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1

NESTED QUANTUM ANNEALING
CORRECTION

CROSS-REFERENCE TO RELATED
APPLICATIONS

This application claims priority to and the benefit of U.S.
Provisional Patent Application No. 62/350,618, entitled
“NESTED QUANTUM ANNEALING CORRECTION”

and filed Jun. 135, 2016, the contents of which are herein
incorporated by reference in their entirety.

STATEMENT REGARDING FEDERALLY
FUNDED RESEARCH

This invention was made with government support under
grant INSPIRE-1551064 awarded by the National Science

Foundation, and grants W911NF-11-1-0268, W911NF-15-
1-0582, and W911NF-12-1-0523 awarded by the Army
Research Oflice. The government has certain rights 1n the
invention.

FIELD OF THE INVENTION

The present invention relates to an error-correcting
scheme for quantum annealing that allows for the encoding
of a logical qubit into an arbitrarily large number of physical
qubits.

BACKGROUND

Quantum annealing (QA) attempts to exploit quantum
fluctuations to solve computational problems faster than 1t 1s
possible with classical computers. As an approach designed
to solve optimization problems, QA 1s a special case of
adiabatic quantum computation (AQC), a universal model of
quantum computing. In AQC, a system 1s designed to follow
the 1instantaneous ground state of a time-dependent Hamul-
tonian whose final ground state encodes the solution to the
problem of interest. This results in a certain amount of
stability, since the system can thermally relax to the ground
state after an error, as well as resilience to errors, since the
presence of a finite energy gap suppresses thermal and
dynamical excitations.

Despite this inherent robustness to certain forms of noise,
AQC requires error-correction to ensure scalability, just like
any other form of quantum information processing. Various
error correction proposals for AQC and QA have been made,
but an accuracy-threshold theorem for AQC 1s not yet
known, unlike 1n the circuit model. A direct AQC simulation
of a fault-tolerant quantum circuit leads to many-body
(high-weight) operators that are diflicult to implement or to
a myriad of other problems. Nevertheless, a scalable method
to reduce the eflective temperature would go a long way
towards approaching the 1deal of closed-system AQC, where
quantum speedups are known to be possible.

SUMMARY

According to an aspect of an exemplary embodiment, a
method of nested error correction for quantum annealing, to
improve the performance of quantum annealers includes
defining a nested Hamiltonian by embedding a logical K,
into a larger K ..., where N represents a number of logical
qubits and C represents a nesting level and controls an
amount ol hardware resources used to represent a logical
problem, implementing the nested Hamiltonian on a quan-
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tum annealing hardware, with a lower-degree qubit connec-
tivity graph, and measuring a plurality of physical qubits.

According to another exemplary embodiment, the method
further includes recovering a logical state using a decoding
procedure

According to another exemplary embodiment, the 1mple-
menting further comprises minor embedding which includes
replacing each qubit 1 the nested Hamiltonian by a ferro-
magnetically coupled chain of qubaits, such that all couplings
in the nested Hamiltonian are represented by inter-chain
couplings.

According to another exemplary embodiment, the decod-
ing procedure 1s performed over both a length (L) chain of
cach encoded qubit and C encoded qubits comprising each
logical qubit.

According to another exemplary embodiment, a number
of physical qubits necessary for the minor embedding of the
Kewn 18 N g, ySZCNL--CZNE.

According to another exemplary embodiment, the hard-
ware resources comprise at least one of qubaits, couplers and
local fields.

According to another exemplary embodiment, each logi-
cal cubit 1 (1=1, . . . , N) 1s represented by a C-tuple of
encoded qubits (1, ¢), with c=1, . . ., C.

According to another exemplary embodiment, the hardware
resources comprise nested couplers j(i:,:)gjc,) and local fields
h, ., where

(i,c

J(f,c),{;f,c'):“fzjﬁ VC,C‘; f#j:

[

hio=Ch, Ve,

J(f,-::“),(f,-:?") :—Y, VC#C !

According to another exemplary embodiment, a process-
ing system includes a digital computer having a digital
processor and a memory having stored thereon instructions
for causing the digital processor to: obtain a problem Ham-
iltonian and define a nested Hamiltonian with a plurality of
logical qubits by embedding a logical K,; representing the
problem Hamiltonian 1nto a larger K . »,, where N represents
a number of the logical qubits and C represents a nesting
level defining the amount of hardware resources for the nest
Hamiltonmian. The processing system also includes an analog
computer coupled to the digital computer, the analog com-
puter including a quantum processor and configured for
encoding the nested Hamiltonian into a plurality of physical
qubits of the quantum processor, and performing a quantum
annealing process with the quantum processor after the
encoding.

In another exemplary embodiment, the analog computer
1s configured for measuring the plurality of physical qubats,
and where the instructions further comprise instructions for
causing the digital processor to recover a logical state of
cach of the plurality qubits using a decoding procedure.

In another exemplary embodiment, the encoding turther
includes performing a minor embedding process comprising
replacing each of plurality of logical qubits 1n the nested
Hamiltonian by a ferromagnetically coupled chain of qubits,
such that all couplings 1n the nested Hamiltonian are repre-
sented by inter-chain couplings.

In another exemplary embodiment, a number of physical
qubits necessary for the minor embedding of the K ., 15
Ne Phﬁ:CNﬁ;~C2N2.

In another exemplary embodiment, the decoding proce-
dure 1s performed over both a length (L) chain of each
encoded qubit and C encoded qubits comprising each logical
qubit.
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In another exemplary embodiment, the hardware
resources 1nclude at least one of qubits, couplers, and local
fields.

In another exemplary embodiment, each logical cubit 1
(=1, ..., N) 1s represented by a C-tuple of encoded qubaits
(1, ¢), with ¢c=1, . . ., C.

In another exemplary embodiment, the hardware

resources 1clude nested couplers I, ., ., and local fields
h, ., where:

(i,c

J(f.}.c:‘).}.(f?c?") :LIU, VC‘, C‘; f#j,
B o =Ch, Ve,

J(I',C),(I.,C') :_Y, VC#C ,.

Additional embodiments of the invention are described in
the description and figures provided below.

BRIEF DESCRIPTION OF THE DRAWINGS

FIGS. 1A-1D shows an 1llustration of the nesting scheme
of the various embodiments.

FIGS. 2A-2C show results obtained with a D-Wave
2000Q) quantum annealer for the antiferromagnetic K, 1llus-
trating temperature scaling for 8 nesting levels 1n accordance
with the various embodiments.

FIG. 3A-3C show results obtained with a D-Wave 20000
quantum annealer for the antiferromagnetic K, 1llustrating
temperature scaling for 13 nesting levels 1n accordance with
the various embodiments.

FIG. 4 shows an exemplary system for implementing the
various embodiments.

FIGS. 5A-5C show results obtained with a D-Wave

2000Q) quantum annealer and with numerical simulations for
the antiferromagnetic K ,, after encoding, followed by ME
and decoding, 1n accordance with the various embodiments.

FIGS. 6 A-6C show random antiferromagnetic K, results
obtained with a D-Wave 2000Q) quantum annealer and with
numerical simulations, in accordance with the wvarious
embodiments.

FIGS. 7A-7B show some experimental results obtained
with a D-Wave 2000Q) quantum annealer and with numerical
simulations on four ensembles of 100 fully connected
weighted graphs on N=16 and N=24 variables which can be
encoded with up to C=3 and C=2 nesting levels respectively
on the D-Wave 2000Q) quantum annealer.

FIG. 8 1s a plot showing the effect of separately optimiz-

ing v for ME and penalties obtained with numerical simu-
lations.

FIGS. 9A and 9B show saturation removal for NQAC
applied to antiferromagnetic K, in accordance with the
various embodiments obtained with numerical simulations.

FIGS. 10A-10C show parallel tempering (PT) results for
antiferromagnetic K4 with no noise on the couplers, 1n
accordance with the various embodiments.

FIGS. 11A and 11B show MEs of a K,, 1n accordance
with the various embodiments.

FIGS. 12A and 12B show P (o) and adjusted P' {(a), for
the hard-K, instance, obtained in accordance with the vari-
ous embodiments with a D-Wave 20000 quantum annealer.

FIGS. 12C and 12D show P (o) and adjusted P' (o), for
the easy-K, instance, obtained in accordance with the vari-
ous embodiments with a D-Wave 20000 quantum annealer.

FIGS. 13A and 13B show P_(a) and adjusted P' (a), for
the hard-K,, instance, obtained in accordance with the
vartous embodiments with a D-Wave 2000Q quantum
annealer.
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FIGS. 13C and 13D show P _(a) and adjusted P' (c.), for
the easy-K,, instance, obtained in accordance with the
vartous embodiments with a D-Wave 2000Q quantum
annealer.

FIGS. 14A-14D shows the optimal penalty strength as a
function of the energy scale for the instances considered
obtained with a D-Wave 20000Q quantum annealer.

FIGS. 15A-15D show data collapse and - scaling results
for the antiferromagnetic hard-K, problem considered
above, as well as the easy-K, problem obtained with a
D-Wave 2000Q quantum annealer.

