyssryysyysrysyyysryeysryyrryysyyryeysryryyryrysryyrryreyrryeysreyyrryeysr - :'
r ¥

[
.
1.
1.
.
1.
.
1.
1.
1.
.
1.
1.
1.
1.
.
1.
1.
1.
.
1.
.
1.
1.
1.
.
1.
1.
.
1.
.
1.
1.
1.
.
1.
.
1.
1.
.
1.
1.
1.
.
1.
.
1.
1.
1.
.
1.
1.
1.
1.
.
1.
1.
1.
.
1.
.
1.
1.
.
1.
1.
1.
1.
1.
.
1.
1.
1.
.
1.
.
1.
1.
.
1.
1.
1.
.
1.
.
1.
1.
.
1.
1.
.
1.
1.
.
1.
1.
1.
.
1.
.
1.
1.
.
1.
1.
.
1.
1.
.
1.
1.
.
.
1.
.
1.
1.
.
1.
1.
1.
1.
1.
.
1.
1.
.
1.
1.
.
1.

¥
L]

S R IR MY MM

- " = m = ®m m ¥ " m W ®mE W ®E ® W N N N N N N N N S N S N S S N S S N N S N N N S N S S N S N S S N N S N S N N S S S N S N S S S N S N N S N N S N S N S N S S N S S W S N S N N N S S N S S N S S N S S S S N N N N N N N S N S N = ®N " = E E E E E ¥ E E ¥ ¥ E ¥ ¥ E E E N E E N ¥ E N S E N ¥ §E E ¥ ¥ N S ¥ N E S N S E N S E N S E N S ¥ E N S N N H N
L]
- e e e e e e e e e e e e e e o e e e e e e e e e e e e e e e o s el e e o e e e e e e e e e e e e e e e e el e e e e e e e e e e e e e e e e e e el e e e e e e e e e e e e e e e e e e e e e
L e e e e e e e e e e e e e e e e e e e e e e e e e P e e e B P e e e e e e e e e
[l
1 (= == M m = m = e e e m e m e m e m = m e m = m e m = m = m = m L m i m i m i m m = = = = = = i m i m i m i m e mm i mm = e mm e = e = e = e
i I
A
1 L]
A T R R TR TR PN TR E TR TR TN LT ETENEN TR TP N LN TR TR TR RN FE N ETE TR NN TE P E NN E AT R TR PN RN NE TR FE P NE NN TR T TE N E NS TR N TS TETYECET TSN TS TE NS E N TN TR RN NSRS NPT AT W
LI - PP T - T T - O O T O N O R - T N O - T T YO O T YO YO O T YO O - T YO N O - YO YO - T T YO O T YO YO - O - O - T T YO - Y- O RO P O YO - T - YO - T O YO R - O YO - - YO Y- YO YO - - YO - Y- YO Y- - YO - YO YO - - O - - - P
A
1 L]
A B B B B R LR P B B B T e T B e B e B e T B B B B e P T B L B P e B B P T B B B BB e B B BB T B B T B T B B e B B B T B R Ly
-:'1-'1-' *TET PP PFPFRETP PP PR PPN TP AR PP TP AR PP PR PP RTTPPFP TP RN RPPTFTFRTTP PP PR PR RPTRPFPTFT R ERRPPPPFPTFFPRPTTPPFPTFRRPTPFRTFERRPTPFPPFP PR RPTPFTFFPRPTPF RN PF RN P PR RPPPFPTFERRPTPFP TR PRFRTRTERRPTPRTRERRPTPRRRRERPTRREEE 2 0
u L]
A gl gl ol gl o e ol e oy e gl ol g e o gy ey ol gy o g ol e gl e ey ol gy oy e gl el gl e g ol o gy e e e g o g ol e gl e g ol g oy e e gl e g ol o gy el e gl g g e gl e gl g oy ey e gl gl o gy oy e gl e g gy oy e e g e
-"l*'-‘ - T T W T T WM W T T OWT W T OT T W T OWM T T OWM T OT T OWM T OWT WM T WM T OT T T OWT T OT T WM T OWM T OT T OWM T T WM T OWT T OT T W T OT T OT WM WM T T WM T OWM WM OT T WM T OT WM T OWT WM T OT W T OT T OT T WM T OT WM OT WM T OT T WM T OT WM T OT W T OT WM T OT T OT T OWM T T OWMT T OWT WM T OT WM T OT WM T OT WM T OT WM T OT WM OT T OWMT T OT WM T OT WM T OT W T OT WM T OT WM T OT WM T T OWMT T OT WM WM OT WM T OWT WM T T W™ W™ W
]
1 L]
1 IR R R NN ENEREENEEREAEE RN R ERENEERERERREEEREEEERRNEEREEEE R RRREEREERERRRENERERENEENERERENERENEREREEEEREEEER SR ERERENENENERERREENEEREEEREREEEREEENERNENREREERERNENEERREEEEEEEEERNERNRRENNENSHENERERHJEH:NHNESRHJEJ.EJEEBRJ:SENSEH;.Y)
hoaa
-. . 3 3
' 3 ol
[ i el i e e e e ol e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e A I.L'-
- - - E
o l"'“
A " i‘;‘
' * Tty ’
-. —.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.:.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.'.
P e "j
L e
A " .
] [ ] "
-.. )
= o T g T g e o T g e g e g e g g T T T T T T g T T T T T T T T g M M N T T T LR TR i P R T TR R i P
-. -
[l
- A A A R A R R A R R R A A A A A A A A A A
11
W T .
-. -
[l
- Y EE R T AT EF AT RN P TR RT EF RV FT AT RN RF LY R AV F TR Y RN R T A Y RN EF RV R R Y RFT R AP R TR Y FT R Y R R PR F P R R Y R T R F LY R AV R T R T FT R TRV TR Y RN R YR Y R T R PRV R R YR T R AT R TRV FF R Y RV R T A Y F P R YR YR T R T AT R T A YR AR RN R B W .
LI LYY YO T " O N YO N YO YO "N YOO T YO "YU TN OO YUY YO O YUY YN YO N YO YO O YO YO "N YOO YUY YO YOO YO YO N YO NN YO N YO NN YOO "YU " YO N YOO N OO T YUY N YO N O O YO YO NN YOO YN YO OO YO N YO NN "YU N YO YN YO O YOO YUY YOO YOO YUY YN YO NN YO YO RO YO YO NN T YO N YO N "YU O YO YO NN T O YUY YO NN PO O YO YOO TN N PN ] )
[l
-. -‘
]
- - e
Lt TEr T A TR TR TRTAYTYTTRTRRAATY TR RAYT RN R RTAAYT YRR R RNART YN R RAT YN RTRAAYT R R RTAAYT R R YNAY YRR RSN YTNTYT R AR RRAAYT RN R RAAYT R RRAAR TN RN RYRRNSYNRYNRYRNRYNRRNYNRYTRYRRYRRNYTNRNOYTRYNORRNYRNCYTRI T TR RNCDT RN T R RNCT PR R RN PR AR FTF Ry R PP R W R R W Ry ww W Wy
[l
A *
[l
- -‘1*1‘1*1‘1*1‘1*1‘1*1‘1*1‘1*1‘1*1‘1av‘wav‘vaw‘vav‘wav‘1*1‘1*1‘1*1‘1*1‘1av‘w*v‘v"w"v"v"w"1‘1"1"1"1"1"1"1"1"1*1"1"1"1"1"1*1"1"1‘1"1"1"1"1"1"1"1"1*1"1"1"1"1"15‘1"1:‘1-‘1"1"1"1"1"1"1"1"1:‘1-"1"1"1-"1"115‘1"1"1‘1"1"1"1"1"1"1"1"1*1"1"1"1"1"1*1"1"1‘1"1"1"1"1"1"1"1"1*1"1"1"1"1"1*1‘1*1‘1*1‘1*1‘1*1‘1*1‘1*1‘1*1‘1*1‘1*1‘1*1‘1*1‘1*1‘1*1‘1*1‘1*1‘1*1‘1*1‘1*1‘#
-.'ll.'l- W W T W O W T W T WO WO W T WO W OW W T W W W W W T W W W W W T W T WM W T W T W W W T W W W W W T W W W T W T W W W W W T W T WO W T W W W W W T W W W T W T W W WM W T WO WO W T W W W W W T W W W W T W W WO W T WM WM W T W W W W T W W W W T W W WM W T W W WM W T W W WO W T W W WO W T WM WM W W WM W OW W W W s
]
1 »
! gy ey e ke e g ke e e e e ke ey s e ke e e e e e ey ke ey e e ey e e ey ke ke e e ke ey ey e ey ke e e s e e e ey e ey e e e ke e e ke e e e ey ke ke e e ke e e ey ey e ke ey e ey g e ey e e ey e ke e e ke ey e e ey ke ey e e e ke ey e e ey ke e e e e e e e ey ey e e g ke e e e ey e ke ey ey e ey e ey e
]
[l .
-. -‘
h LR R R R R R R N R R R R R R,
o
[l
A *
[l I EE R E N R R R E R E N E N E N E R E R E N E N R E P E R E E E N E R E E E F E N FE N E R N E N E N E F N R E N E N E R R E E E R N  E R R N FE E E F  E R FE N N N E F  FE E E E R E N E F  FE N R E R E R E R E N N E N N  E R FE N N E N E N P R E N F T F R N R R E RN
- . 2
-w
]
1 »
] LN S Sl G S Rl A S R S i S Gl G S e R S A R G G S S R S R Al S S S R e S i G R R G e e R Al S A S S R W R Sl S G Al R Gl S i A S R S R S S i e Y
it
[l
L]
B B B b e e B e b e e e b e e e e e b e e b e B b e e e e e e b e e e e e e e e b e e b e e e e e e e e b e B b e e e e e e e b e b e e b b b b e b b b b b b b b b b b b b e e b b b b b b b b b b e b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b e b b e e b
"" T " 1T * ¥ 1T 1" *" 7" 1T TT*TTTTTT T """ """ TT " TTT"TT T T TTTT T T T """ """ TT " "TTTTT T TT T TTT """ T TT"TT " T TTTTTTT T TTT TTTTTTTTTT T T T T T TT T TT T """ """ T T T 7T 1" T T T *TTTTTTTT T T T T TTTTTTTTTTTTTTTTT T TTTTTTTT"TTTTTT T """
L]
Ry ey ey ey g ey e e ey e ey ey g ey e o ey g ey o ey oy ey e oy o ey e ey ey e ey oy g g e e e ol ey g e o ey eyl g e o ey g ey ey g ey e e ey oy g ey e gy ey o ey e g e ey g e g ey g e ey g ey e ey ey e e oy g ey e ey ey o g ey g ey e o g eyl g e g ey g ey ey g ey e e ey oy g ey ey g ey ey o eyl g ey ey g e ey e e
o e e e e e e T
L]
AR R R R REERELERLERELELERELELEERELEEEREL LR R LR L EEEELEREELEEREEEEELEEEEEEREEEEEEELEEREEEEERLEEELEELEEEELEEEREREELERLERLELEEEELERELEEEEEEEELEEERLERLENELEREELELEEEEEEEELEEELEEEEEEEELLEEELEERELELEEELEREENLEEENLRR.]
L
L]
;l-----l-----l-----l-----l-----l-----l---l--l-----------l---l--l---l--l-----l-----l---l--l-l--l--l--l--l--l--l--l--l--l--l--l----l--l---l--l-l--l--l--l--l--l--l----l-----l-----l-----------------------‘
i

|‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1-'1-‘1-'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1-‘1-'1-‘1-'1-‘1-'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘1'1‘J

L]
*

L s s s s s s s s s s s s s s s s iErfE;-

L]
A R R S A R L L AR

il

T+

e M M e e e mmes et o

o~

‘i’:’l-l-l-l-i-l-l-i-l-l-l-l-l-i-l-l-l-l-l-h-l-l-h-l-l-l-l-l-h-l-l-l-l-l-l-l-l-h-l-l-l-l-l-h-Iu-lu-lu-Iu-lu-lu-Iu-lu-lu-Iu-lu-lu-Iu-lu-lu-Iu-lu-lu-lu-lu-lu-Iu-lu-lu-Iu-lu-lu-Iu-lu-lu-l-l-h-l-l-l-I.-I.-I.-Iu-lu-lu-I.-I.-I.-I.-I.-I--Iu-lu-lu-I.-I.-I.-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-i-l-l-l-I.-I.-I.-I.-I.-I.-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-z-l- - -'. “3

L L L e R L L L L

- Ll [

=
h *
L e .
Byl « v " W w w omp onp ey wy ow omy g np o ny s Ny N S NR W N M N SR NR N N S Np S NY N N p DY S NR S NY Np NR SR NY N N N DR SR NY N N N DR S NR N N N NP SR NY N N R DR S NY N N Sp NE S NY N N Bp NE S NY N N B DR S NY N N R DR S NY N NY Bp DR SR NY N N Np NR SR NY N N MR NR SR NY N N R DR S NY N MY Np DR SR NY N N Np NP S NY N NE Np DY SR NY N N Np DR SR NY N N Np DR SR NY N N Np DR S NY N N N DR S NY W N N N SNy oW oM oMM oMo oW oN g g

]

L
gy e gy e ey e g e ey g e e g g o e gl ey g e g o e e g e e e e e e e

L Tt Tl T Tt Tl i T Y Tt Tt T T Tt et Tt Tt T e Tt Pl T T at Tt Tt Tt T i T ! Tl o i T Tt ot Tt T T Tt Pl Pt Pl ot Pl i Tt T T T ot Tt o E o T T e i T Tt ot Pt ot e e s T o Pt Pl i Pl Pl ot

*

L]
I""'f"""'@'f""""""'f"'f'f""'""""""'f""'f'"f'f""'"""'""""f"'f'f""""""'""'f""'f""'f"'@""f""'f"!

