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fitting calculation, and determine whether to terminate the
least squares {itting calculation or return to step 1 to perform
next iterative calculation.
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NON-APPROXIMATE VOIGT LINE PROFILE
FITTING METHOD FOR ABSORPTION
SPECTRUM SPECTROSCOPY

TECHNICAL FIELD

The present invention pertains to the field of optical flow
field diagnosis, relates to diode laser absorption spectros-
copy and a signal processing technology, and can be used to
improve accuracy ol measuring temperature, component
concentration, and pressure by using TDLAS.

BACKGROUND

Currently, tunable diode laser absorption spectroscopy
(TDLAS) 1s a very eflective method for measuring param-
eters such as temperature, component concentration, veloc-
ity, or pressure 1n a combustion flow field. A basic principle
of TDLAS 1s the Beer-Lambert law. By using properties of
a laser absorption spectrum of gas molecules, intensity of
laser light that penetrates absorbing gas 1s measured, and a
light intensity absorption curve having a particular absorp-
tion line shape can be obtained. An absorption line shape
function 1s directly related to field parameters. Values of the
parameters can be obtained by performing line shape {fitting,
on a measured absorption curve.

For a gas absorption environment, an absorption line
shape 1s mainly decided by two physical mechamisms:
Doppler broadening caused by thermal motion of molecules,
and collision broadening caused by a collision between
molecules. The two types of broadening respectively pro-
duce two corresponding line shape functions: a Gauss line
shape function and a Lorentz line shape function. When gas
pressure 1s low, Doppler broadening 1s dominant, and the
absorption line shape 1s described by using a Gauss line
shape. In a high pressure condition, molecules collide more
frequently, collision broademing 1s dominant, and the absorp-
tion line shape 1s described by using a Lorentz shape.
Actually, 1n most cases, there 1s no great difference between
properties ol the two types of broadening, and a Voigt line
shape needs to be used to describe the absorption line shape.
The Voigt line shape 1s expressed as a convolution of the
Gauss line shape and the Lorentz line shape. This convolu-
tion expression does not have a definite analytical form. This
causes two problems 1n applying a Voigt line shape function.
This first problem 1s that a long calculation time 1s required
for calculating a value of the Voigt line shape function 1n an
integral form. The second problem 1s that the Voigt line
shape function in the integral form cannot use a conven-
tional line shape fitting tool to perform curve fitting, because
a generic line shape fitting tool requires that an analytical
expression should be used as an input parameter.

Currently, a general method for solving the two problems
1s approximating the analytical expression of the Voigt line
shape to replace the original integral expression of the Voigt
line shape. However, an approximate analytical expression
also has its inherent disadvantage, that 1s, approximation
inevitably causes an error. To reduce an error of approxi-
mation, an approximate analytical expression with high
complexity or even a complex expression needs to be used.
However, the complex approximate expression may also
cause long-time calculation and non-convergence in line
shape fitting. Therefore, for absorption spectrum measure-
ment, a non-approximate Voigt line shape fitting method
capable of fast calculation 1s of great significance.
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The following documents and reports relate to calculation
and fitting of a Voigt line shape function 1n laser absorption

spectrum measurement.

1. “Rapidly convergent series for high-accuracy calcula-
tion of the Voigt function” (Journal of Quantitative Spec-
troscopy & Radiative Transfer 111 (2010) 372-375), a
dissertation by S. M. Abrarov, etc., Yale University, U.S.A.
An exponential function sequence based on Fourier expan-
sion 1s provided for implementing high-accuracy approxi-
mation of a Voigt function. Calculation accuracy in this
approximate method can reach 10~". Although calculation in
this method 1s obviously faster than an integral method, an
approximate expression 1s in a form of a sum of sequences
and 1s quite complex.

2. “Implementation of an eflicient analytical approxima-
tion to the Voigt function for photoemission lineshape analy-
s1s” (Journal of Electron Spectroscopy and Related Phenom-
ecna 64 (1994) 125-132), a dissertation by A. B. McLean,
Queen’s University, Canada. A simple approximate expres-
sion ol a Voigt function 1s provided. This expression
includes a sum of four polynomials in a same form. Each
polynomial includes four fixed parameter values. Featuring
a simple form and a high calculation speed, this approximate
expression 1s also applicable to line shape fitting, but accu-
racy of approximation 1s not high.