FIGS. 16 A-16D show data collapse and u - scaling results
for the antiferromagnetic hard-K,, problem considered
above, as well as the easy-K,, problem obtained with a
D-Wave 2000Q quantum annealer.

DETAILED DESCRIPTION

The present mvention 1s described with reference to the
attached figures, wherein like reference numerals are used
throughout the figures to designate similar or equivalent
clements. The figures are not drawn to scale and they are
provided merely to illustrate the instant invention. Several
aspects of the mvention are described below with reference
to example applications for illustration. It should be under-
stood that numerous specific details, relationships, and
methods are set forth to provide a full understanding of the
invention. One having ordinary skill in the relevant art,
however, will readily recognize that the immvention can be
practiced without one or more of the specific details or with
other methods. In other instances, well-known structures or
operations are not shown 1n detail to avoid obscuring the
invention. The present ivention 1s not limited by the
illustrated ordering of acts or events, as some acts may occur
in different orders and/or concurrently with other acts or
events. Furthermore, not all illustrated acts or events are
required to implement a methodology in accordance with the
present mvention.

Motivated by the availability of commercial QA devices
featuring hundreds of qubits, the various embodiments are
directed to methods for error correction for QA. There 1s a
consensus that these devices are significantly and adversely
allected by decoherence, noise, and control errors, which
makes them particularly interesting for the study of tailored,
practical error correction techniques. Such techniques,
known as quantum annealing correction (QAC) schemes,
have already been experimentally shown to sigmificantly
improve the performance ol quantum annealers, and theo-
retically analyzed using a mean-field approach. However,
these QAC schemes are not easily generalizable to arbitrary
optimization problems since they induce an encoded graph
that 1s typically of a lower degree than the qubit-connectivity
graph of the physical device. Moreover, they typically
impose a {ixed code distance, which limits their eflicacy.

To overcome these limitations, the present disclosure
presents a family of error-correcting codes for QA, based on
a “nesting” scheme, that has the following properties: (1) 1t
can handle arbitrary Ising-model optimization problem, (2)
it can be implemented on present-day QA hardware, and (3)
it 1s capable of an eflective temperature reduction controlled
by the code distance. The “nested quantum annealing cor-
rection” (NQAC) scheme of the various embodiments thus
provides a very general and practical tool for error correc-
tion 1n quantum optimization.
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In QA, the system undergoes an evolution governed by
the following time-dependent, transverse-field Ising Hamil-
tonian:

H()=A(OH x+B(0)Hp, 1€[0,14, (1)

with respectively monotonically decreasing and increasing,
“annealing schedules” A(t) and B(t). The “driver Hamilto-
nian” H,=2 0, 1s a transverse field whose amplitude controls
the tunneling rate. The solution to an optimization problem
of interest 1s encoded in the ground state of the Ising
problem Hamiltonian H,, with

Hp= ) hoi+ y Jyoicos, (2)

eV (i, 0)=E

where the sums run over the weighted vertices v edges € of
a graph G=(v, €), and 0,7~ denote the Paul1 operators acting
on qubit 1. Available QA devices use an array of supercon-
ducting tlux qubits to physically realize the system described
in Egs. (1) and (2) on a fixed “Chimera” graph (see FIG. 1)
with programmable local fields {h,}, couplings {J,}., and
annealing time t.

FIGS. 1A-1D shows an illustration of the nesting scheme.
In FIGS. 1A and 1C, a C-degree nested graph 1s constructed
by embedding a K, mnto a K., with N=4 and C=1 (FIG.
1A) and C=4 (FIG. 1C). Red, thick couplers are energy
penalties defined on the nested graph between the (1, ¢)
nested copies of each logical qubit 1. FIGS. 1B and 1D show
the nested graphs after ME on the Chimera graph. The
thicker couplers correspond to the ferromagnetic chains
introduced in the process.

The adiabatic theorem for closed systems guarantees that
if the system 1s 1nitialized in the ground state of H(O)=A
(0O)H,. a sufliciently slow evolution relative to the inverse
mimmum gap of H(t) will take the system with high prob-
ability to the ground state of the final Hamiltonian H(t)=B
(toHp. Dynamical errors then arise due to diabatic transi-
tions, but they can be made arbitrarily small via boundary
cancellation methods that control the smoothness of A(t) and
B(t), as long as the adiabatic condition 1s satisfied. This
means that in particular the probability of Landau-Zener
transitions 1s exponentially suppressed, though ot course t,1s
still controlled by an 1verse (cubic) power of the minimum
gap. One can assume that the problem of Landau-Zener
transitions 1s addressed by such boundary cancellation meth-
ods [though the experiments described below do not include
such methods since they could not be implemented with
control over the smoothness of A (t) and B (t) and focus here
on addressing the errors that occur 1n open systems. For the
latter, specifically a system that 1s weakly coupled to a
thermal environment, the final state 1s a mixed state p(t,) that
s close to the Gibbs state associated with H(ty) 1f equilibra-
tion 1s reached throughout the annealing process. In the
adiabatic limit the open system QA process 1s thus better
viewed as a Gibbs distribution sampler. The main goal of
QAC 1s to suppress the associated thermal errors and restore
the ability of QA to act as a ground state solver. In addition
QAC should suppress errors due to noise-driven deviations
in the specification ot H,.

Error correction 1s achieved in QAC by mapping the
logical Hamiltonian H(t) to an appropnately chosen encoded
Hamiltonian H(t):

H(H A H x+B(HHp,1[0,1]

(3)

defined over a set of physical qubits N larger than the
number of logical qubits N=|v|. Note that H, also includes
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penalty terms, as explained below. The logical ground state
of H, is extracted from the encoded system’s state p(t)
through an appropriate decoding procedure. A successiul
error correction scheme should recover the logical ground
state with a higher probability than a direct implementation
of H,, or than a classical repetition code using the same
number of physical qubits N. Due to practical limitations of
current QA devices that prevent the encoding of H,, only H,
1s encoded 1 QAC. In the future 1t may be possible to
circumvent this limitation using coupling to ancilla qubaits.
At present 1t results 1n a tradeoll since 1t requires us to
optimize the penalty strength, and may also result 1n a need
to optimize the nesting degree, since without encoding H,-
the minimum gap may shrink relative to the unencoded
problem.

In order to allow for the most general N-variable Ising
optimization problem, a methodology 1n accordance with
the various embodiments defines an encoding procedure for
problem Hamiltonians H, supported on a complete graph
K.. The first step of the construction mvolves a “nested”
Hamiltonian H , that is defined by embedding the logical K,
into a larger K - . The integer C 1s the “nesting degree” and
controls the amount of hardware resources (qubaits, couplers,
and local fields) used to represent the logical problem. H 1s

constructed as follows. Each logical qubit1 (1=1, ..., N) 1s
represented by a C-tuple of encoded qubits (1, ¢), with
c=1, ..., C.The “nested” couplers I, , .. ., and local fields
h ., are then defined as follows:
j(fﬁcjﬁ(jﬁcf) =J,,Vc,c'izj, (4a)
B =Ch, Ve, (4b)
j(f,c)(f,c'):_YJ VC#C ; (4@)

This construction is illustrated 1in FIGS. 1A and 1C. Each
logical coupling J,; has C* copies j@ﬂg)ﬂ(iﬂcgj thus boosting the
energy scale at the encoded level by a factor of C*. Each
local field h; has C copies h, ; the factor C 1n Eq. (4b)
ensures that the energy boost 1s equalized with the couplers.
For each logical qubit 1, there are C(C-1)/2 ferromagnetic
couplings j(i,c),(j,c') of strength v>0 (to be optimized), repre-
senting energy penalties that promote agreement among the
C encoded qubits, 1.e., that bind the C-tuple as a single
logical qubit 1.

The second step of the construction 1s to implement the
fully connected problem H, on given QA hardware, with a
lower-degree qubit connectivity graph. This requires a minor
embedding (ME). The procedure mvolves replacing each
qubit in H, by a ferromagnetically coupled chain of qubits,
such that all couplings in H, are represented by inter-chain
couplings. The intra-chain coupling represents another
energy penalty that forces the chain qubits to behave as a
single logical qubit. The physical Hamiltonian obtained after
this ME step is the final encoded Hamiltonian H,. One can
minor-embed a K., nested graph representing each qubit
(1, ¢) as a physical chain of length

on the Chimera graph. This 1s illustrated 1n FIGS. 1B and
1D. The number of physical qubits necessary for a ME of a
K. ..» on Chimera 1s therefore NphyS:CNﬁ;--CZNZ/éL More
generally, the minor embeddings of a K. . requires a
number of physical qubits that grows with C*N”, with the
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specific value of the proportionality constant depending on
the specific properties of the quantum hardware. For
example, ¥4 for Chimera.