-y
L]
*

]
e e e e e e e e e o i e i e e o e e e e e e e e e e e e e e ol e e e e e e e e ol e e e e e e e e ol e e e e e e e e e e e e e e e e ol e e e e B e e e e e e e ol e e B e e e e e o e e e e e e e e e e e e e e e e e e e e e B e e e e e e e e e e e e e e e e e e e e B e e e e e e e e e e ol e e e e e e e i e e e e e e e ol e e i e B e e B O

L T FFFFFFFFFFFFFFTFFFYFFFTFFFTFFFTFFFTFFFTFFFTFFFTFFFTYFFFTYFFFYFFFTYFFFTFFFYFFPTYFFFTFFFTYFFTFFFTYFFFTFFFTFFFTYFFTYFFTFFFTYFFTYFFTYFFTYFFTYFFFTYFFFTYFFFYFFFYFFFFFFFFFFFFFFFFFRFFFPFFFRFFFRFF PR RFRFFFRFFFRFFRFRFFFRFFRFRFFRFFRFEFTFFTE Y YT

L]
o

L -
*
]
L
.
L

. ] L] . 1 ' L]
rL-LiL-L-L-L-L-L-L-L-L-L-L-L-L-L-L-LlL-L-L-L-L-L-L-L-L-L-L-L-L-L-,_-,_-,_-._-,_-,_-L-L-L-L-L-L-L-L-L-L-L-L-._l.,_-,_-,_-,_-,_-._-,_-,_-._-,_-,_-L-L-L-L-L-L-L-L-L-L-L-L-._-,_-,_-,_-,_-,_-L-L-L-LLL-L-L-L-L-L-L-L-._-,_-,_-._-,_-,_-._-,_.,_-L-L-L-L-L-L-L-L-L-lnl_-l_-._-,_-,_-._l,_-,_-L-L-L-L-L-L-L-L-L-L-L-L-._-,_d,_-._-L-L-L-L-L-L-L-L-L-L-L-L-L-L-L-L-L-L-L-L-L-L-L-L-L-L-L-L-L-L-Lﬂ

'
4
4

Y T e Sy &

o5 o4 2 ) ™ s o e g ol £

N - -.e---- s !:.':;; » {:':‘ q:j

WA ONRERLY S8

[

3



WA I

PR PR JespIoN A POLHPGIG MINSSBIg

P AN R4 B 9L L ZEE

US 10,337,674 B2

P S PE

53

Sheet 24 of 32
X
\'k
b¢
<5
o
&
1 A BOIDGIG RINSRBL

3

% Ks ¥ & __ S E -

N
o

f

Jul. 2, 2019
"h‘h
-ag

3
»
%
%
o
BAR OPOR LMY B

3
=
3

| 4912

U.S. Patent



U.S. Patent Jul. 2, 2019 Sheet 25 of 32 US 10,337,674 B2

w o Qe P

FIG. 24

Natve Linearization NotLonverged ==~~~
Prassure Predicted by Nonlinear Model, BPa

P
%

‘q "*ﬁﬂﬁ “kf

o o o N o i
243 TIRDOR IPRUT SN A DRINEIIZ WINERNY



US 10,337,674 B2

Sheet 26 of 32

Jul. 2, 2019

U.S. Patent

l-l-

“. :j". ";
¥ -::'
¥

em i)

e
i‘;‘

SR
R
<

GZ "D



9¢ Old

oA RO DSOS .;..]zw BRI RS P A BT S

Gy 57 L 97 5 p7 L% 27 L Z 54

US 10,337,674 B2

L

T
-
»

i

k4

L ]

L e i e e e e e R T T e T T T T T A T e e i T T e A e il T i T e i A T e e o e e e e e e T e i e i e e e e A e A T e e i i i i i e e e e e T T T e T T A T e e e e e A T e e e e S T T e e e e e e e e il e @ Ml

L] L] L} - 4 - 4 | ] - .

i+ [ | L] L} - + F

o » ' - i | - a [ . o

v 3

- F

v F

-

“. e

-

[ ] .

-

L]

- F

* .

-

[ ]

-

¥ 3

-

[ ] .

-

: Lo

SR AR P A RN BA R RE SRR R TR HAR R I T N R R R R . L L T I R O R R R N X I A N o L O R RN I N R AR I W R - am 0w - C IR B R B A R - L T N R N R N ] - -

3 o r M_._}.r

" - r

- L |

» . .

in - r

- L | [

. E '

] a

) Y r

il L] F

') r r

A .

. .ﬂ...-w_ i r

. ..l- - r

- L] 3

) .ﬂ r

- F

* _-_.._-..-. : :

* ". - r .-..l....l.-

: . g

LN .-_-.- . I.l.". “.

- L . %

”u - ......'3__'.1 .-l. r -

A e . ; ot

* -4 ....__w\ ! r

' "& . i o

.

L] 'l 1 .

il - - F

o “ ‘I -..

[ ] - [}

- . . F

“. H._.l.lf “__l._l.. - . ..-"_. -

' u.....' L . rF

- L ﬁﬂ. -

. . . '

- L - - L]
S ’ o % T . d r
0 ”u -.- - - -..

. o ! r #

.

-h.__..__ -~ .-.. .__..._-.

.
* P ety .1-. ; r I.-n. H.v...i“-.
" rl.h [ ] . - -
) ' r F
n . X . W - .
ry. oy o : :
- = .-.I_l = r
- r b *
._r..-... . . r
o, at - . r
LA - ; v
.-in ' -y ) ¥
L a L | | ] -
~ X i v
-.._..__.. i - r
-. "- ‘I '-
F
&
F
F
F
F
F
F
q-

Jul. 2, 2019

U.S. Patent

L] ¥ .
L .-.
"IF'
“._'
'.

i -l-l -l-.l‘lll l‘l." -l-l -l-l -l-.l‘lll ‘I -l-l -l-ll-I-I -l-.l‘lll "I.'I *I.'I -l-ll‘lll -‘.“l-l -l-l -l-l ‘I -l-l -I-Il‘lll ‘I.'I -l-l -l-l -l-l -l-l "I.'I -l-.l‘l-

> P

..1-. “

aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa

. L ] ‘I -l-l -l-l -l-l -I-I ‘I.'I -II -l-l *I.'I "I.'I -I-I.‘lll *I.‘I -l-l -l-l -I-I -l-l -l-ll-I-I -l-.l‘lll "I.'I -l-ll-I-I -l-ll‘lll "I.'I ‘:'I "I.'I -I-I.‘lll *I.'I -l-.l‘lll -I-I.‘lll "I.'I -l-.l‘lll "I.'l..l -I-I -l-l -l-l "I.'I *I.'I "I.'I

l.-_._.l-._..1-._..1-._..-.-.__.1-._..-.-._..1-.__.11..._..1-._..1-._..1-._..1-.__.1-._..-.1__.11_..1-....-.1_..-_-___.1-___.1-___.11_..-.-....1-....-.-....1-....-___.-_-___.1-.

L LIGHTAEE ) JOOWY LG SRUNGYY 8T BAMILY o

i UOHOID

e
tin
-tul"
2 &

x|
o
%
A2
ety
]

+*

+

]

T R

o o , v
..... " 1]

L]
i"”"'".'.'.'.'."'"'"'"'"'"'"'"'"'"'"'"'"'"':'"'"'"'"'"‘"'"'"'"'"'"'"'".'"'"'"'"'"'"'"'"'"'"'"'"'"'"'"'"'"'"'"'"'"'"'"'"'"'"'"E'"'"'"'"'"'"'"'"'""."""""""""""I

nazoury 161§ o UORMPAY JNSEDIY

Tl

T
Fa LR
1.-
_-.-l... II.-.

5
]

Tl TR, LA AT A, A

¥
L]

AL

l. 'I"l "..'I'. [ ] "‘i..‘ L]

4
d

-
LEREREENEEEERRENRNEN) -|-_-|--i|-_-|I LEREEE LSRR RERELELERREREEEEEERERRERENLN.

T T T L L P R P T e LT L
»
»

T R

L)
L]

L N R
_-|I ER R R R L R R N

l.'. .J.Lll..'lll.l"l..‘ l.'| ! .'l
L
L]

L TR L

T
F

gl by Ry,

W

1..1._4.



U.S. Patent Jul. 2, 2019 Sheet 28 of 32 US 10,337,674 B2

it L R T T T R g g:.
¥ . . . . M » » .

L] L]
- ¥ I - -
b & » u u * -

h:;r.llr

" FEFNFFFEFFFF:
'

et e e e e e
- '-.-.-* r-*---*

5t i

LN NUE LN
]
nr -'-*-.-* .*-.-r- -

-
Ty rrryrErrrTrTrrrrsrrrrre Fo

'
L}

A At
e et FR

r oy .

:
!

-
Z

rr
-

a gy a pmya

-
L |
L)
-Il"'
-
L |
L |

%

L
L

.
4
L
4

2.5

o
T

N
‘.*.-.

4
a gy s 3y apa ry

4
K

K
4 []
TR F YT FFYYFFYRYT YN FYYYNYRNYFFYFNYRYTFYFYRYYFFYYYFRNRYFYRNYNYRNFYFYCY YN NYFPFRYYY SN PFYSRYPYFYRYFYRYRYTERTRY

2.5
icted by Nondinesy Mugel, MP

FIG. 27

[ ]
-, -

b gk

3
el I

‘..

1
T

4
4
4

4
4
-

s aax s g

Fa
L]
re Ty

"y s gy apa

" "
- 4

e

TeRse ¥

Pressurs Pragdiction from Nalve Linegrization

ettt e e e et e e e e e e e e e e e e et e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e r'_-!' letrlet et el e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

r
rp s - poroy -

-
.'.

r

. '
o . . et
L. ., . ey
'w .‘a : L - v
- 2 .ﬂ:":_g

]
O
B
:q- #‘.
I. .
L |
"

B R O B R A E A BE T R B o BE - R B FE R B B -E R R FEE B R -E R BEEE A EEF o h ok B BEOFEF B 4R RS v Bl B B or B EEE HEE B B R EEREF R E B BEorEFEE AR FE R R 2R EEER- B PR I MO N N N NN N A N l-'--r

T

#
o
&
&
#
T

" ¥ 4 . M ."I.'i-
. . . . . ' . N . ..
* ' i r, a N " r N -
. ‘ﬁiﬁ‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘ﬁ-ﬁ‘ﬁ‘ﬁ‘_'l“'I"I"I“'I"I‘_'I-'I“'I"I“'I-.'I"I"I“'I‘_'I"I-.'I"I“'I"‘_'I"I-.'I‘_'I“'I"I"I"I"I‘_'I-'I"I-'I“'I"I‘_'I"I“.-_'I“\“'I"I“'I"I‘_'I"I-.'I‘_'I"I"I-'I"I-.'I‘_'I"I‘."I‘\‘\‘1‘\‘\‘\‘\‘H‘H‘H‘H‘H‘ﬁ‘ﬁ‘ﬁ‘\ ‘ﬁ‘ﬁ‘ﬁ‘ﬁ-ﬁ‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘_\‘\'ﬁ‘_'l"l"l‘_'l“'I“'I‘_'I"I“'I‘_'I"I“'I"I"I-.'I‘_'I-.'I"I‘_'I"I"I‘_'I"I“'I-_'I"I“'I‘_'I"I“'I‘_'I"I"I‘_'I""I‘_'I"I-.'I‘_'I-.'I“'I‘_'I"I-.'I‘_'I"I“'I‘_'I"I"I‘_'I""I‘_'I‘ﬁ‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘\‘ﬁ‘ .l

b

¥
| e

x5 5 s 15 35 ¥ 50 O e 4 55

-
* - u - »

& O o4 Y £ 23 o~ e o o
o418 BDOI SEBUI BMEN AQ DEIOIDHI RUNGSEIL



US 10,337,674 B2

Sheet 29 of 32

Jul. 2, 2019

U.S. Patent

8¢ Ol




US 10,337,674 B2

Sheet 30 of 32

Jul. 2, 2019

U.S. Patent

6¢ i

oA CHRDOW JBOURUNIN AL DOIIDEL SINRESI
¥ G5 G Gy ¥ &'e 7 A z

bbbl bbb AR R R RRERERE R R RRRRERRRERRRERRERRERERRREN AR ERE LR L AR ERRE R R R b bR bR LR ER R AR RRRERRERERE SRR LR Rl