3. “Double-peak Fitting of X-ray Diflraction by Voigt
Profile Function” (Journal of Synthetic Crystals, 1ssue 2,
volume 38, 2009), a dissertation by Zhang Qingli, Anhui
Institute of Optics and Fine Mechanics, Chinese Academy of
Sciences. A Gauss-Hermite numerical integration formula
applicable to M nodes 1s used for approximating a Voigt line
shape function, and a double-peak Voigt profile 1s fitted by
using the approximate expression. A fitting result indicates
that a convergence speed and stability thereotf are both high.
However, this article also points out that an increase of
nodes may cause an increase of calculation load, and a
calculation speed may be obviously reduced 1 a case of
multiple numerical 1terations.

4. “Fast and non-approximate methodology for calcula-
tion of wavelength-modulated Voigt lineshape functions
suitable for real-time curve fitting” (Journal of Quantitative
Spectroscopy & Radiative Transfer 113 (2012) 2049-2057),
a dissertation by Jonas Westberg, Umea University, Sweden.
A non-approximate method for calculation of wavelength-
modulated Voigt line shape functions 1s provided. In the
article, a fast Fourier transtform method is used to calculate
an expression related to a convolution. The article describes
in detail how to obtain an nth-order modulation harmonic
factor after Fourier broadening of a wavelength-modulated
Voigt line shape function. There 1s no expression approxi-
mation 1n the whole calculation process, and calculation 1s
fast. However, the article does not describe how to use the
method to perform Voigt line shape fitting.

Complexity of accurate calculation of the Voigt line shape
function and feasibility of non-approximate calculation are
proved 1n the foregoing documents. However, research on
fitting of the Voigt line shape function i1s still based on an
approximate expression. Non-approximate Voigt line shape
function calculation makes non-approximate Voigt line
shape fitting possible. On this basis, a non-approximate
Voigt line shape fitting method for absorption spectrum
measurement 1s 1implemented 1n the present invention.

SUMMARY

An objective of the present invention 1s to provide a
non-approximate Voigt line shape fitting method to improve
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accuracy of gas parameter measurement performed by using
a TDLAS method. Based on a nonlinear least squares fitting
method, the method uses an FFT method to calculate a Voigt
line shape function and first-order partial denivatives of the
function with respect to parameters to be fitted, and applies
a calculation result 1n a least squares fitting algorithm.
Therefore, non-approximation 1s implemented 1n the whole
fitting process. The method solves various problems caused
by approximate calculation of a Voigt line shape function in
a long term. The method 1s applicable to all fields that can
use TDLAS to measure tlow field parameters, for example,
measure temperature and component concentration in an
engine plume, a scramjet engine isolator or a combustion
chamber, and an internal combustion engine, optimize com-
bustion efliciency 1n fields of thermal power generation and
coal furnaces, monitor pollutants, etc.

The present invention describe a method for non-approxi-
mate calculation of a Voigt line shape function. An 1imple-
mentation solution 1s as follows:

(1) Separately calculate a normalized Gauss line shape
function and a normalized Lorentz line shape function
according to given line shape parameters such as a center
wavelength, a Gauss line width, and a Lorentz line width.

(2) Separately calculate Fourier transforms of the Gauss
line shape function and the Lorentz line shape function.

(3) By using Fourier transform properties of a convolu-
tion, obtain a Fourier transform of the Voigt line shape
function, which 1s equal to a product of the Fourier trans-
forms of the Gauss line shape function and the Lorentz line
shape function.

(4) Obtain a normalized Voigt line shape function by
using an inverse Fourier transform. The present invention
provides a method for non-approximate calculation of first-
order partial derivatives of a Voigt line shape function with
respect to line shape parameters. An implementation solu-
tion 1s as follows:

(1) By using differential properties of a convolution,
convert first-order partial derivatives of a Voigt line shape
function with respect to line shape parameters into {first-
order partial derivatives of a Gauss line shape function or a
Lorentz line shape function with respect to the line shape
parameters.

(2) Calculate the first-order partial dernivatives of the
(Gauss line shape function or the Lorentz line shape function
with respect to the line shape parameters.

(3) By using Fourier transform properties of the convo-
lution, calculate the first-order partial derivatives of the
Voigt line shape function with respect to the line shape
parameters.

The present invention improves a nonlinear least squares
fitting algorithm, so that the algorithm 1s applicable to curve
fitting without a definite analytical expression. An i1mple-
mentation solution 1s as follows:

(1) Set mitial values of line shape parameters to be fitted,
and calculate a Voigt line shape function and first-order
partial derivatives of the Voigt line shape function by using
the 1nitial values.