At the end of a QA run implementing the encoded
Hamiltonian H, and a measurement of the physical qubits,
a decoding procedure must be employed to recover the
logical state. For the sake of simplicity one need only
consider majority vote decoding over both the length-L
chain of each encoded qubit (1, ¢) and the C encoded qubits
comprising each logical qubit 1 (decoding over the length-L
chain {first, then over the C encoded qubits, does not aflect
performance; see Partition Function Calculation 1n Supple-
mental Information (SI). The encoded and logical qubits can
thus be viewed as forming repetition codes with, respec-
tively, distance L and C. Other decoding strategies are
possible wherein the encoded or logical qubits do not have
this simple interpretation; e.g., energy minimization decod-
ing, which tends to outperform majority voting. In the
unlikely event of a tie, one can assign a random value of +1
or —1 to the logical qubit.

Free Energy

Using a mean-field analysis that reduces the model to an
equivalent classical one by employing the Suzuki-Trotter
formula, one can compute the partition function associated
with the nested Hamiltonian A()H +B (H)H, for the case
with uniform antiferromagnetic couplings. This leads to the
following free energy density in the low temperature and
thermodynamic limits (see Free Energy 1n SI):

BE=C?B(V [AQ) CP+21BOm =B (O)m?) (5)

where m 1s the mean-field magnetization. There are two key
noteworthy aspects of this result. First, the driver term 1s
resealed as A(t)—=C ™" A(t). This shifts the crossing between
the A and B annealing schedules to an earlier point 1n the
evolution and 1s related to the fact that QAC encodes only
the problem Hamiltoman term proportional to B (t). Con-
sequently the quantum critical point 1s moved to earlier 1n
the evolution, which benefits QAC since the eflective energy
scale at this new point 1s higher. Second, the mverse tem-
perature is resealed as B—C’f. This corresponds to an
effective temperature reduction by C*, a manifestly benefi-
cial effect. The same conclusion, of a lower eflective tem-
perature, 1s reached by studying the numerically computed
success probability associated with thermal distributions
(see SI Sec. III). This prediction 1s born out by the experi-
mental results, though 1t 1s masked to some extent by
complications arising from the ME and noise.

Effective Temperature Scaling for Optimization Applica-
tions

The important finding above 1s that the nesting scheme of
the various embodiments allows one to increase the energy
scale of the problem Hamiltonian implemented in a quantum
annealing device. As discussed above, this “energy boost”
can be interpreted as an eflective reduction 1n the tempera-
ture at which the device operates. Therefore, by implement-
ing NQAC it 1s then possible to reduce both thermal and
control errors. NQAC gives the possibility to use an arbi-
trarily large amount of physical resources (number of used
qubits) to lower eflective temperature below an acceptable
threshold. This aspect 1s crucial because although it 1s
possible to scale the size of quantum annealing devices,
there are fundamental practical limits that prevent an arbi-
trary reduction of the physical temperature of a physical
system.

The NQAC encoding 1s defined 1n terms of a nesting level
C that controls the amount of protection against thermal and
control errors. C also controls the number of physical qubits
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N_;.s used 1n a nested encoding scales as Nphy;-CZ. In the
discussion above, 1t 1s shown that 1t 1s possible to obtain an
energy boost u - that scales polynomially with the number of
physical qubits used: u~C" (m<2). This 1s equivalent to an
cllective temperature reduction T—T/u,.. This scaling law 1s
demonstrated herein on a D-Wave 2000Q) quantum annealer
processor featuring 504 active flux-qubits. The size of this
processor allowed confirmation of the scaling law up to C=8,
with a scaling coetlicient n=0.52. This 1s 1llustrated in FIGS.
2A-2C.

FIG. 2A-2C show results for the antiferromagnetic K.
FIG. 2A shows DW Two success probabilities P (c.) for 8
nesting levels C. Increasing C generally increases P (o) at
fixed a. FIG. 2 B shows rescaled P (o) data, exhibiting
data-collapse. FIG. 2C shows scaling of the energy boost -
vs C. In FIGS. 2A-2C, N, €8, 283].

It 1s crucial to confirm that the temperature reduction
achieved through NQAC 1s truly scalable, e.g. the scaling
law TP~MC‘1~C‘” 1s valid for arbitrarily large values of the
nesting level C. Experiments recently confirmed that this 1s
indeed the case for nesting levels up to C=13 by implement-
ing NQAC on the latest-generation D-Wave quantum
annealer (D-Wave 2000Q)) with 2023 available flux-qubats.
The resulting scaling coeflicient 1n this case 1s =0.35 and 1s
demonstrated by the experimental data shown FIGS. 3A-3C.

FIGS. 3A-3C show results for the antiferromagnetic K.
In particular, FIG. 3A shows D-Wave 2000Q success prob-
abilities P (o) for 13 nesting levels C. Increasing C gener-
ally increases P{c) at fixed a. FIG. 3B shows rescaled
P (ap.) data, exhibiting data-collapse. FIG. 3C shows
scaling of the energy boost . versus C*. In FIGS. 3A-3C,
N, . €18, 728].

Effective Temperature Scaling for Machine-Learning
Applications

A Boltzmann machine 1s a generative probabilistic model
that can be used for both supervised and non-supervised
machine-learning applications. Moreover, 1t can be used as
a building block for deep-belief networks thus playing a role
in the booming fields of artificial intelligence and deep-
learning. A Boltzmann machine associates a given data point
z={z,} (here represented as a string z==1, i=1, . . ., N) to
an energy function E (z):

(6)

E(z) = Z biz; + Z WiiZiZ)-

icV (i, les

and a corresponding probability distribution P (z):

P)=etjz=" ¢tC (7)

Notice that the quantity above 1s defined on the vertices v
and edges € of some graph G=(v, €). A Boltzmann machine
1s thus also a graphical model. Training a Boltzmann
machine consists of finding the values of the weights b, and
w,; such that the probability distribution P(z) generated by
the model 1s as close as possible to the probability distri-
bution of the training set. The tramning of a Boltzmann
machine 1s achieved by iteratively adjusting the weights of
the model according to the following update rules:

(8)

In (8), the first term in each expression ({z) ,,, term) is the
expectation value as measured on the training set and the

6bf~< Zf> D_< Zf> 5,5WU~< ZiZj> E'_< Zf2j> S
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second term in each expression ({ z) . term) is the expecta-
tion value as measured using P(z). Computing the second
term 1s known to be computationally hard with classical
algorithms, as the computation involves the computation of
thermal expectation values of linear and quadratic functions
of the variables z..

The update rules could be computed by a physical device
that efliciently sample from a thermal distribution, e.g. 1t can
sample states according to the probability distribution
defined above. Recently, the scientific commumnity has begun
to use quantum annealers for the above-mentioned sampling,
task. More precisely, the outcome distribution of states
obtained by running a quantum annealing device implement-
ing a problem Hamiltonian as 1n Eq. 2 1s a good approxi-
mation of the thermal probability distribution above with:

ﬁefkf:b i:ﬁeﬁJy’ — Wiy (9)

The existence of an eftective temperature T _~1/f3_, at
which the annealer samples 1s due to the non-trivial early
freezing dynamics that takes place toward the end of the
annealing process and should be determined experimentally.

Below 1s provided evidence that two major limitations of
using quantum annealing devices in solving machine-learn-
ing problems using Boltzmann machines can be overcome:

a. Limited connectivity. Following the procedure
described above, quantum annealers should be used to
train Boltzmann machines whose graph matches (a
subgraph of) the connectivity graph of the device (see
the definition of Chimera graph herein). It 1s shown
herein that it 1s indeed possible to train a Boltzmann
machine on fully connected graphs after a minor
embedding procedure as described herein.

b. Limited coupling strength and precision. Quantum
annealing devices have technical limitations that
impose a largest allowed magnitude for the local fields
and couplings: I|h/<h,, ., I 1<], . For a given
machine-learning problem, the optimal values of the
welghts may exceed these maximal values. Indeed, 1t 1s
expected that 3_,1s reduced with the complexity of the
problem, thus requiring larger values of the couplings
h, and ] ; for a correct trammg of a Boltzmann machine
Wlth quantum annealers. It 1s shown herein that it 1s
possible to use the NQAC encoding to boost the

effective value of the couplings: (h,J, )—=u'~(h,],).
This energy boost |1 - plays a similar role to the energy
boost defined above 1n connection with optimization
problems.

Thus, quantum annealers can be used to sample from a
thermal distribution of a fully connected Boltzmann
machine and an NQAC encoding can boost the strength of
the couplers (h,,J;;), thus achieving a reduction of the effec-
tive temperature at which the annealer samples.

The effective inverse temperature (3., can be derived
that enters the relation

ﬁCeﬁ(}zz y) (bz I_j) (10)

and show its dependence as a function of the nesting level
C. To do so, one can first define a reduced probability
distribution for degenerate states:

pEN =), P (b

Z|E(z)=E;

Once can now compute numerically the reduced probability
distribution pAp,E,) above (thermal case) with the weights

5

10

15

20

25

30

35

40

45

50

55

60

65

10

b,=h/p and wi=l] /p and the experimental distribution
PrHAC, E,) computed by implementing a fully connected
graph with C nesting levels with couplings (h,,J;;) in accor-
dance with the quantum annealer to be used. The cllective
inverse temperature [, . 18 obtained by minimizing the
following distribution distance:

(12)

(1 .
PCeff = Argmin §Z |Pow(C, Ey) = plo, Bl | = acgmun D ppy, Pr).