= ] ] [ ] L] T L
r A . i [ " 'y ! * * .
r ] - - T [ »
-
¥ . . . . . . . . . . . .
Bk A 11r.lrrr-ltlrilr-rlrlmrir-l?lrﬁlr.rl.rl-.r.__r.l.__l.rnl.._..rl.rll.r.__.r.l.rl.rkl.__-.rl.rln.r.l.r-l.rl.r..l.__l.rll.__..rl.r.l.r.__.rnl.._..rl.rl...r.r.r.l.r.__.r..l.__-.rl.r._...rl.rul.r.._.r.lrlrntr.rlrlkrbr.ltlrlrl.r.r.ltrI\|r . b e
¥ L
a
" -
+
r - 1
L] L]
L] -
o - 1
.
. a
3 ° r
L] at
o .
. i
n
r -
F . 1 -
- [ ]
r ) .
' = a
- '
' ]
L]
»
[ - -
r . -
3 + L |
-
F , -
e . - .,
¥ -
' - .
- L ]
]
k *
: ; :
' -
'
»
F - ]
r ) -
-
: : :
o 3
a
.
k - -
4
[ -
n
. 4
¥ .
' '
- -
[
r -
r - v
F * L]
3
r . - .
- . o L] - .
: : :
+
- a
[
¥ ]
' n .
Ly L ]
]
3 -
F . ]
r L]
- L]
r -
r - M
r - -
A
: : :
o *
. .
3 - L |
[ -
-
" [ ]
3 -
L] - a
[
r - -
* )
L - T
F - L]
-
3 ]
[ L]
¥ '
3 ]
[ -
L ]
r .
[ .
L ]
r -
F ]
r .
k a
L] ]
r )
3 ]
L] +
[ ]
r *
| B ' oy
" .
-
F ] *
-
) )
-
i *
L |
-
-
. -
+
) -
- -
-
»
' L]
[ ]
»
-
. -
-
)
-
- - *
. L]
r 1 - -
+
3 L | .
F - .
[ ] “ .oy
H . -
L ] *
3 ) .
] -
¥ L] *
- . -
- X
r - -
- . \ -
H . . . .
- .
- -
. .
r A . M .
F 1 -
3 -~ -
F |‘_ - .
- .o -
" a - . -
-
" r L
- - L ]
] - »
" . . - -
- ]
-
r * .- - .
-
1
" - -i..- a -
. -
r - 1 . . -
e .-l__I.-..—. L I N R T I T T i B S e A I R I A A R I . T I R B T T T R T o O e O e R e e T I T T T R A e A T T T R L A A O I T I R T T e A e A K T B it I T i S A N I R e
-
. a
r . -
r [
' 4 L]
' * *
o l.-..- -
. £l
3 r .
_-_I.-. .
. .
r . .
F L
) *
r - »
" » -
- -
-
r L .
. a
r .n »
1
. .
H . +
o W -
- -
k -
- - 4 a4 &
K r e
1I *
. »
k L] .
r a -
' e *
' »
' . *
‘" -
r . -
F ._..l .
' ..__..._...__...__..__...._..__...__...._...__.._....__...__...__...._..i.._....__..__..._...._...__..__...._..__..._.' L]
L -
r . . L) "
] M L] .
r - | Ll B o B e B ] A
r v . ' .r .
3 L] .
F . L] "
. §o3 B2ITLY s +
r - l.__-._-.._.m . L M
r ¥ N L 3
. .
LR i W I Y
L [ i e T L e e L e e e e e e e e -
L] - - = - 4 - »
. ] ] [ » ] - . &
r» N = . . . . 4 1 »
- ] ] [ L) [] - . -
. . . b . . M . .
T I m,mm T T T T T Ty T T, T T T T T T T T T T T T T T T T T T T T T T T T T

UDHBEZLRBUL SAIEN B UOHOINDId RINSEDIY

% F F F F FrF Fr FiFrFirFirbFreFrrgegerpgFpr

Fr * F & FFFrFFEFS¥* FSFFFFFPSs§FPSdFFPFFFFS FFrSs Fd FEFFEREFEFSYFSFY S FFFFRSsFEFFEFEFSFEFEFREFFRFEFSF

£

Biirled SININERIM

AP

<
2N

u

3 X
ot
G SEBLT B4

?.‘i

4
L)
‘

B

W

"



U.S. Patent Jul. 2, 2019 Sheet 31 of 32 US 10,337,674 B2

FiG. 30




US 10,337,674 B2

Sheet 32 of 32

Jul. 2, 2019

U.S. Patent

SHIBLIBIS
J04HU0D 8inssaid
pUB {01100 MOJ}

AQ panieoal siuodleg

welbosd jesury

poylaw s,ensyia m
Bujsn yaeib peyybiom |«
..Qﬁmm;mmtocm m

uonezuesul
saenbs jses7

poyIoL
UODBSIG SI0MION

LE

Ol

UOHNIOS MO}} dIomisu
04} poultuIslap sjuiodles
DAIBNAa) SIUBWBIS ~ GOLS

lei3igiiels
MO
O} Spunog so.ie uoioipald
a.Nssaid pue uonezZiesul
dosp ainssasd s} - $OLE

SpouU YJomisu
YOBRS 10} 1048 uonapseid
3.nsssid punoyg - £01€

a1l Moy} paubis wnwxXew
PUE WINWHUILL U0
paseq uswibes suyedid
yora 10} giysuoneas doip
8.NSSo0 JO UOHBZIiEeaUy
21eINoED - 201E

wowbas
auachd yors 40} 81
Moy} paubis winwixews pue
LWNWIUI 8JejnofeD) - LOLE




US 10,337,674 B2

1

CONTROL SYSTEM IN A GAS PIPELINE
NETWORK TO SATISFKFY PRESSURE
CONSTRAINTS

CROSS REFERENCE TO RELATED
APPLICATIONS

This application 1s a continuation of, and claims the
priority of, U.S. patent application Ser. No. 15/490,268 filed
Apr. 18, 2017 (now i1ssued as U.S. Pat. No. 9,897,259),

which 1s incorporated by reference herein in its entirety.

FIELD OF THE INVENTION

The 1mvention relates to the control of gas pipeline net-
works for the production, transmission, and distribution of a
gas.

BRIEF SUMMARY OF THE INVENTION

The present mvention mvolves a system and method for
controlling flow of gas 1n a gas pipeline network. The gas
pipeline network includes a gas production plant, a gas
receipt facility of a customer, a plurality of pipeline seg-
ments, a plurality of network nodes, and a plurality of
control elements. Flow of gas within each of the plurality of
pipeline segments 1s associated with a direction, the direc-
tion being associated with a positive sign or a negative sign.
The system also 1includes one or more controllers and one or
more processors. A minimum signed flow rate and a maxi-
mum signed flow rate 1s calculated for each pipeline seg-
ment. The mimmum signed flow rate constitutes a lower
bound for flow 1n each pipeline segment and the maximum
signed tlow rate constitutes an upper bound for flow 1n each
pipeline segment. A nonlinear pressure drop relationship 1s
linearized within the lower bound for the flow and the upper
bound for the tlow to create a linear pressure drop model for
cach pipeline segment. A network flow solution 1s calcu-
lated, using the linear pressure drop model. The network
flow solution includes flow rates for each of the plurality of
pipeline segments to satisify demand constraints and pres-
sures for each of the plurality of network nodes to satisly
pressure constraints. A lower bound on the pressure con-
straint comprises a minimum delivery pressure and an upper
bound on the pressure constraint comprises a maximum
operating pressure ol the pipeline. The network flow solu-
tion 1s associated with control element setpoints. The con-
troller(s) receives data describing the control element set-
points and controls at least some of the plurality of control
clements using the data describing the control element
setpoints.

In some embodiments, the processor 1s further configured
to calculate the minimum signed tlow rate and the maximum
signed flow rate by: bisecting an undirected graph repre-
senting the gas pipeline network using at least one of the
plurality of pipeline segments to create a left subgraph and
right subgraph; calculating a minimum undersupply in the
left subgraph by subtracting a sum of demand rates for each
of the gas receipt facilities 1n the left subgraph from a sum
of minmimum production rates for each of the gas production
plants in the left subgraph; calculating a minimum unmet
demand in the right subgraph by subtracting a sum of
maximum production rates for each of the gas production
plants 1n the right subgraph from a sum of demand rates for
cach of the gas receipt facilities 1 the right subgraph;
calculating the minimum signed flow rate for at least one of
the pipeline segments as a maximum of a minimum under-
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supply 1n the left subgraph and a minimum unmet demand
in the right subgraph; calculating a maximum oversupply 1n
the left subgraph by subtracting the sum of the demand rates
for each of the gas receipt facilities 1n the left subgraph from
the sum of the maximum production rates for each of the gas
production plants in the left subgraph; calculating a maxi-
mum unmet demand 1n the right subgraph by subtracting a
sum of the minimum production rates for each of the gas
production plants in the right subgraph from the sum of the
demand rates for each of the gas receipt facilities 1n the right
subgraph; and calculating the maximum signed flow rate for
at least one of the pipeline segments as a minimum of a
maximum oversupply 1n the left subgraph and a maximum
unmet demand 1n the right subgraph.

In some embodiments, an error 1n pressure prediction for
cach of the plurality of network nodes 1s bounded and the
bounds are used to ensure that the network tlow solution
produced using the linearized pressure drop model satisfies
pressure constraints when a nonlinear pressure drop model
1s used.

In other embodiments, the error 1n pressure prediction for
cach of the plurality of network nodes 1s calculated as an
upper bound on an absolute error associated with a reference
node plus a shortest path distance between the network node
and the reference node, and a distance between the network
node and the reference node 1s a sum of the maximum
squared pressure drop prediction error over edges 1n a path
between the network node and a reference node.

In some embodiments, the linear pressure drop model for
one of the pipeline segments 1s a least-squares fit of the
nonlinear pressure drop relationship within a minimum and
a maximum tlow range for the segment.

In some embodiments, a slope-intercept model 1s used 11
the allowable flow range does not include a zero flow
condition and a slope-only model 1s used 1f the allowable
flow range does include a zero tlow condition.

In some embodiments, a linear program 1s used to create
the network flow solution.

In some embodiments, the control element comprises a
stcam methane reformer plant.

The tflow control element may comprise an air separation
unit; a compressor system; and/or a valve.

BACKGROUND

(Gas pipeline networks have tremendous economic impor-
tance. As of September 2016, there were more than 2,700,
000 km of natural gas pipelines and more than 4,500 km of
hydrogen pipelines worldwide. In the United States in 2015,
natural gas delivered by pipeline networks accounted for
29% of total primary energy consumption in the country.
Due to the great importance of gas pipelines worldwide,
there have been attempts to develop methods for calculating
network flow solutions for gas pipeline networks. Some
solutions involve formulating the problem as a nonconvex,
nonlinear program. However, such methods cannot eflec-
tively scale for large gas pipeline networks. Other
approaches mvolve stipulating 1n advance the direction of
the flow 1n each pipeline segment. This approach has the
advantage of reducing the complexity of the optimization
problem.

However, not allowing for flow reversals severely
restricts the practical application. Still other approaches
formulate the solution as a mixed-integer linear program.
However, constructing eflicient mixed-integer linear pro-
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gram formulations 1s a significant task as certain attributes
can significantly reduce the solver eflectiveness.

BRIEF DESCRIPTION OF THE DRAWINGS

The foregoing summary, as well as the following detailed
description of embodiments of the imnvention, will be better
understood when read in conjunction with the appended
drawings of an exemplary embodiment. It should be under-
stood, however, that the invention 1s not limited to the
precise arrangements and istrumentalities shown.

In the drawings:

FIG. 1A illustrates an exemplary gas pipeline network.

FIG. 1B 1llustrates an exemplary processing unit in accor-
dance with an exemplary embodiment of the present inven-
tion.

FIG. 2 shows the typical range of Reynolds numbers and
friction factors for gas pipeline networks.

FI1G. 3 shows the nonlinearity of the relationship between
flow and pressure drop.

FIG. 4 represents an example pipeline network for illus-
trating method for bounding flow rates 1n pipe segments.

FIG. 5 1s a first example illustrating the bisection method
for bounding flows 1n pipes.

FIG. 6 1s a second example of the bisection method for
bounding flows 1n pipes.

FIG. 7 1s a third example 1llustrating the network bisection
method.

FIG. 8 shows a comparison of the computation times for
two different methods for bounding flow in pipe segments.

FIG. 9 depicts a pipeline network which 1s used to
illustrate how pressure prediction errors are calculated for
cach network node.

FIG. 10 illustrates i1dentifying the maximum error in
predicted pressure drop for each pipe segment.

FIG. 11 shows propagating pressure prediction errors
from the reference node to all other nodes 1n the network.

FI1G. 12 1illustrates the flow network for example 1.

FIG. 13 shows bounds on the signed flow rate for each
pipeline segment for example 1.

FIG. 14 1llustrates linearizing the pressure drop relation-
ship between the minimum and maximum signed flow rate
for each pipe segment.

FI1G. 15 shows the directions of flows for the network flow
solution for example 1.

FIG. 16 shows pressures for each node in the pipeline
network, as predicted by the linear and nonlinear model for
the network flow solution for example 1.