(2) Calculate an optimum factor SSE by using the calcu-
lated Voigt line shape function and a measured profile.

(3) Construct a Hessian matrix and a gradient equation by
using the calculated first-order partial derivatives of the
Voigt line shape function, and obtain an increment of
parameters to be fitted.

(4) Recalculate the Voigt line shape function and optimum
tactor SSE by using the updated parameters to be fitted.

(5) Compare the new optimum factor with the old opti-
mum factor, and determine whether to terminate the calcu-
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lation or repeat steps (1) to (4) until fitting differences
converge to an acceptable small value.

BRIEF DESCRIPTION OF DRAWINGS

FIG. 1 1s a principle flowchart of the method according to
the present invention;

FIG. 2 shows a Voigt line shape function calculated by
using the method according to the present mmvention, and
calculated first-order partial derivatives of the Voigt line
shape function with respect to line shape parameters;

FIG. 3 shows a result of fitting simulation data by using,
the method according to the present imvention;

FIG. 4 shows a result of fitting measurement data by using,
the method according to the present invention; and

FIG. 5 shows a change curve of time consumed by
calculation by using the method according to the present
invention as a quantity of data points increases.

DESCRIPTION OF EMBODIMENTS

With reference to the accompanying drawings and
embodiments, the following further describes in detail a
non-approximate Voigt line shape fitting method for absorp-
tion spectrum measurement according to the present inven-
tion. FIG. 1 provides a principle flowchart of a non-approxi-
mate Voigt line shape fitting method according to the present
invention.

An implementation solution of the present invention 1s as
follows: The present invention provides a non-approximate
Voigt line shape fitting method by fully using properties of
convolution calculation and characteristics a Voigt line
shape function in combination with actual application con-
ditions for laser absorption spectrum measurement. The
present invention includes three steps: a step of non-approxi-
mate calculation of a Voigt line shape function, a step of
non-approximate calculation of first-order partial derivatives
of the Voigt line shape function with respect to parameters,
and a step of non-approximate least squares fitting of a Voigt
line shape. A specific implementation solution 1s as follows:

Step 1: Non-Approximate Calculation of a Voigt Line
Shape Function

The Voigt line shape function is 1n a form of a convolution
of a Gauss line shape function and a Lorentz line shape
function, and 1ncludes four line shape parameters 1n total: a
center wavelength v, a Gauss line width Av, a Lorentz line
width Av,, and a line shape amplitude K. A Voigt line width
may be obtained by using the Gauss line width and the
Lorentz line width. In calculation of the Voigt line shape
function, the four line shape parameters are known vari-
ables. Specific calculation steps are as follows:

(1) Calculate a normalized Gauss line shape function
¢~(v) and a normalized Lorentz line shape function ¢,(v),
where the two line shape functions both have definite
analytical expressions and are expressed as follows:

2 In2
Ave \/;exp[—ﬂrlﬁ(ﬁ)z]

(1)

(2)
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Correspondingly, an expression of the Voigt line shape
function whose peak value 1s located at the center wave-
length v, 1s:

P p(v—v)=K-Pc(v—v,) L (v) (3)

(2) Calculate Fourier transforms H(w) and H,(w) of the
normalized Gauss line shape function and the normalized
Lorentz line shape function.

(3) By using Fourier transform properties ol a convolu-
tion, obtain a Fourier transtorm H (w) of the Voigt line
shape function, which 1s equal to a product of the Fourier
transforms of the Gauss line shape function and the Lorentz
line shape function, that is,

Hp{w)=H(w)H(w) (4)

(4) Perform an inverse Fourier transform to obtain a
normalized Voigt line shape function, and then multiply the
normalized Voigt line shape function by a line shape ampli-
tude K to obtain an actual Voigt line shape function ¢;{v).

Step 2: Non-Approximate Calculation of First-Order Par-
tial Denvatives of the Voigt Line Shape Function with
Respect to the Parameters

The Voigt line shape function has four line shape param-
eters. Therefore, there are also four first-order partial deriva-
tives of the Voigt line shape function with respect to the line
shape parameters. A first-order partial dernivative with
respect to the line shape amplitude 1s a normalized Voigt line
shape function. This 1s quite simple. The following mainly
describes specific steps of calculating first-order partial
derivatives with respect to the other three parameters.