In other words, the effective sampling (inverse) temperature
p .. 7-at which the quantum annealer operates 1s such that the
theoretical reduced (thermal) energy distribution p(p, E,) 1s
as close as possible to the output distribution obtained from
the quantum annealer.

Now having obtained the eflective sampling temperature,
one can determine the “quality” of the distribution obtained
from the quantum annealer. In other words, establish 11 the
experimental distribution 1s a good approximation of a
thermal distribution. The figure-of-merit 1s the “gradient
overlap” between the numerically and experimentally deter-
mined variations of the weights. Recalling the discussion
above about the traiming of a Boltzmann machine, the
weights are adjusted according to the following gradient:

Ow,~V ;= <ZIZJ,> (13)

The subscript 1s a reminder that the average above 1s the
theoretical (or thermal) gradient. Similarly, one can compute
the experimental gradient using the quantum annealer:

V DWW e <ZIZJ>BW

One can treat both V,;* and V,”* as vectors and compute
their normalized overlap:

(14)

(15)

]_[ vTva

One can consider the gradient overlap O because i1t does not
depend on the normalization of the gradients, which corre-
spond to a less important learning rate. A gradient overlap O
close to 1 means that the experimentally determined update
1s very close to the exact and ensures that the training update
1s performed along the same direction in the parameter space
when using both the exact and experimental gradients.

FIG. 4 illustrates an exemplary system for implementing
the various embodiments. In particular, FIG. 4 1illustrates a
hybrid computing system 100 including a digital computer
105 coupled to an analog computer 150. In some 1mplemen-
tations analog computer 150 1s a quantum processor. The
exemplary digital computer 105 includes a digital processor
(CPU) 110 that may be used to perform classical digital
processing tasks.

Digital computer 105 may include at least one digital
processor (such as central processor unit 110 with one or
more cores), at least one system memory 120, and at least
one system bus 117 that couples various system compo-
nents, including system memory 120 to central processor
unit 110.

The digital processor may be any logic processing unit,
such as one or more central processing units (“CPUs™),
graphics processing units (“GPUs”), digital signal proces-
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sors (“DSPs”), application-specific 1integrated circuits
(“ASICs”), programmable gate arrays (“FPGASs”), program-
mable logic controllers (PLCs), etc., and/or combinations of
the same.

Unless described otherwise, the construction and opera-
tion of the various blocks shown in FIG. 4 are of conven-
tional design. As a result, such blocks need not be described
in further detail herein, as they will be understood by those
skilled in the relevant art.

Digital computer 105 may include a user input/output
subsystem 111. In some implementations, the user input/
output subsystem includes one or more user input/output

components such as a display 112, mouse 113, and/or
keyboard 114.

System bus 117 can employ any known bus structures or
architectures, including a memory bus with a memory
controller, a peripheral bus, and a local bus. System memory
120 may include non-volatile memory, such as read-only

memory (“ROM”), static random access memory
(“SRAM”), Flash NAND:; and volatile memory such as

random access memory (“RAM”) (not shown).

Digital computer 105 may also include other non-transi-
tory computer- or processor-readable storage media or non-
volatile memory 115. Non-volatile memory 115 may take a
variety of forms, including: a hard disk dnive for reading
from and writing to a hard disk, an optical disk drive for
reading from and writing to removable optical disks, and/or
a magnetic disk dnive for reading from and writing to
magnetic disks. The optical disk can be a CD-ROM or DVD,
while the magnetic disk can be a magnetic floppy disk or
diskette. Non-volatile memory 115 may communicate with
digital processor via system bus 117 and may include
appropriate interfaces or controllers 116 coupled to system
bus 117. Non-volatile memory 115 may serve as long-term
storage for processor- or computer-readable instructions,
data structures, or other data (sometimes called program
modules) for digital computer 103.

Although digital computer 105 has been described as
employing hard disks, optical disks and/or magnetic disks,
those skilled 1n the relevant art will appreciate that other
types ol non-volatile computer-readable media may be
employed, such magnetic cassettes, flash memory cards,
Flash, ROMs, smart cards, etc. Those skilled in the relevant
art will appreciate that some computer architectures employ
volatile memory and non-volatile memory. For example,
data 1 volatile memory can be cached to non-volatile
memory. Or a solid-state disk that employs integrated cir-
cuits to provide non-volatile memory.

Various processor- or computer-readable instructions,
data structures, or other data can be stored 1n system
memory 120. For example, system memory 120 may store
instruction for communicating with remote clients and
scheduling use of resources including resources on the
digital computer 105 and analog computer 150. Also for
example, system memory 120 may store at least one of
processor executable instructions or data that, when
executed by at least one processor, causes the at least one
processor to execute the various algorithms described else-
where herein, including machine learning related algo-
rithms.

In some 1implementations system memory 120 may store
processor- or computer-readable calculation instructions to
perform pre-processing, co-processing, and post-processing,
to analog computer 150. System memory 120 may store at
set of analog computer interface 1structions to interact with
analog computer 150.
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Analog computer 150 may include at least one analog
processor such as quantum processor 140. A quantum pro-

cessor 1s a computing device that can harness quantum
physical phenomena (such as superposition, entanglement,
and quantum tunneling) unavailable to non-quantum
devices. A quantum processor may take the form of a
superconducting quantum processor. A superconducting,
quantum processor may include a number of qubits and
assoclated local bias devices, for instance two or more
superconducting qubits. An example of a qubit 1s a flux
qubit. A superconducting quantum processor may also
employ coupling devices (i.e., “couplers”) providing com-
municative coupling between qubits. Further details and
embodiments of exemplary quantum processors that may be
used to implement the various embodiments are described
in, for example, U.S. Pat. Nos. 7,533,068; 8,008,942; 8,195,
596; 8,190,548; and 8,421,053. However the wvarious
embodiments are not limited to such quantum processors
and other types of quantum processors can be used without
limitation.

Quantum processor 140 may be a general quantum pro-
cessor or a more specialized quantum processor, such as a
quantum annealing processor. Analog computer 150 can be
provided 1n an 1solated environment, for example, in an
1solated environment that shields the internal elements of the
quantum computer from heat, magnetic field, and other
external noise (not shown). The 1solated environment may
include a reirigerator, for instance a dilution refrigerator,
operable to cryogenically cool the analog processor, for
example to temperature below approximately 1° Kelvin.

In an exemplary implementation of a system in accor-
dance with the various embodiments, a user would submit
the problem to be solved to the digital computer 105 via user
interface 111. The digital computer 105 would then convert
or encode the problem, as needed, and provide to analog
computer 150, via controller 116, for processing using the
quantum processor 140, When the processing run 1s com-
pleted, measurements of the qubits at quantum processor
140 are transmitted back to the digital computer 105 for
subsequent decoding and processing.

Examples

The examples shown here are not intended to limit the
vartous embodiments. Rather they are presented solely for
illustrative purposes.

NQAC Optimization Results

NQAC was tested by studying antiferromagnetic com-
plete graphs numerically, as well as on a D-Wave 2000Q)
processor featuring 504 flux qubits connected by 1427
tunable composite qubits acting as Ising-interaction cou-
plings, arranged in a non-planar Chimera-graph lattice
(complete graphs were also studied for a spin glass model).
The data discussed below demonstrates that the encoding
schemes of the various embodiments vield a steady
improvement for the probability of reaching the ground state
as a function of the nesting degree, even after minor-
embedding the complete graph onto the physical graph of
the quantum annealer. Also demonstrated 1s that NQAC
outperforms classical repetition code schemes that use the
same number of physical qubits.

For purposes of illustrating the various embodiments, the
following discussion 1s directed to the more significant
results of the testing. However, in the section entitled
“Supplemental Information,” a more detailed explanation 1s
provided with additional results and details regarding the

testing of NQAC.
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The hardness of an Ising optimization problem, using a
QA device, 1s controlled by 1ts s1ze N as well as by an overall
energy scale a.. The smaller this energy scale, the higher the
cllective temperature and the more susceptible QA becomes
to (dynamical and thermal) excitations out of the ground
state and misspecification noise on the problem Hamilto-
nian. This provides us with an opportunity to test NQAC.
Since 1 the experiments were limited by the largest com-

plete graph that can be embedded on the D-WAVE 20000
device, a K5, (see SI Sec. IV for details), the hardness of a
problem was tuned by studying the performance of NQAC
as a function of a via H,—=aH ,, with O<a<1. Note that there
was no rescale of v; mnstead v was optimized for optimal
post-decoding performance (see SI Sec. V). It 1s known that

for the D-WAVE 2000Q), mtrinsic coupler control noise can
be taken to be Gaussian with standard deviation 0~0.05 of
the maximum value for the couplings [48]. Thus, one may
expect that, without error correction, Ising problems with
.<0.05 are dominated by control noise.