FI1G. 17 1s a diagram showing that the pressure predictions
of the tight linear model agree well with those of the
nonlinear model, and that lower bounds on pressure for
customer nodes are satisfied.

FIG. 18 shows the pressure predictions from a naive
linearization for example 1.

FIG. 19 1s an unsigned graph representing the pipeline
network for example 2.

FIG. 20 shows bounds on the signed flow rate for each
pipe segment 1n example 2.

FI1G. 21 shows the directions of flows 1n pipe segments for
the network flow solution of example 2.

FI1G. 22 shows the agreement between the pressures of the
network flow solution, and those calculated from the flow
rates of the network flow solution using a nonlinear model,
for example 2.

FIG. 23 shows the agreement between the linearized
model and the nonlinear model, as well as bounds on the
error of the linear model, for example 2.
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FIG. 24 shows that the pressure predictions resulting from
a naive linearization do not match the pressure estimates

produced by a nonlinear model.

FIG. 25 1s an undirected graph representing the pipeline
network of example 3.

FIG. 26 shows the agreement between the linearized
model and the nonlinear model, as well as bounds on the
error of the linear model, for example 3.

FIG. 27 shows that the pressure predictions resulting from
a naive linearization do not match the pressure estimates
produced by a nonlinear model, for example 3.

FIG. 28 1s an undirected graph representing the pipeline
network for example 4.

FIG. 29 shows that the tlows from a network flow solution
produced using a naive linearization would actually violate
pressure bounds when pressures are calculated using the
nonlinear model, for example 4.

FIG. 30 1s an undirected graph representing the pipeline
network of example 5.

FIG. 31 1s a flowchart for a preferred embodiment of the
ivention.

(L]

DETAILED DESCRIPTION OF TH.
EXEMPLARY EMBODIMENTS

The invention relates to the control of gas pipeline net-
works for the production, transmission, and distribution of a
gas. Examples of gas pipeline networks include 1) natural
gas gathering, transmission, and distribution pipeline net-
works; 2) pipeline networks for the production, transmis-
sion, and distribution of hydrogen, carbon monoxide, or
syngas; 3) pipeline networks for the production, transmis-
sion, and distribution of an atmospheric gas.

In gas pipeline networks, flow through the network 1s
driven by pressure gradients wherein gas tlows from higher
pressure regions to lower pressure regions. As a gas travels
through a pipeline network, the pressure decreases due to
frictional losses. The greater the flow of gas through a
particular pipeline segment, the greater the pressure drop
through that segment.

Gas pipeline networks have certain constraints on the
pressure of the gas within the network. These include lower
bounds on the pressure of a gas delivered to a customer, and
upper bounds on the pressure of a gas flowing through a
pipeline. It 1s desirable for the operator of a gas pipeline
network to meet pressure constraints. If upper limits on
pressure are not satisfied, vent valves may open to release
gas Irom the network to the atmosphere. If lower bounds on
the pressure of gas supplied to a customer are not met, there
may be contractual penalties for the operator of the gas
pipeline network.

To meet constraints on flows delivered to customers, and
pressures within the network, gas pipeline networks include
control elements which are operable to regulate pressure and
flow. FIG. 1A illustrates an exemplary hydrogen gas pipeline
network. This exemplary network illustrates at least certain
of the physical elements that are controlled 1n accordance
with embodiments of the present invention. Flow control
clements are operable to receive setpoints for the flow or
pressure ol gas at a certain location in the network, and use
teedback control to approximately meet the setpoint. Thus,
control elements 1include pressure control elements 101 and
flow control elements 102a, 10254.

Industrial gas production plants associated with a gas
pipeline network are control elements, because they are
operable to regulate the pressure and tlow of gas supplied
into the network. Examples of industrial gas production
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plants include steam methane reformer plants 103 for the
production of hydrogen, carbon monoxide, and/or syngas;
and air separation units for the production of oxygen,
nitrogen, and/or argon. These plants typically are equipped
with a distributed control system and/or model predictive
controller which 1s operable to regulate the tlow of feedgas
into the production plant and the flow and/or pressure of
product gas supplied to the gas pipeline network.

Natural gas receipt points are control elements, because
they include a system of valves and/or compressors to
regulate the flow of natural gas into the natural gas pipeline
network. Natural gas delivery points are control elements,
because they include a system of valves and/or compressors
to regulate the flow of natural gas out of the natural gas
pipeline network.

(Gas compressor stations 104a, 1045 are control elements,
because they are operable to increase the pressure and
regulate the flow of natural gas within a natural gas pipeline
network.

Industrial gas customer receipt points 105 are control
clements, because they are operable to receive a setpoint to
regulate the tlow and/or pressure of an industrial gas deliv-
ered to a customer.

In order to operate a gas pipeline network, it 1s desirable
to provide setpoints to flow control elements in such a
fashion that customer demand constraints and pressure con-
straints are satisfied simultaneously. To ensure that setpoints
for flow control elements will result 1n satisfying demand
and pressure constraints, 1t 15 necessary to calculate simul-
taneously the flows for each gas pipeline segment and gas
pressures at network nodes. As described herein, 1 an
exemplary embodiment, a network flow solution includes
numerical values of flows for each pipeline segment and
pressures for each pipeline junction that are: 1) self-consis-
tent (1n that laws of mass and momentum are satisfied), 2)
satisty customer demand constraints, and 3) satisty pressure
constraints.

The network flow solution may be determined using
processing unit 110, an example of which 1s 1llustrated in
FIG. 1B. Processing unit 110 may be a server, or a series of
servers, or form part of a server. Processing unit 110
comprises hardware, as described more fully herein, that 1s
used 1n connection with executing software/computer pro-
gramming code (1.e., computer readable imstructions) to
carry out the steps of the methods described herein. Pro-
cessing unit 110 includes one or more processors 111.
Processor 111 may be any type of processor, including but
not limited to a special purpose or a general-purpose digital
signal processor. Processor 111 may be connected to a
communication infrastructure 116 (for example, a bus or
network). Processing unit 110 also includes one or more
memories 112, 113. Memory 112 may be random access
memory (RAM). Memory 113 may include, for example, a
hard disk drive and/or a removable storage drive, such as a
floppy disk drive, a magnetic tape drive, or an optical disk
drive, by way of example. Removable storage drive reads
from and/or writes to a removable storage unit (e.g., a floppy
disk, magnetic tape, optical disk, by way of example) as will
be known to those skilled in the art. As will be understood
by those skilled 1n the art, removable storage unit includes
a computer usable storage medium having stored therein
computer soltware and/or data. In alternative implementa-
tions, memory 113 may include other similar means for
allowing computer programs or other instructions to be
loaded 1nto processing unit 110. Such means may include,
for example, a removable storage umit and an interface.
Examples of such means may include a removable memory
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chip (such as an EPROM, or PROM, or flash memory) and
associated socket, and other removable storage umits and
interfaces which allow software and data to be transterred
from removable storage unit to processing unit 110. Alter-
natively, the program may be executed and/or the data
accessed from the removable storage unit, using the proces-
sor 111 of the processing unit 110. Computer system 111
may also include a communication mterface 114. Commu-
nication itertace 114 allows software and data to be trans-
terred between processing unit 110 and external device(s)
115. Examples of communication interface 114 may include
a modem, a network interface (such as an Ethernet card), and
a communication port, by way of example. Software and
data transferred via communication interface 114 are in the
form of signals, which may be electronic, electromagnetic,
optical, or other signals capable of being received by com-
munication interface 114. These signals are provided to
communication interface 114 via a communication path.
Communication path carries signals and may be 1mple-
mented using wire or cable, fiber optics, a phone line, a
wireless link, a cellular phone link, a radio frequency link,
or any other suitable communication channel, including a
combination of the foregoing exemplary channels. The
terms “‘non-transitory computer readable medium”, “com-
puter program medium™ and “computer usable medium™ are
used generally to refer to media such as removable storage
drive, a hard disk installed in hard disk drive, and non-
transitory signals, as described herein. These computer
program products are means for providing software to
processing unit 110. However, these terms may also include
signals (such as electrical, optical or electromagnetic sig-
nals) that embody the computer program disclosed herein.
Computer programs are stored in memory 112 and/or
memory 113. Computer programs may also be received via
communication interface 114. Such computer programs,
when executed, enable processing unit 110 to implement the
present mnvention as discussed herein and may comprise, for
example, model predictive controller software. Accordingly,
such computer programs represent controllers of processing
umt 110. Where the invention 1s implemented using soft-
ware, the software may be stored in a computer program
product and loaded into processing unit 110 using removable
storage drive, hard disk drive, or communication interface
114, to provide some examples.

External device(s) 115 may comprise one or more con-
trollers operable to control the network control elements
described with reference to FIG. 1A.

It 1s diflicult to calculate a network flow solution for a gas
pipeline network because of a nonlinear equation that relates
the decrease 1n pressure of a gas flowing through a pipeline
segment (the “pressure drop™) to the flow rate of the gas.
This nonlinear relationship between tlow and pressure drop
requires that a nonconvex nonlinear optimization program
be solved to calculate a network flow solution. Nonconvex
nonlinear programs are known to be NP-complete. (see
Murty, K. G., & Kabadi, S. N. (1987). Some NP-complete
problems in quadratic and nonlinear programming. Math-
ematical programming, 39(2), 117-129). The time required
to solve an NP-complete problem increases very quickly as
the size of the problem grows. Currently, it 1s not known
whether 1t 1s even possible to solve a large NP-complete
quickly.

It 1s diflicult and time-consuming to solve a large NP-
complete program. Also, the nature of the solution of a
nonconvex mathematical program typically depends greatly
on the way the mathematical program i1s 1nitialized. As a
result of these difficulties 1 solving a nonconvex math-
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ematical program, 1t has not been practical to control tlows
in 1 a gas pipeline to satisty pressure constraints using
network flow solutions produced by nonconvex mathemati-
cal programs.

Because of the difliculty of computing network flow
solutions, 1t 1s not uncommon to have so-called stranded

molecules 1n a gas pipeline network. Stranded molecules are
said to exist when there 1s unmet demand for a gas simul-
taneous with unused gas production capacity, due to pressure
limitations in the network.

Because of the difliculty of computing network flow
solutions, flows of gas pipeline segments, and gas pressures
in a gas pipeline network, 1t 1s not uncommon to vent an
industrial gas to the atmosphere when there are tlow distur-
bances 1n the network.

There exists a need 1n the art for a fast and reliable method
of computing a network flow solution which can be used to
identily setpoints for control elements 1 a gas pipeline
network and, more particularly, a suiliciently accurate lin-
carization of the relationship between flow and pressure
drop 1n pipeline segments that could be used to quickly
calculate network flow solutions which could, 1n turn, be
used to 1dentify setpoints for network tlow control elements.

The systems and methods of the present invention use
information on customer demand values and available plant
capacity ranges to bound the minimum and maximum flow
rate for each pipeline segment 1n a pipeline network. In an
exemplary embodiment, these bounds are computed using a
computationally eflicient network bisection method which 1s
based on bounding the demand/supply imbalance on either
side of a pipe segment ol interest. Embodiments of the
systems and methods of the present invention find the best
linearization of the relationship between flow rate and
pressure drop for each pipe segment, given the true nonlin-
car relationship between tlow rate and pressure drop, as well
as the computed minimum and maximum tlow rates for each
segment. Then, a linear program may be used to compute a
network flow solution, given the linearization of the rela-
tionship between flow rate and pressure drop for each
segment. The linear program incorporates prior bounds on
the 1naccuracy of the pressure drop linearization to ensure
that the network flow solution will meet pressure con-
straints, given the actual nonlinear pressure drop relation-
ship. Finally, certain setpoints for flow control elements are
identified from the network tlow solution. The setpoints are
received by tlow control elements to ensure that network
pressure constraints are satisfied while also satisfying cus-
tomer demand constraints.

The following provides the notation used to describe the
preferred embodiments of the mvention. The first column
identifies the mathematical notation, the second column
describes the mathematical notation, and the third column
indicates the units ol measure that may be associated with

the quantity.