(1) Using the center wavelength v, parameter as an
example, obtain an expression of a first-order partial deriva-
tive of the Voigt line shape function with respect to the
Gauss line width according to the equation (3):

Ot =V _ e 0 f et = vo)- (v — u)du )
a‘iﬁ{] @V{} _

0

By using differential properties of the convolution, the
equation (5) may be expressed as:

dpy(v—vo) [ ddg(u—vo) (6)
o = K[m v (v —u)du
. 0¢c(v =)
= K- v ® ¢r(v)

The equation (6) 1s still 1n a form of a convolution. The
convolution includes two parts. The first part 1s a first-order
partial denivative of the Gauss line shape function with
respect to the center wavelength v,. The second part 1s the
Lorentz line shape function. Because the Gauss line shape
function has the analytical expression (1), the first-order
partial dernivative may be expressed as follows by using the
analytical expression:

(7)

Therefore, a first-order partial derivative of the Voigt line
shape function with respect to v, expressed 1n the equation
(6), 1s a convolution of two analytical expressions. A Fourier
transform method similar to that for calculating a Voigt
function may be used for calculation.
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(2) Calculate the first-order partial derivative

dpc(v —vo)
@‘V‘[}

of the Gauss line shape function with respect to v, according
to the equation (7).

(3) Calculate a Fournier transform of the first-order partial
derivative of the Gauss line shape function with respect to
VD-

(4) By using the Fourier transform properties of the
convolution, obtain a Fourier transform of the first-order

partial derivative of the Voigt line shape function with
respect to the center wavelength.

(5) Obtain the first-order partial derivative

ey (v —vo)
a'u‘[}

of the Voigt line shape function with respect to v, through
calculation by using an inverse Fourier transform.

(6) By using steps same as (1) to (5), calculate first-order
partial derivatives

ey (v —vp)
8&1;5

ddy (v —vp)
aﬂVL

an

of the Voigt line shape function with respect to the Gauss
line width and the Lorentz line width. Expressions of the two
are 1 forms of convolutions:

dpy(v—vo) = 9¢c(v—vp) (8)
TAve N T aA, @)

dpy (v —vg) dpp(v) (9)
aAy, N 9cl=vo) @ e

FIG. 2 shows a typical Voigt line shape function and a
first-order partial derivative of the Voigt line shape function
with respect to each line shape parameter in laser absorption
spectrum measurement, obtained by using the non-approxi-
mate calculation method.

Step 3: Non-Approximate Least Squares Fitting of a
VOIGT Line Shape

The non-approximate least squares fitting of the Voigt line
shape 1s an 1mprovement over a typical Levenberg-Mar-
quardt line shape fitting method for the Voigt line shape
function. Least squares fitting 1s an iterative algorithm.
Specific steps 1n each iterative cycle are as follows:

(1) Set an 1mmitial value of a line shape parameter vector
p=IK, v, Av, Av, ] to be fitted, and calculate the Voigt line
shape function and a partial derivative of the Voigt line
shape function with respect to each line shape parameter by
using the initial value.

(2) Calculate an optimum factor ¥*(p) by using a mea-
sured profile and the calculated Voigt line shape function,
where the optimum factor 1s expressed as follows by using
a formula:
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+2(p) = Z lﬁﬁ’v,f — f;f:(vf; P)]z

=0

(10)

N 1s a quantity of measured data points; ¢, represents an
i’ piece of measurement data; and o, represents a variance
of the i piece of measurement data, and may be set to 1 if
its specific value 1s unknown.

(3) Calculate a first-order partial dernivative of the opti-
mum factor y¢*(p) with respect to a parameter to be fitted:

3 x*(p) (11

ﬂp_,-

¢y (vis p)l Oy (vis p)
7

7; Pj

_ Zﬁj _ —QZ [';b‘r",:
i=0

(11) indicates a partial derivative of the optimum factor
with respect to an i’ parameter to be fitted. For ease of
subsequent description, [3; 1s used to represent a summation
term 1n the equation.

(4) Construct a Hessian matrix by using the calculated
partial derivative of the Voigt line shape function with
respect to each line shape parameter, where a formula for
calculating an element o, 1n the matrix is expressed as:

(11)

[3¢V(Vf; p) Aoy (vi; p)
Pk

(3) Apply an offset to a diagonal element in the Hessian
matrix by using a small least squares algorithm factor A, and
form a new matrix, where elements in the matrix are
expressed as:

a’; = (1+A)

o' =0 (=) (12)

(6) Solve the following line shape equation set to obtain
an mcrement Ap of parameters to be fitted:

-1

Z o 6pr = P

k=0

(13)

(7) With respect to the line shape parameters to be fitted
and the obtained increment, repeat step (1) and step (2) to
calculate a new optimum factor y*(p+Ap) by using the new
line shape parameters.