NQAC was applied to completely antiferromagnetic (h,=0
V,) Ising problems over K,(J, =1 Vi;), and K; (random
J,&10.1,1] with steps ot 0.1) with nesting up to C=8 and
C=4, respectively. P_(a.) denotes the probability to obtain the
logical ground state at energy scale a for the C-degree
nested implementation (see SI Sec. 1 for data collection
methods). The results of these experiments are shown in
FIGS. 5A, 5B, and 5C.

FIGS. SA-5C show results for the antiferromagnetic K,
alter encoding, followed by ME and decoding. FIG. SA
shows D-WAVE 2000Q) success probabilities P () for eight
nesting degrees C. Increasing C generally increases P () at
fixed o. FIG. 5B shows rescaled P (o) data, exhibiting
data-collapse. FIG. 5C shows scaling of the energy boost -
versus the maximal energy boost p ., for both the
D-WAVE 20000 and SQA. In these figures, purple circles
show D-WAVE 2000Q) results; blue stars show SQA for the
case of no ME (1.e., for the problem defined directly over
K ..» and no coupler noise); red up-triangles show SQA for
the Cho1r ME (for a full Chimera graph), with ¢=0.05
(Gaussian noise on the couplings; and yellow right-triangles
show SQA for the D-WAVE 2000Q heuristic ME (applied to
a Chimera graph with 8 missing qubits) with 0=0.05 Gauss-
1an noise on the couplings. As will be discussed further
below, the flattening of n. suggests that the energy boost
becomes less eflective at large C. However, this can be
remedied by increasing the number of SQA sweeps (see SI
Sec. I1I), fixed here at 10*. Thus the lines represent best fits
to only the first four data points, with slopes 0.98, 0.91, 0.62
and 0.69 respectively. In FIGS. 4A-4C, N, = €[38, 4383].

The experimental QA data in FIG. SA shows a monotonic
increase of P(a) as a function of the nesting degree C. over
a wide range of energy scales a. As expected, P(a) drops
from P_(1)=1 (solution always tound) to P_(0)=6/16 (ran-
dom sampling of 6 ground states, where 4 out of the 6
couplings are satisfied, out of a total of 16 states).

Note that P, (a) (no nesting) drops by ~50% when a~0.1,
which 1s consistent with the aforementioned 0~0.05 control
noise level, while Pi(a) exhibits a similar drop only when
a.~0.01. This suggests that NQAC 1s particularly effective 1in
mitigating the two dominant effects that limit the perfor-
mance of quantum annealers: thermal excitations and con-
trol errors. To 1nvestigate this more closely, FIG. 3B shows
that the data from the left panel can be collapsed via
P (a)—=P (a/u ), where u - 1s an empirical rescaling factor
discussed below (see also SI Sec. VI). This implies that
P, (u-0)=~P (), and hence that the performance enhance-
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ment obtained at nesting degree C. can be interpreted as an
energy boost a—u .o with respect to an implementation
without nesting.

The existence of this energy boost 1s a key feature of
NQAC, as anticipated above. Recall [Eq. (4)] that a nested
graph K_. ., contains C* equivalent copies of the same
logical coupling J;. Hence a degree-C nesting betore ME
can provide a maximal energy boost p ., with n, __=4.
This simple argument agrees with the reduction of the
effective temperature by C* based on the calculation of the
free energy (5). FIG. 3C shows - as a function of p_ |
yielding u~C" with n=1.37 (grey circles). To understand
why n<m™**, simulated quantum annealing (SQA) simula-
tions were performed (see SI Sec. VII for details). Once can
observe 1n FIG. 5C that without ME and control errors, the
boost scaling matches u-"“" (dark stars). When including
ME and control errors a performance drop results (dark
triangles). Both factors thus contribute to the sub-optimal
energy boost observed experimentally. However, the opti-
mal energy boost 1s recovered for a fully thermalized state
with a suthciently large penalty (see SI Sec. III). To match
the experimental D-WAVE 2000Q results using SQA the
Cho1 ME designed for full Chimera graphs was replaced by
the heuristic ME designed for Chimera graphs with missing
qubits, and achieve a near match (light triangles) (see SI Sec.
IV for more details on ME).

Performance of NQAC Vs Classical Repetition

Recall that N #”=CNL is the total number of physical
qubits used at nesting degree C.; let C_ _ denote the highest
nesting degree that can be accommodated on the QA device
for a given K, 1.e., C__ NL=<N, <(C__ +1)NL, where N___
1s the total number of physical qubits (504 in the experi-
ments). Then M=[N, * 5 IN £ is the number of copies
that can be implemented 1n parallel. For NQAC at degree C.
to be useful, 1t must be more eflective than a classical
repetition scheme where M copies of the problem are
implemented 1n parallel. If a single implementation has
success probability P (a), the probability to succeed at least
once with M statistically independent implementations 1s
P (c)=1-[1-P (c)]*¢. It turns out that the antiferromag-
netic K, problem, for which a random guess succeeds with
probability 6/16, 1s too easy [1.e., P (a) approaches 1 too

rapidly], and therefore once can consider a harder problem:
an antiferromagnetic K, instance with couplings randomly
generated from the set J,&{0.1,0.2,...,0.9, 1} (see SI Sec.
V for more details and data on this and additional 1nstances).
Problems of this type turn out to have a sufliciently low
success probability for purposes of the methodology of the
various embodiments, and can still be nested up to C=4 on
the D-Wave 2000Q) processor.

FIGS. 6 A-6C show random antiferromagnetic K results.
FIG. SA shows success probabilities P (o) for tour nesting
degrees. FIG. 6B shows success probabilities P/'(a)
adjusted for classical repetition. FIG. 6C shows numerical
results for SQA simulations with 20000 sweeps, 0=0.05
(Gaussian noise on the couplings, and with the Cho1 embed-
ding, showing five nesting degrees. The inset in FIG. 6C
shows scaling of the energy boost u- versus the maximal
energy boost p-"“*, for both the D-Wave 2000Q and SQA.
In these figures, circles show D-Wave 2000Q) results; crosses
and up-triangles show SQA for the Chor ME with 10000
(crosses) and 20000 (up-triangles) sweeps, and with 0=0.035
Gaussian noise on the couplings. The flattening of u- for
C>4 suggests that the energy boost becomes less effective at
large C, but increasing the number of sweeps recovers the
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cllectiveness. The lines represent best fits to only the first
four data points, with respective slopes 1/2=0.65, 0.73, and
0.85.

As noted above, results for P(c) are shown 1n FIG. 6A,
and again increase monotonically with C, as in the K, case.
For each C, P(a) peaks at a value of o for which the
maximum allowed strength of the energy penalties v=1 1s
optimal (v>1 would be optimal for larger ¢, as shown 1n SI
Sec. V; the growth of the optimal penalty with problem size,
and hence chain length, 1s a typical feature of minor-
embedded problems). An energy-boost mterpretation of the
experimental data of FIG. 6A 1s possible for a values to the
left of the peak; to the right of the peak, the performance 1s
hindered by the saturation of the energy penalties.

FIG. 6B compares the success probabilities P/(a)
adjusted for classical repetition, having set C__ =4, and
shows that P,'(a)>P,'(a), 1.e., even after accounting for
classical parallelism C=2 performs better than C=1. How-
ever, P,'(a)<P;'(a)=P,'(a), so no additional gain results
from increasing C 1n the experiments. This can be attributed
to the fact that even the K, problem still has a relatively large
P,(c). Experimental tests on QA devices with more qubits
will thus be important to test the eflicacy of higher nesting
degrees on harder problems.

To test the effect of increasing C, and also to study the
cllect of varying the annealing time, FIG. 6C presents the
performance of SQA on a random K, antiferromagnetic
instance with the Cho1 ME. The results are qualitatively
similar to those observed on the D-WAVE 2000Q processor
with the heunistic ME [FIG. 6A]. Interestingly, one can
observe a drop 1n the peak performance at C=5 relative to the
peak observed for C=4. One can attribute this to both a
saturation of the energy penalties and a suboptimal number
of sweeps. The latter 1s confirmed in the 1nset i FIG. 3C,
where one can observe that the scaling of u -~ with C 1s better
for the case with more sweeps, 1.¢., agamn u~C", and n
increases with the number of sweeps.

Nested QAC oflers several significant improvements over
previous approaches to the problem of error correction for
QA. It 1s a flexible method that can be used with any
optimization problem, and allows the construction of a
family of codes with arbitrary code distance. The results
show that nesting 1s effective by performing studies with a
D-Wave QA device and numerical simulations. Further, the
protection from errors provided by NQAC can be interpreted
as arising from an increase (with nesting degree C.) 1n the
energy scale at which the logical problem 1s implemented.
This represents a very usetul tradeotl: the effective tempera-
ture drops as one 1ncreases the number of qubaits allocated to
the encoding, so that these two resources can be traded. Thus
NQAC can be used to combat thermal excitations, which are
the dominant source of errors 1n open-system QA, and are
the bottleneck for scalable QA implementations, assuming,
that closed-system Landau-Zener transitions have been sup-
pressed using other methods. Also demonstrated 1s that an
appropriate nesting degree can outperform classical repeti-
tion with the same number of qubits, with improvements to
be expected when next-generation QA devices with larger
numbers of physical qubits become available.