Sets

nc N Nodes (representing pipeline junctions)

1 EA Arcs (representing pipe segments and control elements)
G = (N,A) Graph representing the layout of the gas pipeline network
e € {in,out}  Arc endpoints

(n, 1) €A, Inlet of arc j intersects node n

(n, 1) €EA_,, Outlet of arc | intersects node n

ncDc N Demand nodes

ncsS c N Supply nodes

jEP C A Pipe arcs

1€EC cCc A Control element arcs
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-continued

L;EN Left subgraph for arc |
R €N Right subgraph for arc |
Parameters
D, Diameter of pipe | m|
R (Gas constant N m kmol™! K™
Z Compressibility factor no units]
L Length of pipe | m]
M = Molecular weight of the gas kg kmol™']
1,., Reference temperature K]
- Pipe roughness m]
a Nonlinear pressure drop coeflicient Pa kg ! m!
f, Friction factor for pipe | no units]
L (Gas viscosity Pa s]
Re;  Reynold’s number for flow in pipe | no units]
q;" Minimum flow rate for flow in pipe | kg/s]
g, Maximum tlow rate for tiow in pipe kg/s]
b; Intercept for linear pressure drop model for Pa’]

pipe ]
m; Slope for linear pressure drop model for pipe | [Pa? s/kg]
d, Demand in node n kg/s]
s ™"  Minimum production in node n kg/s]
s, Maximum production in node n kg/s]
Variables
q; Flow rate 1n pipe | kg/s]
S, Production rate in node n kg/s]
p,”°%  Pressure at node n Pa]
p;° Pressure at a particular end of a particular pipe Pa]
ps, "¢ Squared pressure at node n Pa’
ps;” Squared pressure at a particular end of a particular pipe  [Pa?]
ps;”" Maximum absolute squared pressure drop error for pipe j [Pa®
ps,,”  Maximum absolute squared pressure error for node n Pa’

For the purposes of computing a network flow solution,
the layout of the pipeline network is represented by an
undirected graph with a set of nodes (representing pipeline

40 junctions) and arcs (representing pipeline segments and
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certain types of control elements). The following provides
some basic terminology associated with undirected graphs.

An undirected graph G=(IN,A) 1s a set of nodes N and arcs

A. The arc set A consists of unordered pairs of nodes. That
is, an arc is a set {m, n}, where m, nEN and m=n. By
convention, we use the notation (m,n), rather than the
notation {m, n}, and (m,n) and (n,m) are considered to be the
same arc. If (m,n) 1s an arc 1n an undirected graph, 1t can be
said that (m,n) 1s incident on nodes m and n. The degree of
a node 1n an undirected graph 1s the number of arcs incident
on 1t.

If (m,n) 1s an arc 1 a graph G=(N,A), 1t can be said that
node m 1s adjacent to node n. "

T'he adjacency relation 1s
symmetric for an undirected graph. If m 1s adjacent to n 1n
a directed graph, 1t can be written m—n.

A path of length k from a node m to a node m' 1n a graph
G=(N,A) 1s a sequence (n,, n;, n,, . . . , n,) of nodes such
that m=n,, m'=n,, and (n,_,, n,)&A for 1=1, 2, . . ., k. The
length of the path 1s the number of arcs 1n the path. The path
contains the nodes n,, n,, n, . . . n, and the arcs (n,, n, ), (n;,
n,), ... (n,_,, n,). (There 1s always a 0-length path from m
to m). If there 1s path p from m to m', we say that m' 1s
reachable from m via p. A path 1s simple 1f all nodes in the
path are distinct.

A subpath of path p=(n,, n,, n, . . . n,) 1s a contiguous
subsequence of 1ts nodes. That 1s, for any O=1<j=k, the
subsequence of nodes (n,, n . ., 1) 1s a subpath of p.

I+1° *
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In an undirected graph, a path (n,, n,, n,, . . ., n,) forms
a cycle 1t k=3, n,=n,, and n, n, . . . n, are distinct. A graph
with no cycles 1s acyclic.

An undirected graph 1s connected if every pair of nodes 1s
connected by a path.

The connected components of a graph are the equivalence
classes of nodes under the “is reachable from™ relation. An
undirected graph 1s connected 11 1t has exactly one connected
component, that is, if every node is reachable from every
other node.

Graph G'=(N',A') 1s a subgraph of G=(IN,A) if N' CN and
A'CA. Given a set N'CN, the subgraph of G induced by N
1s the graph G'=(N',A'"), where A'=((m,n)EA: m,nEN').

To establish a sign convention for flow 1n a gas pipeline
network represented by an undirected graph, it 1s necessary
to designate one end of each pipe arc as an “inlet” and the
other end as an “outlet™:

(n,/)E4i , Inlet of arc j intersects node »

(rn,7)€4,,, Outlet of arc ;j intersects node »

OLiE

This assignment can be done arbitrarily, as embodiments
of the present invention allow for flow to travel in either
direction. By convention, a flow has a positive sign 1f the gas
1s flowing from the “inlet” to the “outlet”, and the flow has
a negative sign 1f the gas 1s tlowing from the “outlet” to the
“imnlet”.

Some nodes 1 a network are associated with a supply for
the gas and/or a demand for the gas. Nodes associated with
the supply of a gas could correspond to steam methane
reformers 1n a hydrogen network; air separation units 1n an
atmospheric gas network; or gas wells or delivery points 1n

a natural gas network. Nodes associated with a demand for
the gas could correspond to refineries 1 a hydrogen net-
work; factories 1n an atmospheric gas network; or receipt
points 1n a natural gas network.

A set of mathematical equations govern tlows and pres-
sures within a gas pipeline network. These equations derive
from basic physical principles of the conservation of mass
and momentum. The mathematical constraints associated
with a network tlow solution are described below.

Node Mass Balance

The node mass balance stipulates that the total mass flow
leaving a particular node 1s equal to the total mass tlow
entering that node.

d, + Z q;=

i, eA;,

Z qj + Sn

j|(”:-j)’5fdlg,{.{r

The left-hand side of the equation represents the flow
leaving a node, as d, 1s the customer demand associated with
the node. The term 2, =, ¢, represents the flow associ-
ated with pipes whose “inlet” side 1s connected to the node.
If the flow q; 1s positive, then 1t represents a flow leaving the
node. The right-hand side of the equation represents the flow
entering a node, as s, 1s the plant supply associated with the
node. The term 2, =, q; represents the tlow associated
with pipe segments whose “outlet” side 1s connected to the
node. If the tlow term g, 1s positive, then it represents a flow
entering the node.
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Node Pressure Continuity

The node pressure continuity equations require that the
pressure at the pipe ends which 1s connected to a node
should be the same as the pressure of the node.

pjm :pnﬂﬂcfé‘v (HJ)EA i1
P =P, N (n)EA,,,,

Pipe Pressure Drop

The relationship between the flow of a gas 1n the pipe 1s
nonlinear. A commonly used equation representing the non-
linear pressure drop relationship for gas pipelines 1s pre-
sented here. Other nonlinear relationships may be used 1n
connection with alternative embodiments of the present
invention.

This nonlinear pressure drop equation for gases 1n cylin-
drical pipelines 1s derived based on two assumptions. First,
it 1s assumed that the gas 1n the pipeline network 1s 1sother-
mal (the same temperature throughout). This 1s a reasonable
assumption because pipelines are often buried underground
and there 1s excellent heat transier between the pipeline and
the ground. Under the isothermal assumption, an energy
balance on the gas in the pipeline yields the following
equation:

. A7R] : Pm
a2 Ot 2 ] 4
N2 (%N = gilg +21n|

For gas pipelines, because the pipe lengths are large
relative to the diameters, the term

4fiL;
D

1s so much greater than the term

21 22
Pj

that the latter term can be neglected. Under this assumption,
then the nonlinear pressure drop relationship reduces to:

16 ZRf Trer L;
MWHZD:‘?-

N2 Ot 2 .
(P —(p7") = agjlg;l with a =

where 7 1s the compressibility factor for the gas, which in
most pipelines can be assumed to be a constant near 1; R 1s
the universal gas constant; T, _-1s the reference temperature;
L, 1s the length of the pipeline segment; and the term 1 1s
a Iriction factor for a pipe segment, which varies weakly
based on the Reynolds number of flow 1n the pipe, and for
most gas pipelines 1s 1 the range 0.01-0.08. Below we
provide an explicit formula for the friction factor in terms of
the Reynold’s number. The dimensionless Reynold’s num-
ber 1s defined as

4 gl
nDp’

RE?J':

where | 1s the gas viscosity.
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If the flow 1s laminar (Re,"<2100) then the friction factor
1S

fiL=

RE’:‘j

If the flow 1s turbulent (Re;”>4000), then the friction
factor may be determined using the implicit Colebrook and
White equation:

1

\/ fiTr

€ 251
= -2 lﬂgm[ ]

+ :
3.71 D Re /f},ﬂa

An explicit expression for the friction factor for turbulent
flow that 1s equivalent to the Colebrook and White equation
1S

1

e where
T8 = L Wate /b)) — af P

€ o2 0.868580
TR D 7T R M T o) T

and W,(~) 1s the principal Lambert-W function. See (More,
A. A. (2006). Analytical solutions for the Colebrook and
White equation and for pressure drop in 1deal gas flow 1n
pipes. Chemical engineering science, 61(16), 5515-5519)
and (Brkic, D. (2009). Lambert W-function in hydraulics
problems. In MASSEE International Congress on Math-
ematics MICOM, Ohrid.).

When the Reynolds number 1s between 2100 and 4000,
the flow 1s in a transition range between laminar and
turbulent flow and the accepted approach in the literature 1s
to interpolate the friction factor between the laminar and the
turbulent value, based on the Reynolds number, as follows:

i j?TS:f j,uzmﬂﬁ"'f . 1ra000( 1= P)

with =(4000-Re,)/(4000-2100).

Typical Design Parameters for Gas Pipeline Networks

Mainline natural transmission pipes are usually between
16 and 48 1inches in diameter. Lateral pipelines, which
deliver natural gas to or from the mainline, are typically
between 6 and 16 inches in diameter. Most major interstate
pipelines are between 24 and 36 inches in diameter. The
actual pipeline 1tself, commonly called ‘line pipe’, consists
ol a strong carbon steel matenial, with a typical roughness of
0.00015 feet. Thus, the relative roughness for natural gas
transmission pipelines 1s typically in the range 0.00005 to
0.0003 and the friction factor i1s in the range 0.01 to 0.05
under turbulent flow conditions.

Hydrogen distribution pipelines typically have a diameter
in the range 0.3-1.2 feet, and a typical roughness of 0.00016
teet. Thus, the relative roughness for hydrogen transmission
pipelines 1s typically 1n the range 0.0001 to 0.0005 and the
friction factor 1s in the range 0.012 to 0.05 under turbulent
flow conditions.

For gas pipeline networks, a typical design Reynold’s
number 1s 400,000. FIG. 2 shows the typical range of
Reynold’s numbers and the associated iriction factors for
gas pipeline networks.

Establishing Bounds on the Flows 1n Pipe Segments

A key enabler for the efhicient computation of network
flow solutions 1s the linearization of the nonlinear pressure
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drop relationship. To produce an accurate linearization of the
pressure drop relationship for pipe segments, 1t 1s critical to
bound the range of flow rates for each pipe segment. In
examples below, a linearization based on tightly bounded
flow rates 1s referred to as a “tight linearization™.

FIG. 3 1llustrates the nonlinear relationship between pres-
sure drop and flow. The true nonlinear relationship 1s 1ndi-
cated by the solid line. If one approximates the true nonlin-
car relationship with a linear fit centered around zero, the
linear {it severely underestimates the pressure drop for tlow
magnitudes exceeding 20. If one does a linear {it of the true
pressure drop relationship in the range of flows between 15
and 20, the quality of the pressure drop estimate for negative
flows 1s very poor. If one does a linear fit of the true pressure
drop relationship in the range between -20 and -15
MMSCEFD, the pressure drop estimate for positive flows 1s
very poor.

Bounds on flow rates can be determined using mass
balances and bounds on production for plants and demand
for customers, even 1n the absence of any assumptions about
pressure constraints and pressure drop relationships.

One method for bounding flows in pipeline segments
based on mass balances 1s to formulate and solve a number
of linear programs. For each pipe segment, one linear
program can be used to determine the minimum flow rate in
that segment and another linear program can be used to
determine the maximum flow rate in that segment.

An exemplary embodiment of the present invention
involves a method of bounding the flow rate in pipeline
segments that 1s simple and computationally more eflicient
than the linear programming method.

For the pipe segment of interest (assumed to not be 1n a
graph cycle), the pipeline network i1s bisected mnto two
subgraphs at the pipe segment of interest: a “left” subgraph
and a “right” subgraph associated with that pipe. Formally,
the lett subgraph L ; associated with pipe j 1s the set of nodes
and arcs that are connected with the inlet node of pipe 1 once
the arc representing pipe 1 1s removed from the network.
Formally, the right subgraph R associated with pipe j 1s the
set of nodes and arcs that are connected with the outlet node
ol pipe 1 once the arc representing pipe j 1s removed from the
network. Given the bisection of the flow network 1nto a left
subgraph and a right subgraph, 1t 1s then possible to calculate
the minimum and maximum signed flow through pipe
segment 1, based on potential extremes in supply and
demand imbalance 1n the left subgraph and the right sub-
graph.

To bound the flow rate 1n each pipeline segment, some
quantities describing the imbalance between supply and
demand are defined 1n the left and right subgraphs. The
minimum undersupply in the left subgraph for pipe j 1s
defined as s, ™= —, s,”"")-(2 -, d ). The minimum
unmet demand in the right subgraph for pipe j 1s defined as

=2 d )= s, ”Y). The maximum oversupply in
the left subgraph for pipe 7 1s defined as s, “=(X _,
s ") —(2 ~; d ). The maximum unmet demand 1n the right
subgraph for pipe j 1s defined as d,"*“=(X2 -, d, )-(2 -
s, .