(8) Compare the new optimum factor *(p+Ap) with the
old optimum *(p), and determine whether to terminate the
iterative cycle. If v (p+Ap)>y~(p), it indicates that the
increment of parameters to be fitted makes an SSE between
the Voigt profile and the measured profile worse, and the
algorithm factor A needs to be increased. If ¥~ (p+Ap )<y (p),
first determine whether a difference between ¥*(p) and
v*(p+Ap) is less than a convergence threshold €. If ¥*(p)-
v*(p+Ap)<e, terminate the iterative cycle. Otherwise,
replace p with p+Ap, decrease the algorithm factor A, and
repeat the iterative process.

FIG. 3 provides a result of Voigt line shape fitting per-
formed by using the non-approximate Voigt line shape fitting
method provided by the present invention, on absorption
spectrum simulation data with a signal-to-noise ratio of 6
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dB. An upper graph shows a fitted curve and simulation data.

A lower graph shows a fitting error. It can be seen that the

fitting error 1s within 3%.

FIG. 4 provides a result of Voigt line shape fitting per-
formed by using the non-approximate Voigt line shape fitting
method provided by the present invention, on actual absorp-
tion spectrum measurement data.

FIG. 5 provides a change relationship between time
consumed 1n a non-approximate Voigt line shape fitting
algorithm provided by the present invention and a quantity
of fitted data points. It can be seen that, for 1000 data points,
the whole fitting process needs to take only 10 ms.

What 1s claimed 1s:

1. A non-approximate Voigt line shape fitting method for
absorption spectrum measurement 1n a tunable diode laser
absorption spectroscopy (IDLAS), comprising the follow-
Ing steps:

step 1: performing a non-approximate calculation of a
Voigt line shape function by:

(1) separately calculating a normalized Gauss line shape
function and a normalized Lorentz line shape function
according to given line shape parameters comprising a
center wavelength, a Gauss line width, and a Lorentz
line width:

(2) separately calculating Fourier transforms of the Gauss
line shape function and the Lorentz line shape function;

(3) using Fourier transform properties of a convolution of
a Gauss line shape function and a Lorentz line shape
function, obtaining a Fourier transform of the Voigt line
shape function, which i1s equal to a product of the
Fourier transforms of the Gauss line shape function and
the Lorentz line shape function; and

(4) obtaining a normalized Voigt line shape function by
using an mverse Fourier transiorm;

step 2: performing a non-approximate calculation of first-
order partial dertvatives of the Voigt line shape function
with respect to the parameters by:

(1) using differential properties of the convolution, con-
verting the first-order partial derivatives of the Voigt
line shape function with respect to the line shape
parameters 1nto first-order partial derivatives of the
Gauss line shape function or the Lorentz line shape
function with respect to the line shape parameters;

(2) calculating the first-order partial derivatives of the
Gauss line shape function or the Lorentz line shape
function with respect to the line shape parameters;

(3) using the Fourier transform properties of the convo-
lution, calculating the first-order partial derivatives of
the Voigt line shape function with respect to the line
shape parameters;

step 3: performing a non-approximate least squares fitting
of a Voigt line shape with respect to line shape param-
eters 1n laser absorption spectrum measurement by:

(1) setting 1nitial values of line shape parameters to be
fitted, and calculating the Voigt line shape function and
first-order partial derivatives of the Voigt line shape
function with respect to each line shape parameter by

using the initial values;

(2) calculating an optimum factor by using the calculated
Voigt line shape function and a measured profile;

(3) constructing a Hessian matrix and a gradient equation
by using the calculated first-order partial dertvatives of
the Voigt line shape function, and obtaining an incre-
ment ol parameters to be fitted;

(4) recalculating the Voigt line shape function and opti-
mum factor by using the updated parameters to be

fitted; and




US 10,274,424 B2
9

(5) comparing the new optimum factor with the old
optimum factor, and determining whether to terminate
the calculation or repeat steps (1) to (4) until fitting

differences converge to an acceptable small value;

wherein the Voigt line shape 1s fitted to represent mea- 5
surement of temperature, component concentration,
velocity, and pressure of a gas under observation by the

tunable diode laser absorption spectroscopy (TDLAS).
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