NQAC Sampling Results

In FIGS. 7A and 7B there are shown some experimental
results obtained on four ensembles of 100 fully connected
weilghted graphs on N=16 and N=24 variables which can be
encoded with up to C=3 and C=2 nesting levels respectively
on the D-WAVE 2000Q000Q quantum annealer.
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FIG. 7A shows the increase of the sampling inverse
temperature as a function of the nesting level C. FIG. 7B
shows the gradient overlap remaining close to 1 as a function
of the nesting level C.

The weights of the instances of the ensembles are ran-
domly picked within the set {x1} (int) and {=0.1,
+0.2, . . ., =1} (frac). FIG. 7A shows the monotonic boost
of the eftective (inverse) sampling temperature 3~ - as a
function of the nesting level. In FIG. 7B, the gradients
overlaps are shown. The gradient overlaps are remarkably
close to 1, for all ensembles and levels of nesting.

FIGS. 7A and 7B give evidence that non-native (minor
embedded) graphical models can be trained with quantum
annealers and that NQAC can be additionally implemented
to effectively boost the value of the physical couplings
(h,,J,))—=W(h, J, ), where /' =P +P, . rthus overcoming a
fundamental technical limitation of quantum annealing
devices.

While various embodiments of the present invention have
been described above and the 1n the Supplemental Informa-
tion section that follows, i1t should be understood that they
have been presented by way of example only, and not
limitation. Numerous changes to the disclosed embodiments
can be made in accordance with the disclosure herein
without departing from the spirit or scope of the invention.
Thus, the breadth and scope of the present invention should
not be limited by any of the above described embodiments.
Rather, the scope of the invention should be defined 1n
accordance with the following claims and their equivalents.

Although the invention has been 1llustrated and described
with respect to one or more 1mplementations, equivalent
alterations and modifications will occur to others skilled 1n
the art upon the reading and understanding of this specifi-
cation and the annexed drawings. In addition, while a
particular feature of the invention may have been disclosed
with respect to only one of several implementations, such
feature may be combined with one or more other features of
the other implementations as may be desired and advanta-
geous for any given or particular application.

The terminology used herein 1s for the purpose of describ-
ing particular embodiments only and 1s not intended to be
limiting of the invention. As used herein, the singular forms
“a”, “an” and “the” are intended to include the plural forms
as well, unless the context clearly indicates otherwise.
Furthermore, to the extent that the terms “including”,
“includes™, “having”, “has™, “with”, or variants thereof are
used 1n either the detailed description and/or the claims, such
terms are intended to be inclusive 1in a manner similar to the
term “comprising.”

Unless otherwise defined, all terms (including technical
and scientific terms) used herein have the same meaning as
commonly understood by one of ordinary skill in the art to
which this mnvention belongs. It will be further understood
that terms, such as those defined 1n commonly used diction-
aries, should be iterpreted as having a meaning that is
consistent with their meaning in the context of the relevant
art and will not be interpreted in an 1dealized or overly
formal sense unless expressly so defined herein.

Supplemental Information

The following section 1s provided supplement and
enhance understanding of the results discussed above. How-
ever, nothing 1n this section 1s intended to limit the various
embodiments.

I. Experimental Methods

As noted above in the Examples section, NQAC was
tested on the D-WAVE 2000Q) quantum annealing device at
the University of Southern Califorma’s Information Sci-
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ences Institute (USC-ISI), which has been described in
numerous previous publications (e.g., see [1]). The largest
complete graph that can be embedded on this device, fea-
turing 504 active qubits, 1s a K.

An experimental value of the success probability P (a,y)
was determined as a function of the energy penalty strength
v. All figures show, whenever the v dependence 1s not
explicitly considered, the optimal value P (o)=max, P(a.,
v), with y&{0.05, 0.1, 0.2, . . ., 0.9, 1}. One can used the
same penalty value for both the nesting and the ME. In
principle these two values can be optimized separately for
improved performance, but this was not pursued since the
resulting improvement 1s small, as shown 1 FIG. 5, and
costly since each instance needs to be rerun at all penalty
settings.

FIG. 8 shows the eflect of separately optimizing v for ME
and penalties. The plot shows the success probability from
SQA simulations, for NQAC applied to a random antifer-
romagnetic K, with 10,000 sweeps, 0=0.05 noise, Cho1
embedding, with 3=0.1. The results obtained after separately
optimizing the penalty for the nesting and for the ME are
denoted “non-unit”, while the results for using a single
penalty for both (the strategy used i1n the main text) 1s
denoted “unif”. The former results in a small improvement.
Also shown 1s that separate (“MV ME”) or joint (“MV all”)
majority vote decoding of the nesting and the ME has no
cllect.

Each P _(c.y) is the overall success probability after 2x10*
annealing runs obtained by implementing 20 programming
cycles of 10° runs each. A sufficiently large number of
programming cycles 1s necessary to average out intrinsic
control errors (ICE) that, as explaimned in the main text,
prevent the physical couplings to be set with a precision
better than ~3%. To further remove possible sources of
systematic noise, at each programming cycle a random
gauge transformation i1s performed on the values of the
physical qubits. A permutation of the CxN vertices 1s a
symmetry of the nested graph but it 1s not a symmetry of the
encoded Hamiltonian obtained after ME. This 1s because the
CxN chains of physical qubits are physically distinguish-
able. In each programming cycle also performed was a
random permutation of the vertices of the nested graph,
before proceeding to the ME. Error bars correspond to the
standard error of the mean of the 20 P (c.) values.

II. Mean Field Analysis of the Partition Function

In this section how to compute the partition function of
the logical problem [Eq. (3)] 1s sketched, in order to analyze
the etlect of nesting. Previously, considered were Hamailto-
nians of the form:

H = B(O(H* + HY) (S.1)

where
N C (SQa)

H* = [A()/BW]Hy = -T(0) Y ok,
i=1 ¢;=1

N C
H< = Hp = Z Z Jﬁﬂj)a(..’.ﬂj)o-fzﬂjo-jﬂfj (SQb)
=1 'Cir':j':l
] C N
= N2 24 TR =YY, 2, o (520
i+ ﬂj,ﬂj':l i=1 ﬂﬁtc:
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A(1), B(t) have dimensions of energy, and where J and v are
dimensionless, and have each absorbed a factor of 1% to
account for double counting. Note that both H* and H” are
extensive (proportional to N). Throughout o, =0, ~
(0, =0,.") us used to denote the Pauli z(x) operator acting
on physical qubit ¢ of encoded qubit i.

One can define the collective variables

e (5.3)

1 C
=) 0l Si= EZG-Z

c;=1

1 N

§* = EZS?, §% = %i‘lf

Once can mterpret S and S;” as the mean transverse and
longitudinal fields on logical qubit 1, respectively. Then

N (S.4)
H* = —r(r)CZSf = —_NCT()S”,
i=1

and

Hp = (5.9)

N N
%CZZ S;?-Sj ) (é i y)z Z O-i:i G-IZ‘:: * yz Z (G-ﬁ:j)za
I-"'..lr.

i=1 .;;j-,.;;f i=1 ¢

but the last term is a constant [equal to YNC 1], so it can be
ignored. Therefore, up to a constant:

| ) (5.6)
7 2 ey 742
Hp = INC?|(5%) AN;(&);
where
1 ST
A=z+—20, (5-1)
JS N

encodes the penalty strength; the 1/N correction will
disappear 1n the thermodynamic limit. Note that

1 N
— > (5% = o),
sO that
1 N
A~ (D7 = o),
i=1

like (S;)?, and hence H, is extensive in N, as it should be.
The form (S.6) for H, shows that the NQAC Hamiltonian
in the fully antiferromagnetic K., ~ case can be interpreted

as describing the collective evolution of all logical qubats.
The term

1 N
A— ) (892
N;( )

i
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tavors all the spins of each logical qubit (where ° spin refers
to the qubit at t=t ) being aligned, since this maximizes each
summand.

A. Partition Function Calculation

One starts with the partition function

Z=Ty ¢ PH=Ty ¢ PBOH W =y, oS +H] (S.8)

Where 0=pB(t) 1s the dimensionless inverse temperature.
One can write the partition function explicitly as:

7 = Z Ao Hexpl=6(H* + H)le"}) = lim Ziy, (S.9)

o<}

2 CN

where 2.,z 1s a sum over all possible spin configura-
. 7Z,,1s

tions in the z basis, and [{0°})=®,_ Y® __,“lo,.

determined using the Trotter-Suzuki formula eP=lim,, ...
( AM BHM)

(exp[— % HE]EKPI— %Hx])M |{G_Z}>. (S.10)

Zy = Z (1)

o<}

After a lengthy calculation one can find

(S.11)

and where m; 1s the Hubbard-Stratonovich field that repre-
sents S;”(a) after the static approximation N (i.e., dropping
the a dependence). The second Hubbard-Stratonovich field
m; acts as a Lagrange multiplier.