Fi

(G1ven the definitions above, the minimum and maximum
feasible signed flow 1n the pipe segment are given by:

min__ min N

RGN FRCEN FROX
g =max{s, " dg ")

F

The equation for qjmf indicates that this minmimum (or
most negative) rate 1s the maximum of the minimum under-
supply 1n the left subgraph and the minimum unmet demand
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in the right subgraph. The equation for ¢, indicates that
this maximum (or most positive) rate 1s the minimum of the
maximum oversupply in the left subgraph and the maximum
unmet demand 1n the right subgraph.

The preceding equations for calculating qj"’”i” and q,
can be derived from the node mass balance relationship, as

follows. The node mass balance relationship, which was
previously introduced, 1s

FRLEEX

d, + Z q;=

Jn,eA;,

Z gj+Sn.

j'(”:j)efqgur

Consider the left subgraph associated with pipe j. The left
subgraph contains the node connected to the inlet of pipe ;.
Consider collapsing the entire left subgraph 1nto the single
node connected to the inlet of pipe 1. Then,

QT-:::E:-ﬂl"dh

HEQI

An upper bound for the inlet tlow 1s qj”{ZHEL mer—d
and a lower bound for the imlet tlow 1s g, I”}ZHEL ’”I”—dn
Similarly, an upper bound for the outlet ﬂow 1S qf”f ZHER_
d, —s, " and a lower bound is qf“f}ZHER d —s, W

At steady state, the pipe inlet flow equals the outlet flow
and

|
&
IA
&
|
E-q
=3
a
|

Equivalently,

s 3, 5

HE[U

—dyp Y dy —sm}

HER

neR n=l,

‘:’“r_qj_nun{z d, —sm", Zs’"‘“—d}

g™ = max{sp, dyi) < = ¢,

= g, < min{s}, dye)

which completes the proof.

The bisection method for bounding flow rates 1 pipe
segments 1s 1llustrated with an example. An example tlow
network 1s depicted 1n FIG. 4. This flow network has four
customer demand nodes (nodes 1, 9, 12, and 16), and four
plant supply nodes (nodes 2, 10, 13, and 17).

FI1G. 5 illustrates how the bisection method can be used to
bound the flow rate in the plpe segment connecting node 1
with node 5. Recall that the Slgn convention for tlow rates
1s that a flow 1s negative 11 1t 1s 1 the direction going from
a lower-numbered node to a higher-numbered node. In this
case, the mimmimum and maximum flow rate 1s —=9 kg/s, which
1s consistent with a flow of 9 kg/s being provided to the
customer at node 1.

FIG. 6 shows using the network bisection method to
bound the flow rate 1n the pipe segment going from node 10
to node 11. In this case, the range of tlows 1s between 7 and
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12 kg/s, which 1s consistent with flow of the gas from the
production plant at node 10 to the rest of the network. This
range 1s consistent with the minimum and maximum pro-
duction rate of the plant.

While simplistic for illustration purposes, the results of
these examples validate the correctness of the network
bisection method for bounding the flow rates 1n pipes. The
next example, presented in FIG. 7, 1s a more complex

example of using the network bisection method to bound the
flow rate 1n the pipe leading from node 3 to node 15. In this
case, the tlow can vary from -6 kg/s (a flow going from node
15 to node 3) to 2 kg/s (a flow going from node 3 to node
15).

FIG. 8, which shows data from computational experi-
ments performed using Matlab on a computer with an Intel
Core I 2.80 GHz processor, shows that the network bisection
method for bounding the flow in pipeline segments 1s
between 10 and 100 times faster than the linear program-
ming method.

Finding a Linear Pressure-Drop Model

A further step 1n the method of exemplary embodiments
of the invention 1nvolves linearizing the nonlinear pressure
drop relationship for each pipe, based on the tlow bounds
established for each pipe. This can be done analytically (if
the bounded flow range 1s narrow enough that the friction
factor can be assumed to be constant over the flow range),
or numerically (if the bounded flow range i1s sufliciently
wide that the friction factor varies significantly over the flow
range). Below 1s described how a linearization can be
accomplished eirther analytically or numerically. What 1s
sought 1s a linear pressure drop model of the form

ps; " -ps =m.q+bNJEP

Bounding the tflow range 1s critical to produce a good
linear model. Without these bounds, a naive linear model
may be produced, which 1s based on linearizing the nonlin-
car relationship about zero with a minimum and maximum
flow magnitude equal to the total network demand. As will
be shown 1 examples below, this generally does not pro-
duce good network flow solutions.

Finding the Least-Squares Linear Pressure-Drop Model
Analytically: Slope-Intercept Form

If the bounded flow range 1s fairly narrow, then the
friction factor as well as the nonlinear pressure drop coel-
ficient a will be nearly constant and an analytical solution
may be found for the least squares linear {it of the nonlinear
pressure drop relationship.

By definition, the least squares solution for a linear model

with g=q,™" and h=q,""" satisfies
. & )
(m’;, b)) = argr}ﬂﬂ;lf (aglgl —mg — D) dg
’ g
Evaluating the definite integral:
ﬁ (aglgl — mg — b)*dg =
g
2 . 2 y
2absign(g) m 2absign(h)
b2h — bt — 3(m— _ ] h3(— _ _
&8\ 3 AR 3
ot aetmsien ah*msien(h
Sg s _bgtm o+ bitm+ 28 zg &) 2g()
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This quantity 1s minimized when the partial derivatives
with respect to b and m are simultaneously zero. These
partial derivatives are

d f‘ (aqlgl — mg — b)*dg
g —
ob B

Dag’sign(g)  2ah’sign(h)
3 - 3

2bh —2bg — g*m + h*m +

3 f (aqlgl — mgq — b)*dg
g —
am B

2g°m N 2hPm  ag'sign(g)  ak’sign(h)

bh* — bg* —
&~ 3 3 7T 2 >

Setting the partial derivatives equal to zero, and solving
for b and m, the form of the slope-intercept least squares
linear model 1s:

(g sign(g) — ai’sign(h) — Sag” h*sign(g) +

Bavg”h’sign(h) + agthsign(g) + agh’sign(h))

b* = —
(6(g — h)(g* —2gh+ H?))

. (afgélsign(g) — ok’ sign(f) — 2afg3 hsign(g) + Zﬁrgh?’ sign(#))
- (g% —3g2h +3gh® — )

m

Finding the Least Squares Model Empirically: Slope-
Intercept Model

If the bounded flow range for a pipe segments spans more
than a factor of two, then the iriction factor may vary
significantly over that flow range and there 1s no analytical
expression for the least-squares linear fit of the nonlinear
pressure drop relationship. In this case, one exemplary
preferred approach for developing a least-squares linear fit
of the nonlinear pressure drop 1s a numerical approach.

This approach entails using numerical linear algebra to
calculate the value of the slope and intercept using the
formula.

14
[ , } =T 0"y

where m 1s the slope of the line, b 1s the intercept of the line,
QQ 1s a matrix the first column of the matrix Q contains a
vector of tlow rates ranging from the minimum signed flow
rate for the segment to the maximum signed tflow rate for the
segment, and the second column 1s a vector of ones.

i Ymin 1]

 Gmax 1 |

The vector y contains the pressure drop as calculated by
the nonlinear pressure drop relationship, at flow rates rang-
ing from the minimum signed tlow rate to the maximum
signed flow rate. Since the Iriction factor varies over this
flow range, a different value of the nonlinear pressure drop
relationship o may be associated with each row of the
vector.
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Xmintdmin | Hmin |

u @max Qmax |"-?m-:1x | i

As an example, consider the following data from a
nonlinear pressure drop model:

Flow, Change in squared pressure,
kg/s Pa’
2.0 7.7
3.0 12.1
4.0 17.9
5.0 25.3
6.0 34.1
7.0 44.3
(G1ven this data,
2.0 1] A
3.0 1 12.1
) 4 - 4.0 1 ] 17.9
Gmin = 2.0, Gmax = 1.0, Q = so 1YY= 554 |
6.0 1 34.1
7.0 1 1 44.3. |

Applying the formula

I1 4
[ , } ="' 0y,

we determine that the parameters of the least-squares linear

fit are m=7.33 and b=-9.40.
Finding the Least Squares Model Numerically: A Slope

Only Model

In some 1nstances, 1f the flow range includes transition
turbulent flow, includes laminar flow, or includes both
turbulent and laminar flow regimes, there 1s no analytical
expression for the least-squares linear fit of the nonlinear
pressure drop relationship. In this case, the preferred
approach for developing a least-squares linear {it of the
nonlinear pressure drop 1s a numerical approach.

This approach involves calculating the value of the

m=(q"q)"'q"y
where m 1s the slope of the line, q 1s a vector of flow rate

values ranging from the minimum signed flow rate for the
segment to the maximum signed tflow rate for the segment

Hmin

| Ymax |

The vector v contains the pressure drop as calculated by
the nonlinear pressure drop relationship, at flow rates rang-
ing from the minimum signed tlow rate to the maximum
signed flow rate. Since the Iriction factor varies over this
flow range, a different value of the nonlinear pressure drop
relationship o may be associated with each row of the
vector.
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Xmin Qminl%ﬂinl

u wmax qrmax | Qmax | i

As an example, consider the following data from a
nonlinear pressure drop model:

Flow, Change 1n squared pressure,
kg/s Pa’
-3.0 -24.2
-2.0 -7.5
-1.0 -1.0
0.0 0.0
1.0 1.0
2.0 7.5
(;1ven this data,
—3.0 ] (=242
—2.0 -7.5
5 4 _ —1.0 ; —1.0
QJ’HIH — &M QFHGI — q — 00 , dll y - 00
1.0 1.0
2.0 75

Applying the formula m=(q”’q) 'q’y, it is determined that
the parameter of the least-squares linear fit 1s m=35.51.

Choosing the Most Appropriate Linear Model

Above described are several methods for calculating the
best linear fit of the nonlinear pressure drop relationship,
given the minimum and maximum flow rates. Also
described 1s how to find the best slope-only linear model,
given the mmimum and maximum flow rates. An open
question 1s 1n which situations 1t 1s appropriate to use the
slope/intercept model, and 1n which situations 1t i1s best to
use the slope-only model. A key principle here 1s that the
linear model should always give the correct sign for the
pressure drop. In other words, for any linear model exercised
over a bounded flow range, the sign of the predicted pressure
drop should be consistent with the flow direction. Pressure
should decrease in the direction of the flow. Note that the
slope-only model has an intercept of zero, and thus the
slope-only model will show sign-consistency regardless of
the flow range. So, a slope-intercept model should be used
unless there 1s a point in the allowable tlow range where
there would be a sign inconsistency; if a slope-intercept
model would create a sign-inconsistency, then the slope-
only model should be used.

Identitying the Nonlinear Pressure Drop Coe
Experimental Data

The methods described above for creating a linearization
of the nonlinear pressure drop relationship rely on knowl-
edge of the nonlinear pressure drop parameter .

In some cases, the nonlinear pressure drop coeflicient c.
may be calculated directly using the formula

e

1cient from

L6ZRf TyrL;

¥y =
M7 D’
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if the length of the pipe segment, the diameter of the pipe
segment, the friction factor, and the gas temperature are
known. In other cases, these quantities may not be known
with suilicient accuracy. In such situations, a can still be
estimated 11 historical data on tlow rates and pressure drops
for the pipe are available.
If historical data on flow rates and pressure drops for a
pipe are available, with a minimum signed flow rate of
q,.,,—2 and a maximum signed flow rate of q__ =h, then the
first step 1n estimating « 1s to {it a line to the data (p;”)z—
(I:oj":"f“”)2 as a function of the tlow rate q. The line of best slope
1s parameterized by a calculated slope m and intercept b.
Given a linear fit for data in slope-intercept form over a
given tlow range, 1t 1s now shown how to recover a least-
squares estimate of the nonlinear pressure drop parameter c.
The best estimate a™®, given the flow range (g,h), the best
slope estimate m, and the best intercept estimate b satisfies

the least squares relationship

F1
@ = argmin f (aglgl —mg — b)*dg
g

It can be shown that an equivalent expression for o* 1s as
a function of the tflow range (g,h), the best slope estimate m,
and the best intercept estimate b 1s

s

20bg’sign(g) — 206k sign(h) + 15g  msign(g) — 15k msign(h)
=

12g3sign(g)* — 12k sign(h)?

which 1s the formula that can be used to estimate o given
historical data of pressure drop over a flow range.

Bounding the Error in the Linearized Pressure Predictions
for the Pipeline Network

Above a method 1s described for how to linearize the
pressure drop relationship for each pipe 1n the network by
first bounding the range of flow rates which will be encoun-
tered 1n each pipe segment. In accordance with exemplary
embodiments of the present invention, the linearized pres-
sure drop models are used to calculate a network flow
solution. Although the linearized pressure drop models fit
the nonlinear models as well as possible, there will still be
some error in the pressure estimates in the network flow
solution relative to the pressures that would actually exist 1n
the network given the tflows from the network flow solution
and the true nonlinear pressure drop relationships. To
accommodate this error while still ensuring that pressure
constraints are satisfied by the network tlow solution, 1t 1s
necessary to bound the error in the linearized pressure
prediction at each node in the network.

To bound the error 1n the pressure prediction at each node
in the network, the error in the prediction of the pressure
drop for each arc 1s bound. For pipe arcs, this 1s done by
finding the maximum absolute difference between the linear
pressure drop model and the nonlinear pressure drop model
in the bounded range of flows for the pipe segment. By
definition,

ery

ps, ~max

@glgl-miq — bV j € P.
q.r}uniqiqﬁnax

For control arcs, the maximum error in the prediction of
the change in pressure associated with the arc depends on the
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type of arc. Some control elements, such as valves 1n parallel
with variable speed compressors, have the capability to
arbitrarily change the pressure and flow of the flud within
certain ranges, and for these there 1s no error 1n the pressure
prediction. Other types of control elements, such as nonlin-
car valves, may be represented by a linear relationship
between pressure drop and flow based on the set valve
position. For these, there may be a potential linearization

error stmilar to that for pipes. In what follows, it 1s assumed
without loss of generality that ps*”"=0 Vj&C.

Next, a known reference node r 1n the network i1s identi-
fied. This 1s typically a node where the pressure 1s known
with some bounded error. Typically, the reference node 1s a
node which 1s incident from a pressure control element arc.
The maximum absolute pressure error for the reference
value may be equal to zero, or 1t may be some small value
associated with the pressure tracking error associated with
the pressure control element.

To compute the error associated with nodes 1n the network
other than the reference node, the undirected graph repre-
senting the pipeline network 1s converted to a weighted
graph, where the weight associated with each pipeline arc 1s
the maximum absolute pressure error for the pipe segment.
The shortest path 1s then found, in the weighted graph,
between the reference node and any other target node.

In a shortest-path problem, a weighted, directed graph
G=(N,A), with weight function w: A—R mapping arcs to
real-valued weights is used. The weight of path p=(n,,
n,...,n,) nisthe sum of the weights of its constituent arcs:

k
w(p) = Z Wi, 11;).
=1

The shortest-path weight from n to m 1s defined by:

ﬁ(m!‘ H) — {ml]‘l{w(p)m E} H} 1f thEI‘E: iS a path frﬂm mto n

)

o0 otherwise.

A shortest-path from node m to node n 1s then defined as
any path p with weight w(p)=o(m,n).

In the weighted graph used here, the weight function 1s the
maximum absolute pressure prediction error associated with
the pipe segment connecting the two nodes. To compute the
shortest-path weight o6(m,n), an 1mplementation of Dijk-
stra’s algorithm can be used (see Ahuja, R. K., Magnanti, T.
L., & Orlin, J. B. (1993), Network flows: theory, algorithms,
and applications.) The maximum pressure error for the target
node 1s the maximum pressure error for the reference node
plus the shortest path distance between the reference node
and the target node. In mathematical notation,

P, =ps, T +0(rm)

where the weight function for the shortest path 1s w =ps,~"".

If a pipeline network has more than one pressure refer-
ence node r,, . . ., r,, then one calculates the shortest path
between each reference node and every other reference
node. The pressure error 1s then bounded by the maximum
of the quantity ps,” " +06(r,m) over all reference nodes:

ery

ps.. = max {ps, +d(r, m}.

FE{I“I,... ,Fn}
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I the errors for the reference nodes are bounded, then this
conservative definition, in conjunction with a linear program
introduced below, ensures that a network flow solution will
satisly pressure constraints in the pipeline network.

In some pipeline networks with multiple reference pres-
sures, 1t may not be possible to strictly bound the pressure
error associated with one or more reference pressures. Or, 1t
may be that the potential error range associated with a
reference node 1s so large that 1t 1s not feasible to find a
network flow solution at all 1f this bound 1s used. In these
cases, 1t may still be possible to meet pressure constraints
probabilistically, 11 a probability distribution for the pressure
error assoclated with the reference nodes 1s known. Here,
instead ol an upper bound on the pressure error associated
with a reference node, a bound associated with some con-
fidence level 1s used, for example a 95th percentile. The
bound 1s defined as the value such that, 95% of the time, the
absolute error in the pressure associated with that node 1s
less than ps,®” 7>

Err

ps, = {ps@T I 4 8(r, m)).

max 4

FE{.F]_,... ,Fn}

FIG. 9 1s an unsigned graph representing a gas pipeline
network which 1s used for the purpose of illustrating how to
bound the error associated with linearized pressure drop
models. Double circle nodes represent production plants,
square nodes represent customers, and single circle nodes
represent pipeline junctions. The arcs connecting the nodes
are labeled. In this example, the network bisection method
1s used to bound the flow rate 1n each pipe segment, and then
a least-squares linear model 1s fitted to the nonlinear pres-
sure drop relationship. The nonlinear pressure drop relation-
ship for each pipe (a solid line), along with the least squares
linear fit for each pipe 1s shown 1n plots (as FIG. 10) for each
of the pipe segments. FIG. 10 also graphically depicts the
maximum squared pressure drop error between the linear
and nonlinear relationship.

FIG. 11 shows the results of the application of Dijkstra’s
method to calculate the maximum pressure prediction error
for each of the pipeline nodes, given the bounded error for
cach of the pipe arcs.

Calculating a Network Flow Solution

Above 1t 1s described how to 1) bound the minimum and
maximum flow rate for each pipe segment 1n a computa-
tionally eflicient fashion; 2) compute an accurate linear
approximation of the nonlinear pressure drop relationship
given the bounded flow range; 3) bound the pressure pre-
diction error associated with the linear approximation. Next
described 1s how to calculate a network flow solution, that
1s, to determine values of pressures for pipeline junctions
and flows for pipeline segments which 1) satisiy constraints
associated with the conservation of mass and momentum; 2)

are consistent with bounds on the flow delivered to each
customer, 3) satisty pipeline pressure constraints with appro-
priate margin to accommodate errors associated with the
linearization of the nonlinear pressure drop relationship. The
governing equations are summarized here.

Node Mass Balance

The node mass balance stipulates that the total mass flow
leaving a particular node 1s equal to the total mass tlow
entering that node.

d, + Z q;=

Jn, e A;,

Z g;+ Sp

j|(”=_f.)E HDHI
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Node Pressure Continuity

The node pressure continuity equations require that the
pressure of all pipes connected to a node should be the same
as the pressure of the node.

i __

ij _pSHHDJEV(HJ)EAiH

I Sj ot —P SHHDJEV (H,j )EA oLl

Linearized Pressure Drop Mode
It 1s shown how to develop a linear pressure drop model
of the form:

ir OUF__
ps;"'=ps, —quj+bj.

Pressure Constraints at Nodes

At nodes 1n the pipeline network, there are minimum and
maximum pressure constraints. These constraints must be
satisfied with suflicient margin, namely ps, “", to allow for
potential inaccuracy associated with the linearized pressure
drop relationships:

Hadeﬂpj

FRIN
+

PSn

ery
=

DS, mAx_ps, T N nEN.

PSn

M

This ensures that the pressures constraints will be satisfied
even when the nonlinear pressure drop model 1s used to
calculate network pressures based on the flow values asso-
ciated with the network flow solution. Above, it 1s shown
how to compute ps,”” using Drykstra’s algorithm for a
certain weighted graph.

Production Constraints

This constraint specifies the minimum and maximum
production rate for each of the plants.

I FRX
Sn {Sn {Sn

Finally, the following linear program can be formulated to
find a network flow solution:

(Given

d VnEN Demand rate in node n

(my,b;) V jEP Linearized pressure drop model for pipe |

ps,” ¥VnEN Maximum squared pressure error for node n, given

linearized pressure drop models

g Mt g g M Minimum and maximum production rates at node n

Calculate
q; VjEA Flow rate in arcs
s YVneES Production rate 1n supply node
dVneED Rate supplied to demand node
ps, " V¥ nEN Squared pressure at each node
psVjEA Squared pressure at the ends of each arc
Such that

d,, + 2, et b = Zjioned,, A + Node mass balance
s, VnEN

stm = PSHMJE V(n,j) €A,
ps;”“’ = ps,"° V(n,j)) EA,,,
ps/” —ps;”=m;q;+b; VjEP

Node pressure equality constraints
Node pressure equality constraints
Linearized pressure drop model for
pIpes

Pressure bounds with margin for
error

Production bounds

node

M

ps,™™ + ps,”” = ps
ps, ", Vn € N

5, <5 <g ™ YnES

ey FRIX

< pS -

M

H

The above linear program can be quickly solved by a wide
variety of linear programming solvers, including those in
MATLAB, Gurobi, or CPLEX. Note that additional linear
constraints, such as min or max flow rates in certain arcs, can
be added to the above linear program. In addition, an

10

15

20

25

30

35

40

45

50

55

60

65

22

objective function can be added such that a single unique
flow solution can be identified based on criteria such as
economic considerations.

Controlling the Gas Pipeline Network Using the Network
Flow Solution

Once the network flow solution has been computed, it can
be used to control the gas pipeline network. Flow control
clements (e.g., such as those illustrated with reference to
FIG. 1A) receive setpoints which are i1dentified using the
network flow solution. There are two representations of flow
control elements in the undirected graph representation of
the network. First, nodes associated with supply or demand
are control elements, and the network flow solution indicates
the supply or demand flow that should be associated with
cach plant or customer in the network. Second, 1n some
networks, there are also control arcs (representing compres-
sors, valves, or a combination of compressors 1 valves).
The network flow solution 1ndicates the flows and pressures
that should be accomplished by these control elements.

Embodiments of the mvention are illustrated in the fol-
lowing examples.

Example 1

This example 1s small enough that extensive detail can be
provided. In this example, there are three customers and
three plants. In the network diagram of FIG. 12, customers
are represented as squares and plants are represented as
double circles.

Parameters for each of the eight nodes in the network are
shown 1n Table 1. For the customer demand nodes, the
minimum acceptable pressure 1s 2 Pa (corresponding to a
squared pressure of 4 Pa®). For the plant supply nodes, the
maximum acceptable pressure 1s 5 Pa (corresponding to a
squared pressure of 25 Pa®). The table shows that the
demand for the customer at node 1 15 0.449 kg/s; the demand
for the customer at node 4 15 0.208 kg/s; and the demand for
the customer at node 6 1s 1.06 kg/s. The table also shows that
the gas production plant located at node 3 can range from O
to 0.597 kg/s; the gas production plant located at node 5 can
produce between 0.546 kg/s and 1.135 kg/s; and the gas

production plant located at node 7 can produce between O
and 0.530 kg/s.

TABLE 1

Parameters for the nodes for Example 1

n d, ke/s s, kg/s s, kg/s ps /™" Pa® ps,/ ™, Pa® ps,®”, Pa’
1 0.449 0 0 4 Inf 0

2 0 0 0 0 Inf 6.34E-06
3 0 0 0.597 0 25 1.41E-02
4 0.208 0 0 4 Inf 0.014061
5 0 0.5461 1.135 0 25 0.00774
6 1.063 0 0 4 Inf 8.01E-06
7 0 0 0.530 0 25 7.55E-02
8 0 0 0 0 Inf 0.074674

The first step 1in the exemplary implementation of the
invention 1s to bound the flow rate mn each of the pipe
segments, using the graph layout shown in FIG. 12, the
information 1n Table 1, and the network bisection method
described 1n detail above. The results are shown in FIG. 13,
which displays the range of possible flows for each arc in the
graph. By convention, the “inlet” for each pipe i1s at the
lower numbered node on which 1t 1s incident, and the
“outlet” for each pipe 1s at the higher numbered node on
which 1t 1s mcident. As a result, by convention, flows are
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indicated as negative if the flow 1s going from a higher
numbered node to a lower numbered node.

Note that FIG. 13 shows that the flow 1n arc (1,2) 1s
—-0.449 kg/s, and the flow 1n arc (2,6) 1s 1.063 kg/s, with no
potential for any other flow value. This 1s because node 1 1s 53
a customer demand node of degree 1, with a customer with
demand 0.449 kg/s; and node 6 1s a customer demand node
of degree 1, with a customer demand of 1.063 kg/s. For all
other arcs 1n the network, there 1s a potential range of tlows
indicated by the vertical bar. 10

The next step 1n an exemplary implementation of the
invention 1s to linearize the nonlinear pressure drop rela-
tionship for each pipe segment in the network. The results of
the linearization are shown in FIG. 10. Each subgraph shows
a range of flows for a particular pipe segment (on the x-axis), 15
with the corresponding change in squared pressure (on the
y-ax1s). The solid plot line shows the nonlinear pressure
drop relationship, and the dashed line shows the least-
squares linear fit of the nonlinear pressure drop relationship
over the flow range. 20

Key parameters are results associated with the arcs 1n the
undirected graph are shown in Table 2. The table shows the
length and diameter of each pipe segment, as well as the
nonlinear pressure drop coeflicient ¢.. The table also shows
the slope and intercept associated with the linearization of 25
the nonlinear pressure drop relationship. Note that for some
arcs, such as (2,4), (2,8), (3.4), and (7,8), there 1s slope-only
line; whereas for the arcs (1,2), (2,5), and (2,6) there 1s a
slope-intercept line.