B. Free Energy

In the large P (low temperature) limit, the partition
function 1s dominated by the global minimum. This mini-
mum is given by (m)=0, which corresponds to either a
paramagnetic phase (all m/=0) or a symmetric phase (m,=+m
in equal numbers). It can be shown that the system under-
goes a second order QPT, with the critical point moving to
the left as C and v grow. Using a saddle point analysis of the
partition function one can show that mJZIZiE’ICzJKm, and
hence, the dominant contribution to the partition function 1s
given by:

N{Cln[2c0sh((87)2 +20JCAm)2)/* |-05C2 Am?

Zc (5.12a)

&

€

12
v cufeslisaon s pasoctys ) | ssoczion o)
—p _

(S.12b)

For B(t)>0 and 1n the low temperature limit (0>>1) one can
approximate 2 cos h(61xl) as e°™,

Ne{((CT2+{2JAC2 m)z)” g —IACEm? |

Zo x e (S.13a)
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-continued

2,172
Nﬁ{([m(r)]%[zmr)(wﬁ",)czm] ) —B(r)(ﬁg})czmz}

=&

(5.13b)

= o PNF.

where 1n the second line reintroducing the physical inverse
temperature § [recall Eq. (S.8)]. Factoring out C* and taking
the large N limit then directly yields the free energy density
expression Eq. (3).

I1I. Additional Numerical Data

FIGS. 9A and 9B show saturation removal for NQAC
applied to antiferromagnetic K,. FIG. 9A shows SQA
results. As one increases the number of sweeps, the flatten-
ing of u. 1s slowly removed. FIG. 9B shows parallel tem-
pering (1nfinite sweep number) results. A thermal distribu-
tion on the ME fully recovers the no-ME scaling.

In particular, FIG. 9A shows that the saturation of - at
large C 1s removed when the number of sweeps 1s increased.
The thermal state, where the system has fully thermalized,
can be understood as the limit of an infinite number of
sweeps. FIG. 9B shows that the saturation 1s fully removed
for the thermal state (generated using parallel tempering),
and nesting 1s then equivalent to an energy (or temperature)
boost close to the ideal result u__“=C=. This suggests that
for a sufliciently large sweep number, performance can be
brought to near the 1deal result.

FIGS. 10A-10C show parallel tempering (PT) results for
antiferromagnetic K4 with no noise on the couplers. PT was
used to generate a thermal state with respect to the ME,
which was then decoded using majonity voting. FIG. IOA
shows success probabilities for different nesting degrees C.
at 3=2. FIG. 10B shows success probabilities for different
inverse temperatures at C=4. FIG. 10C shows scaling of u .
for the thermal state. The solid lines represent the best linear
fit to all the data points. All the best-fit lines have slopes
greater than 0.95, so one can find that the optimal scaling of
u.~C? is recovered at all (sufficiently large) inverse tem-
peratures tested. This illustrates that for a suiliciently cold
equilibrated system ME does not result in a suboptimal
energy boost.

FIGS. 10A-10C give further evidence that nesting can be
interpreted as an eflective reduction of temperature by
studying the success probability associated with the thermal
distribution on the ME. Parallel tempering (PT) was used to
sample from the thermal state associated with the ME of the
different NQAC cases shown 1n FIGS. 4A-4C, and decoded
using majority voting. One can find that the thermal state at
different temperatures but fixed C, exhibits the same quali-
tative behavior as the thermal state at fixed temperature but
different C [see FIG. 10A versus FIG. 10B]. Therefore, the
performance improvement associated with reducing the
temperature can also be reproduced by increasing C. This
enforces that the energy boost can also be imterpreted as
decrease of the effective temperature of the device. One can

also find that the thermal state exhibits an energy boost
scaling of u~C” [see FIG. 10C].

IV. Cho1 And Heuristic Embedding

The “Chimera” hardware connectivity graph of the
D-Wave devices allows for a ME of complete graphs.
Above, this 1s 1dentified as “Cho1 minor embedding”.

FIGS. 11A and 11B show MEs of a K,,. These were used,
¢.g., to minor-embed a C=8 nesting of a K, or a C=4 nesting
of a K. FIG. 11A shows the Cho1 embedding implemented
on a perfect Chimera graph. FIG. 11B shows a heuristic ME
for the actual D-WAVE 2000Q device used in this work,
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whose Chimera graph contains 8 unusable qubits (circles).
Different colors (and labels) denote chains representing
minor-embedded logical qubits. Thin lines are logical cou-
plings, while thick lines represent energy penalties (ferro-
magnetic couplings).

The Cho1 technique requires a perfect Chimera graph,
without missing vertices. In actual devices, however, imper-
fections 1n fabrication or the calibration process lead to the
presence of unusable qubits (e.g., due to trapped flux). These
qubits, along with their couplings are then permanently
disabled and cannot be used 1n the QA process. Eflicient
heuristic algorithms have been developed to search for MEs
for the resulting induced Chimera subgraphs. FIG. 11B
shows the ME of a K32 obtained when a heuristic algorithm
1s applied to the actual hardware graph of the D-WAVE
2000Q “Vesuvius™ chip installed at USC-ISI. Note how the
ME avoids the unusable qubits, depicted as black circles 1n
FIG. 11B.

The MEs shown i FIGS. 11A and 11B are the actual
“Cho1” and “heuristic” MEs used in the experiments and
simulations. As discussed above, SQA simulations demon-
strate that the choice of the ME has a significant impact on
the performance of NQAC. In particular, 1t turns out that the
Cho1 ME outperforms the heuristic ME.

V. Additional Experimental Data

Here 1s presented additional experimental data for K,/ s
with couphngs randomly generated from the set J &{0.1,
0.2,...,009, 1}. For large N, K, generated in this manner

have a ﬁnite temperature spin glass phase transition. This
property renders simulated annealing ineflicient in finding
the ground state of such problems. The previously discussed

results report data for a random K, instance that 1s referred
to here as “harder-K,™:

(0 04 07 05 03 0.5 02 0.5° (S.14)
0 0 03 08 0.8 03 0.5 0.7
0 0 0 05 09 09 03 09
i 0 0 0 0 1 08 0.8 07
"o 0o 0 0 0 09 03 06]
0 0 0 0 0 0 09 04
00 0 0 0 0 0 05
00 0 0 0 0 0 0,

Data was also collected for another random K, instance
that turned out to have a higher success probability, so one
can refer to it as “easy-K.:

(0 0.8 0.7 0.8 0.9 04 02 0.9 (S.15)
0 0 07 08 03 07 1 03
0 0 0 07 06 01 05 0.6
o o 0o 0 01 08 01 05
=10 0 0o 0o o0 05 08 02/
00 0 0 0 0 06 07
00 0 0 0 0 0 |1
00 0 0 0 0 0 0,

The results of these two instances are shown in FIGS.

12A-12D. In particular, FIGS. 12A and 12B show P {(a) and
adjusted P'(a) for the hard-K, istance. FIGS. 12C and
12D show P {a) and adjusted P '(a) for the easy-K,

instance.

10

15

20

25

30

35

40

45

50

55

60

65

22

Data was also collected for a “easy-K,,” mstance and an
“hard-K,,” 1nstance:

(0 0.2 07 0.8 0.5 0.3 0.8 0.9 04 0.1° (S.16)
0 0 0. 01 04 07 03 0.3 0.9 0.1
0 0 0 03 08 07 06 09 0.6 0.6
00 0 0 08 02 07 03 06 0.8
oo 0o 0o 00209 1 1 I
fo=10 0 0 0 o0 0 1 0403 02
000 0 0 0 0 0 0208 06
00 0 0O 0O 0 0 0 08 05
00 0 0 0 0 0 0 0.1
00 0 0 0 0 0 0 0 0,
0 0.6 09 08 0.5 1 04 0.2 0.1 0.5°
0 0 0.8 09 0.1 0.6 02 0.7 0.7 09
0 0 0 08 06 03 0.8 0.2 0.6 0.6
000 0 0 01 03 08 0.4 06 0.5
en |00 0 0 0 070604030l
7o 0o o 0 0 0 01 1 09 06]
00 0 0O 0 0 0 09 09 09
00 0 0 0 0 0 0 01 10
000 0 0 0 0 0 0 0 03
00 0 0 0 0O 0 0 0 0,

The results of these two instances are shown in FIGS.
13A-13D. In particular, FIGS. 13A and 13B show P () and
adjusted P/ '(a) for the hard-K,, instance. FIGS. 13C and

13D show P-(c) and adjusted P '(a) for the easy-K,,

instance.

In all cases, results are displayed up to nesting degree
C.=3.

FIGS. 14A-14D shows the optimal penalty strength as a
function of the energy scale for the four instances consid-
ered. In particular, FIG. 14A shows optimal penalty values
(v) for the hard-K, instance and FIG. 14B shows the values
for the easy-K, instance. FIG. 14C shows values for the
hard-K,, instance and FIG. 14D shows the values for the
easy-K,, imstance. A saturation of the optimal penalty i1s
visible at the maximal possible value |y|=1 for a close to 1,
implying that the true optimal penalty values are >1 1n this
range.

FIGS. 15A-15D show data collapse and - scaling results
for the antiferromagnetic hard-K, problem considered
above, as well as the easy-K, problem. In particular, FIGS.

15A and 15B, respectively, show data collapse and u.
scaling results for the hard-K problem. FIGS. 15C and 15D,
respectively, show data collapse and u, scaling results for
the easy-K, problem. As shown 1 FIGS. 15A and 1C, there
1s a data collapse to the left of the peak. Recall that the peak
1s due to having reached the maximum penalty value, as
illustrated 1n FIGS. 14 A-14D. The associated scaling of the
energy boost .-, as shown in FIGS. 15B and 13D, vields
u.~C'>* for the hard-K, instance and n.~C'>° for the
casy-K, instance.

FIGS. 16 A-16D show data collapse and p- scaling results
for the antiferromagnetic hard-K,, problem considered
above, as well as the easy-K, , problem. In particular, FIGS.
16A and 16B, respectively, show data collapse and n
scaling results for the hard-K,, problem. FIGS. 16C and
16D, respectively, show data collapse and u - scaling results
for the easy-K,, problem. For both of these instances,

MC""'CL34-
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V1. Determination of u -

To determine the values of . and estimate error bars, one
proceeds as follows. First, one can use smoothing splines to
determine a continuous interpolation P.""“(c) of the dis-
crete data points P, (a). In the same way one can also
determine the higher and lower interpolating curves P ./"&”
(o) and P.**(ct) for the data points P(c)+3P (o) and
P (a)-0P () respectively, where 0P () denotes the stan-
dard error of P.(a). A reference value o . was then
determined such that P."“(o../"?)=P,, where a smooth
interpolation of the experimental data 1s used. The energy
boost was then determined as u.~o,”™%o.. . P, is an
arbitrarily chosen reference value where the different P ()
curves are overlapped. This reference serves as a base point
for computing 1. As shown 1n the main text for the K, the
overlap of the P data over the entire a range means that the
specific choice of P, 1s arbitrary.

One can similarly determine n."#"=c,”#"/0 %" and
nLo"=a, "o 2" using the corresponding interpolating
curves. The error bars shown in the figures were then
centered at 1., with lower and upper error bars being """
and 1", respectively.

VII. Numerical Methods

Previously, results were reported based on quantum
Monte Carlo techniques described above. Here this tech-
nique 1s briefly reviewed. Simulated Quantum Annealing
(SQA) 1s a quantum Monte Carlo based algorithm whereby
Monte Carlo dynamics are used to sample from the instan-
taneous Gibbs state associated with the Hamiltonian H(t) of
the system. The state at the end of the quantum Monte Carlo
simulation of the quantum Hamiltonian H(t) 1s used as the
initial state for the next Monte Carlo simulation with Ham-
iltonian H(t+At). This 1s repeated until H(ty) 1s reached. SQA
was originally proposed as an optimization algorithm [13,
14], but it has since gained traction as a computationally
ellicient classical description for T>0 quantum annealers. An
important caveat 1s that SQA does not capture the unitary
dynamics of the quantum system, but 1t 1s hoped that the
sampling of the instantaneous Gibbs state captures thermal
processes 1n the quantum annealer, which may be the
dominant dynamics 1f the evolution 1s sufliciently slow.
Although there 1s strong evidence that SQA does not com-
pletely capture the final-time output of the D-Wave proces-
sors, at present it 1s the only viable means to simulate large
(>15 qubits) open QA systems. Discrete-time quantum
Monte Carlo was used 1n these simulations with the number
of Trotter slices fixed to 64. Spin updates were performed
via Wolll-cluster updates along the Trotter direction only.

What 1s claimed 1s:

1. A method of processing, with error suppression, using
a quantum processor, the method comprising;:

obtaining a problem Hamiltonian having a first plurality

of logical qubits represented by a logical graph K.,
cach logical qubit of the first plurality of logical qubaits
being coupled to another logical qubit of the first
plurality of logical qubits;

defining a nested Hamiltonian with a second plurality of

logical qubits larger than the first plurality of logical
qubits by embedding the logical graph K ,; into a larger
logical graph K. ., where N represents a number of
logical qubaits 1n the second plurality of logical qubits,
and where C represents a nesting level defining the
amount of hardware resources for the nested Hamilto-
nian, each logical qubit 1 (1=1, . . . , N) of the first
plurality of logical qubaits 1n the logical graph K, being
represented by a corresponding C-tuple of logical
qubits (1, ¢) (c=1, . . ., C) of the second plurality of
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logical qubits 1n the logical graph K .., each coupling
between logical qubits of the first plurality of logical
qubits being represented by C* couplings between the
corresponding C-tuples of logical qubits of the second
plurality of logical qubits to thereby provide an eflec-
tive temperature reduction for the problem Hamiltonian
during a quantum annealing process of the nested
Hamuiltonian;

encoding the nested Hamiltonian 1nto a plurality of physi-

cal qubits of the quantum processor;

performing the quantum annealing process with the quan-

tum processor after the encoding, where the effective
temperature reduction reduces thermal errors during
the quantum annealing process;

further comprising: measuring the plurality of physical

qubits; and recovering a logical state of each of the
plurality qubaits using a decoding procedure;

wherein the encoding further comprises performing a

minor embedding process comprising implementing
cach of the second plurality of logical qubits in the
nested Hamiltonian as a ferromagnetically coupled
chain having a length of L qubits of the plurality of
physical qubits, such that all couplings in the nested
Hamailtonian are represented by inter-chain couplings;
and

wherein the decoding procedure 1s performed over both

(1) the length (L) chain of each encoded qubit of the
second plurality of qubits and (1) C encoded qubits
comprising each C-tuple of the second plurality of
logical qubaits.

2. The method of claim 1, wherein a number of physical
qubits necessary for the minor embedding of the K., 15
Keon NW:CNLMCZN2 .

3. The method of claim 1, wherein the hardware resources
comprise at least one of physical qubits, couplers, and local
fields.

4. The method of claim 1, wherein the hardware resources
comprise nested couplers j(iﬂc)ﬂ(].!c,) and local fields h
where

J(I'?C)?{:j?c'):“)r.tji VC,C'; f#jj,

-

hio=Ch Ve,

J,er,0.0n =Y VE=C

5. A quantum processing system with error suppression,

comprising;

a digital computer comprising a digital processor and a
memory having stored thereon instructions for causing
the digital processor to:

obtain a problem Hamiltonian having a first plurality of
logical qubits represented by a logical graph K., each
logical qubait of the first plurality of logical qubits being
coupled to another logical qubit of the first plurality of
logical qubits;

define a nested Hamiltomian with a second plurality of
logical qubits larger than the first plurality of logical
qubits by embedding the logical graph K, into a larger
logical graph K . ., where N represents a number of
logical qubaits 1n the second plurality of logical qubats,
and where C represents a nesting level defining the
amount ol hardware resources for the nested Hamilto-
nian, each logical qubit 1 (1=1, . . . , N) of the first
plurality of logical qubits 1n the logical graph K, being
represented by a corresponding C-tuple of logical
qubits (1, ¢) (c=1, . . ., C) of the second plurality of
logical qubits 1n the logical graph K- A, €ach coupling
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between logical qubits of the first plurality of logical
qubits being represented by C* couplings between the
corresponding C-tuples of logical qubaits of the second
plurality of logical qubits to thereby provide an eflec-
tive temperature reduction for the problem Hamiltonian
during a quantum annealing process of the nested
Hamiltonian;

an analog computer coupled to the digital computer, the
analog computer comprising a quantum processor and
configured for:

encoding the nested Hamiltonian into a plurality of physi-
cal qubits of the quantum processor, and

performing the quantum annealing process with the quan-
tum processor after the encoding, where the effective
temperature reduction reduces thermal errors during
the quantum annealing process;

wherein the analog computer 1s configured for measuring
the plurality of physical qubits, and wherein the
instructions further comprise istructions for causing
the digital processor to recover a logical state of each
of the plurality qubits using a decoding procedure;

wherein the encoding further comprises performing a
minor embedding process comprising implementing
cach of the second plurality of logical qubits in the
nested Hamiltonian as a ferromagnetically coupled
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chain having a length of L qubits of the plurality of
physical qubits, such that all couplings 1n the nested
Hamailtonian are represented by inter-chain couplings;
and

wherein the decoding procedure 1s performed over both

(1) the length (L) chain of each encoded qubit of the
second plurality of qubits and (11) C encoded qubaits
comprising each C-tuple of the second plurality of
logical qubits.

6. The method of claim 5, wherein a number of physical
qubits necessary for the minor embedding of the K . 15
Keon J,S:CNL-«-CZN2 .

7. The system of claim 5, wherein the hardware resources
comprise at least one of physical qubits, couplers, and local
fields.

8. The system of claim 5, wherein the hardware resources
comprise nested couplers j(z’,c),(]',c’) and local fields h,
where

J(I',-::‘),(j,:?") :JTU, VC, C:, I.#j,
B =Ch,Vei,

J(I',-::‘),(I',C") :—Y, VC#C !
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