TABLE 2

Parameters for the arcs for Example 1

-continued
ps, V¥ neEN Squared pressure at each node
ps° VjEA Squared pressure at the ends of each arc
Such that
d, + 2, 0e4, 4 = Ziinea,, b T Node mass balance
s, VNEN
psj” = ps, " ¥Y(n,)) EA, Node pressure equality constraints
psuj,-‘f_”""'f =ps, " V¥(n,j) EA,_, Node pressure equality constraints
ps;” —ps”=m;q, +b,VjEP Linearized pressure drop model for
pIpes
ps, ™" 4+ ps, @7 < ps "% < ps, ™™ —  Pressure bounds with margin for
ps,” , Vn €N eITor
g M <g <M YnES Production bounds

The results of the linear program include a specification of
the tlow rate 1n each pipeline arc, the quantity q, which 1s
shown 1n the eighth column of Table 2. The results also
include a specification of the production rate at each plant
which 1s required to meet network pressure constraints. FIG.
15 shows the direction of flows in the network from the
network tlow solution.

FIG. 16 and FIG. 17 show that the pressures associated
with the linear models 1n the network tlow solution match
closely the pressures that would be predicted by the non-
linear models, given the flows from the network flow

ij- 5
D I.m D,m a Pa’ m, b,
(1,2) 39832  0.153 0.3801 6.34E-06 0.338059 0.075155
(2,4) 39832 0.157 0.3322 0.014054 0.092901 0
(2,5) 571.2  0.125 0.1521 0.007734 0.261516 0.108553
(2,6) 378.0  0.125 0.1007 1.68E-06 0.215032 ~0.11484
(2,8) 39832  0.125 1.0606 0.074667 0.422114 0
(3,4) 1.6 0.158 0.0001 1.18E-05 5.99E-05 0
(7,8) 499.9  0.206 0.0108 0.000788 0.004399 0

Once tlow rates 1n each pipe segment have been bounded,
and the linearized pressure drop model for each pipe has 4°
been created, the next step 1s to bound the potential pressure
prediction error associated with the linearization. The maxi-
mum absolute pressure drop error for the pipe segments 1s
shown 1n fifth column of Table 2, and the maximum absolute
pressure error for network nodes 1s shown in the seventh 50

column of Table 1.
Next, a network tlow solution 1s computed using the linear

program:
Given
55
d VnEN Demand rate in node n
(m;,b) V) EP Linearized pressure drop model for pipe |
ps, " VnEN Maximum squared pressure error for node n, given
linearized pressure drop models
s, g, <g T Minimum and maximum production rates at node n 60
Calculate
q; V] EA Flow rate in arcs 63
s VneES Production rate 1n supply node

q;, kg/s

-0.44964
-0.12396
—-0.89205
1.06315
-0.49679
0.332423
0.496786

solution. Furthermore, as shown i FIG. 17, the prior bounds
calculated to bound the error associated with the pressure
prediction from the linear model do, indeed, contain the
pressure that would be calculated from the nonlinear model.
This guarantees that the flow solution from the linear
program will satisty the pressure constraints, given the true
nonlinear relationship between pressure and flow.

Finally, with regard to this example, it can be noted that
a more naive linearization of the pressure drop, such as
simply bounding the flow 1n any pipe based on the total
network demand for hydrogen, produces pressure estimates
which do not closely match those of the nonlinear model.

This result 1s illustrated in FIG. 18.

Example 2

In this example, the undirected graph which represents the
layout of the pipeline network for this example 1s shown 1n
FIG. 19, where squares represent demand nodes and double
circles represent supply nodes.

Using the network bisection method, the flow rate in each
pipe segment 1s bounded. The results are shown 1n FIG. 20.
The nonlinear pressure drop models were linearized, the
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pressure prediction errors were bounded, and a network flow
solution was created. The tflow directions established by the
network flow solution are illustrated in FIG. 21.

As shown 1n FIG. 22, there 1s an excellent match between
the pressures produced by the linearized pressure drop
model and those that would be calculated from the nonlinear
model, given the flows of the network solution. FIG. 23
shows the agreement between the linear model and the
nonlinear model 1n a different form. In every case, the error
bounds for the linear model span the pressure that would be
predicted from the nonlinear pressure drop model.

A naive linearization of the nonlinear pressure drop
relationship, based on linearizing the pressure drop relation-
ship across a wide flow range, 1s not able to produce a
network flow solution that meets pressure constraints. As
shown 1n FIG. 24, the naive linear model tends to greatly
overpredict pressure drops.

Example 3

This example imnvolves a large network that 1s modeled as
having 127 nodes and 200 segments. The methods described
above were used to calculate a network flow solution 1n just
under 0.75 seconds. The pressure predictions of the network
flow solution, together with the results of the nonlinear
model, are shown 1 FIG. 26. This figure shows that the
method produces accurate pressure predictions and a net-
work flow solution that satisfies network pressure con-
straints.

In contrast, the pressure predictions for a naive lineariza-

tion, which are very inaccurate, are shown in FIG. 27.

Example 4

This example illustrates how an mmappropriate lineariza-
tion can produce flow control solutions that violate pressure
constraints. FIG. 28 1s an undirected graph representing a
large pipeline network. FIG. 29 shows the pressure predic-
tions associated with a network flow solution resulting from
a naive linearization, one 1n which the flow rates 1n each pipe
segment were not properly bounded prior to producing the
linearization. This plot shows that, for all nodes, the pressure
prediction of the linear model (on the y-axis) was less than
the upper limit of 5 MPa. In contrast, the nonlinear model
(on the x-axis), indicates that for the tlow rates specified by
the network tlow solution, node pressures were as high as 6
MPa, much higher than the upper limit of 5 MPa. Thus, 1f
linearization 1s not done properly, using, for example, the
methods of the present invention, the network tlow solution
may not satisty pressure constraints.

Example 5

The example illustrated 1n FIG. 30 has a total of 2,953
receipt and delivery points. The elapsed computation time to
compute the flow control solution 1s 37 seconds.

The examples above illustrate that, for even the very large
gas pipeline network, the methods of the present invention
can be used to quickly calculate network flow solutions
which are consistent with meeting pipeline pressure con-
straints. These network flow solutions can, 1n turn, be used
to provide setpoints for flow control elements which can
ensure that the pipeline network 1s controlled to satisty
pressure constraints while meeting customer demand.

FIG. 31 1s a flow chart 1llustrating an exemplary method
of the present invention. The steps of the method are shown,
alongside a preferred means of implementing each step. In
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step 3101, the mimimum and maximum signed tlow rate for
cach pipeline segment 1s calculated. In preferred embodi-
ments, this 1s accomplished using the network bisection
method. In step 3102, the linearization of pressure drop
relationship 1s calculated for each pipeline segment based on
the mimnimum and maximum signed flow rate. In the pre-
terred embodiments, this 1s accomplished using the least
squares linearization. In step 3103, the pressure prediction
error for each network node 1s bound. In preferred embodi-
ments, this 1s accomplished using the shortest path for the
weighted graph using Dijkstra’s method. In step 3104,
pressure drop linearization and pressure prediction error
bounds are used to compute network flow solution. In
preferred embodiments, this 1s accomplished using linear
programming. In step 3105, control clements (e.g., flow
control elements and pressure control elements) receive
setpoints determined from the network tlow solution.

It will be appreciated by those skilled 1n the art that
changes could be made to the exemplary embodiments
shown and described above without departing from the
broad mventive concept thereof. It 1s understood, therefore,
that this mnvention 1s not limited to the exemplary embodi-
ments shown and described, but 1t 1s intended to cover
modifications within the spirit and scope of the present
invention as defined by the claims. For example, specific
features of the exemplary embodiments may or may not be
part of the claimed 1nvention and features of the disclosed
embodiments may be combined. Unless specifically set forth
herein, the terms “a”, “an’ and ‘““the” are not limited to one
clement but instead should be read as meaning “at least
one’.

It 1s to be understood that at least some of the figures and
descriptions of the invention have been simplified to focus
on elements that are relevant for a clear understanding of the
invention, while eliminating, for purposes of clarity, other
clements that those of ordinary skill 1n the art will appreciate
may also comprise a portion of the mmvention. However,
because such elements are well known in the art, and
because they do not necessarily facilitate a better under-
standing of the invention, a description of such elements 1s
not provided herein.

Further, to the extent that the method does not rely on the
particular order of steps set forth herein, the particular order
of the steps should not be construed as limitation on the
claims. The claims directed to the method of the present
invention should not be limited to the performance of their
steps 1n the order written, and one skilled in the art can
readily appreciate that the steps may be varied and still
remain within the spirit and scope of the present invention.

What 1s claimed 1s:

1. A system for controlling flow of gas 1n a gas pipeline
network comprising:

a gas pipeline network comprising one or more gas
production plants each having a minimum and maxi-
mum production rate, one or more gas receipt facilities
of a customer each having a demand rate, a plurality of
pipeline segments, a plurality of pipeline network
nodes, and a plurality of control elements,

wherein flow of gas within each of the plurality of
pipeline segments 1s associated with a direction, the
direction being associated with a positive sign or a
negative sign;

one or more processors configured to:
calculate a minimum signed flow rate and a maximum

signed flow rate for each pipeline segment as a
function of the minmimum and maximum production

rates of the one or more gas production plants and the
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demand rates of the one or more gas receipt facilities,
the minimum signed flow rate constituting a lower
bound for flow 1n each pipeline segment and the
maximum signed flow rate constituting an upper
bound for flow in each pipeline segment;

linearize a nonlinear pressure drop relationship within

the lower bound for the flow and the upper bound for

the tlow to create a linearized pressure drop model
for each pipeline segment; and

calculate a network flow solution, using the linear
pressure drop model, comprising flow rates for each
of the plurality of pipeline segments to satisiy
demand constraints and pressures for each of the
plurality of network nodes to satisly pressure con-

straints, wherein a lower bound pressure constraint
comprises a minimum delivery pressure and an
upper bound pressure constraint comprises a maxi-
mum operating pressure ol the pipeline, the network
flow solution being associated with control element
setpoints; and

at least one controller receiving data describing the con-
trol element setpoints and controlling at least some of
the plurality of control elements using the data describ-
ing the control element setpoints;

wherein the linearized pressure drop model for each
pipeline segment 1s a slope-only model having an
intercept of zero, if the sign of the minimum signed
flow rate 1s diflerent than the sign of the maximum
signed flow rate of the pipeline segment.

2. A system for controlling flow of gas 1n a gas pipeline

network comprising:

a gas pipeline network comprising one or more gas
production plants each having a minimum and maxi-
mum production rate, one or more gas receipt facilities
of a customer each having a demand rate, a plurality of
pipeline segments, a plurality of pipeline network
nodes, and a plurality of control elements,

wherein flow of gas within each of the plurality of
pipeline segments 1s associated with a direction, the
direction being associated with a positive sign or a
negative sign;

one or more processors configured to:
calculate a minimum signed flow rate and a maximum

signed flow rate for each pipeline segment as a
function of the minimum and maximum production
rates of the one or more gas production plants and the
demand rates of the one or more gas receipt facilities,
the minimum signed flow rate constituting a lower
bound for flow 1n each pipeline segment and the
maximum signed flow rate constituting an upper
bound for tlow 1n each pipeline segment;
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linearize a nonlinear pressure drop relationship within

the lower bound for the flow and the upper bound for

the tflow to create a linearized pressure drop model
or each pipeline segment; and

calculate a network flow solution, using the linear
pressure drop model, comprising flow rates for each
of the plurality of pipeline segments to satisly
demand constraints and pressures for each of the
plurality of network nodes to satisly pressure con-
straints, wherein a lower bound pressure constraint
comprises a minimum delivery pressure and an
upper bound pressure constraint comprises a maxi-
mum operating pressure of the pipeline, the network
flow solution being associated with control element

setpoints; and
at least one controller recerving data describing the con-
trol element setpoints and controlling at least some of
the plurality of control elements using the data describ-
ing the control element setpoints;

wherein calculating a network flow solution to satisiy

pressure constraints comprises:

bounding a maximum error in pressure drop estimation

for one or more of the plurality of pipeline segments as
a maximum difference in estimated pressure drop
between the linearized pressure drop model and the
nonlinear pressure drop relationship;

bounding a maximum error in pressure estimation for a

node as a function of the maximum error in pressure
drop estimation for the one or more of the plurality of
pipeline segments; and

using the linearized pressure drop models to calculate a

network flow solution such that a node pressure esti-
mate produced by the linearized pressure drop models
1s less than the upper bound pressure constraint minus
the maximum error 1n pressure estimation and greater
than the lower bound pressure constraint plus the
maximum error 1n pressure estimation.

3. The system of claim 2, wherein the maximum error in
pressure estimation at a node having a pressure constraint 1s
a sum of the maximum errors in pressure drop estimation for
pipeline segments on an acyclic path between a pressure
reference node and the node having a pressure constraint.

4. The system of claim 3, wherein the pressure reference
node 1s a node which 1s mcident from a pressure control
clement arc.

5. The system of claim 4, wherein the acyclic path
between the pressure reference node and the node having a
pressure constraint 1s found as a shortest path 1n a weighted
directed graph.

6. The system of claim 35, wherein the shortest path 1s
determined using Dijkstra’s algorithm.
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